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Staircase polygons: limit distribution
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staircase polygons area distribution

pm.n FEPOlygons of half-perimeter m, area n

area distribution: P(X,, = n) = ="

Eznpnun
Mean area: E[Xm,] = O(m3/2)

Limit m — oo: IP’[“,O,(/”; < z] =» P[X < z] (point-

wise), where X is Airy distributed.

_ r(-1/2)
E[X*] = r((3k—1)/2)

d (= 1) Qk —(3k—1)/2
d—logAl(z) Z

k>0 k 2k
Ai(z) = %/O cos (t3/3 4 tz) dt

(compare Flajolet et al. 1998, Duchon 1999)



Limit distributions:
generating function approach

pm.n FPolygons of half-perimeter m, area n

Select polygons uniformly among all polygons
with fixed perimeter m:

Zn pm,n

Expectation value of moments of X,,:

k
B[x}] = Snm P

n Pm.n

Perimeter & area generating function:

G(z,q9) = ) _ pmnz™q"

m,n

Generating function approach:
Express (asymptotic) behaviour of E[X%] in terms of (sin-
gular) behaviour of G(z,q).



Generating functions and area moments

Factorial area moment generating functions

(_1)k dk

o quG(fv,q)

gr(z) =

qg=1

_1\k

m n

(a)p=ala—1)---(a—k+1)

Area distribution moments...

E[XF] ~ E[(Xm)i] = (—1)%k! [z™] gy ()
[x™]go(x)

...determined by singular behaviour of g.(x)

(szng) fk
() ~ (zc — )k

("]94(@) ~ ek




Generating functions and area moments

Assume exponents v, = (k—0)/¢
“critical exponents” 0, ¢

Define "distribution coefficients” &, via

_(=1)*
k!

fr = 280y f1 fo ™

Expectation value of area moments

() ((m\Y/%2f1)"
ElXm] ~ T () <(xc) f—o> M

Introduce normalised random variable Xn,:
N Xm

Xm =
(m)'/* 20

Expectation value of moments of X,,:

I~ (1)
" (V)

constants ., 0, ¢ characterise limit distribution

E[X Py




Staircase polygons: exact solution

Functional equation for perimeter & area gen-
erating function

G(z,q) G(qz, ) G(z, q) + 2qzG(x, q) + qx?
gz + 2¢°z> + (¢* + 4¢°)z* + . ..

“g-quadratic functional equation of first order”

Diagrammatic representation

+E+E o

=.+Q+.j + +E+F+.jj+ﬂ..

. . . _ 2L(gz,q)
Linearisation via Ansatz G(z,q) = qz Z(z.q)

(—CIZ)n_I_mq(n—'_gH_l)

L(z,q) = )

nme0 (@ Onla Dm

g-deformed Bessel function L(x,q)
i -1
g-product (¢; @)n = [[125(1 — ¢*t)

Explicit solution in terms of g-series
(e.g. Prellberg, Brak 1995)



Extension: g-algebraic functional equations

P(G(z,q),G(gz,q),...,G(¢"z,q),z,q) =0

P(yo,y1,---,YN,Z,q) POlynomial in its variables

Interpretation:
Polygons satisfy a recursion of finite depth N

Limit ¢ — 1 leads to algebraic differential equa-
tion for perimeter generating function G(x, 1)

Simplest case: perimeter generating function al-
gebraic

P(G(z,1),G(z,1),...,G(x,1),2,1) =0

(applies to many exactly solved polygon models)

Staircase polygons: G(z,1) =5 —z — 31— 4z



Singular behaviour about a square-root

Assume algebraic perimeter generating function
G(x,1) with square-root singularity:

k,l

O =ai Oy, =

o

, argument (x,q) = (x¢, 1)

Y

k

Assume in addition (> kO P) # 0O

Puiseux expansion for factorial area moment gen-
erating functions:

(l-l-l)

gr(z) = kal(ivc—iv) skt

I=0
(=1)F
k!

k 1—k
Jeo = 2k ff 0 f00

(>°1. k6kP)
2 (Zk,z O P )
Airy distribution coefficients: &, = 2,
(Duchon 1999, R2002)

2
foo = —4f10 = xc

Corrections to asymptotic behaviour?



Phase diagram of staircase polygons:
Radius of convergence of G(x,q)

0 | Z

g = 1: finite essential singularity (extended phase)
g < 1: simple pole (collapsed phase)

Scaling behaviour about (x,q) = (z¢, 1)

GUM9) (2, q) ~ (1 — @) Fo((ze — 2)(1 — ¢)™%)

as x = x. = 1/4, uniformly in ¢ (Prellberg 1995)

Scaling function Fp(z) for staircase polygons:
R
Fo(z) = £=E log Ai(232), (6,9) = (3,3)

Asymptotic expansion (about z = c0) — area moments



Area moments from the scaling function

Singular behaviour of factorial area moment gen-
erating functions...

