Staircase polygons, a simplified model for self-avoiding walks

Frederic Chyzak (Version of January 16, 1997)

A combinatorial problem in statistical physics is that of counting self-avoiding walks in an integer lattice. In particular, the cases of dimensions 2 and 3 are related to problems of phase transitions in the classical Ising model of statistical physics. Solving the general model for self-avoiding walks is an old open problem so that one focusses on approximate models. Exactly solvable models exist for various models obtained by constraining the admissible walks. More and more is known about self-avoiding walks by relaxing these constraints. Here we follow a thread started by A. J. Guttmann and T. Prellberg [Staircase polygons, elliptic integrals, Heun functions, and lattice Green functions, (1993), Physical Review E, (47) 4, R2233-2236]. We show how the Gfun package may be used to derive in a matter of seconds differential equations that were previously guessed in the article above, and how to establish rigorously the singular structure of the ODE’s. As a by-product, we derive effective asymptotic estimates. Early results on this subject date back to G. Polya [On the number of certain lattice polygons, (1969), Journal of Combinatorial Theory, Series A, (6), 102-105].

Introduction

A strong but simple constraint on the walks is to require them to proceed by positive steps. Throughout the remainder of this session, we only consider such paths with positive steps. A d-dimensional staircase polygon is a special self-avoiding walk in the d-dimensional integer lattice where all positive steps precede all negative steps. This can be interpreted as an (unordered) pair of non-crossing paths of length n from the same origin to the same end. Here is an example of length =n 7 in dimension =d 2:

> plot([[0,0],[2,0],[2,