(sing) - Tk
gk (','E) (xc — x)’yk),

where v, = (k—0)/¢

...appears in asymptotic expansion of the scaling
function

Fo(z) = ) %

k=0

Alternative method to determine f;:
Extract Fy(z) directly from the functional equation and
compute asymptotic expansion of Fy(z)



Area moments from the scaling function

Assume scaling behaviour

GGin9 (1. q) ~ (1 — q)?Fy < e )

Assume that Fp(z) = Y par /2%, where a5 # 0O,
aj41 > oy, and ¢ > 0.

Differentiate:
(_1)k dk
k! dgF

- ¢ 0 + 1) _
GG (1 q) ~ Z a ( (1—q) F+O+ag)
— (z. — z)™ k!

Finite limit as ¢ — 1:
0 + oy, ¢ = k for some integer [, > 0 and
0+ o), =0 for 0 <1 <y

Conclusion: [ =k

Compare to asymptotic form of gégi”g)(:c):
ap =, and ag = f

Thus

@)
& k-0
R =Y &, =20
];::o 2k @



Scaling function from the g-algebraic func-
tional equation

Introduce z = (zc—2z)(1—¢q)~? and take limit ¢ —
1 in the functional equation, using the Ansatz

G (2, ¢) ~ (1 — q)P Fo((ze — 2)(1 — ¢)™%)

(Non-linear) differential equation for scaling func-
tion Fo(z)!
Square-root singularity (0 =1/3, ¢ =2/3)

Fo(2)? — 4f1,0F)(2) — fgoz =0
with constants f1 o, fo,0 7 O (see above)

Riccati equation with solution:

d 2/3
Fo(z) = —4f1’05 log Al ((4'](;1’00) Z)




Extension: Correction-to-scaling functions

Assume Puiseux expansion of factorial area mo-
ment generating functions

= i
gk(x) — ZZ:O (CUC . x)’Yk,l

with exponents v ; = (k—6;)/¢

Consistent with asymptotic expansion of the perime-
ter and area generating function

G (x,q) ~ Z (1 - )"F ( 1 f¢>

with correction-to-scaling functions

A

Fi(z) = ) s

Method to determine fg ;:

Extract differential equations for Fj(z) directly from the
functional equation and compute asymptotic expansion of
Fi(2).



Staircase polygons:.
Correction-to-scaling functions

Ansatz for perimeter & area generating function

o0 I+1 e — X
= G(zc, 1 1—gq) 3 F
G(x,q) = G(ze,1) + l;)( q) 3 F <(1 — q)2/3>

Functional equation yields inhomogeneous linear
DE's for correction—to—scaling functions F;(z)

Fi(z) = O

Fa(s) = o= 1oaFo(z) + 1222 Fh(2)

Fs(x) = cFo(s) — ;2Fh(2)

Fu(2) = _?i_’?%;g ijgzzﬁb(z)
+5(15225 3+%> Fy(2)
o257 F0()

(compare Flajolet et al. 2002)

Asymptotic expansion of Fj(z) yields fj,; in Puiseux
expansion of gi(x)



Self-avoiding polygons

Numerical observation: Area is Airy distributed!
moment extrapolation using exact enumeration data
(R, Guttmann, Jensen 2001)

Independent of underlying lattice
tested for square, triangular, hexagonal lattice

Reason?

Rooted SAPs G"(z,q) = LG(x,q) display square-root

singularity — same critical exponents as for staircase poly-

gons (Guttmann 1995)

Field theoretical derivation of scaling function (Cardy 2001)
Conformally invariant scaling limit (if it exists) is described

by Brownian excursions (Lawler et al. 2002), which are

Airy distributed (Louchard 1984)



Planar random loop boundary

|
‘_L E’:rip_Li r‘}h A‘_‘
b

Continuum limit:
Hausdorff dimension 4/3 of the boundary
(Mandelbrot 1982, Lawler et al. 2001)

Like staircase polygons (self-avoiding polygons)

Monte Carlo simulation of random loops

Numerical observation: Area is Airy distributed!

Independent of underlying lattice
tested for square, triangular lattices



Summary & open problems

Limit distributions for planar polygon models
derived from g-algebraic functional equation

Square-root singularity yields Airy distribution
(Duchon 1999)

Airy distribution appears elsewhere

linear probing hashing, connected graphs,. ..
(Flajolet et al. 1998, Flajolet et al. 2002)
self-avoiding polygons, planar random loop boundary

(Alternative) derivation by stochastic approach?
SLE

Other types of singularity can be treated
Analysis of corrections to asymptotic behaviour
Formal asymptotic expansion of p&a generating function

differential equation for (correction-to-) scaling functions

Asymptotic expansion?
Proof of existence using the functional equation
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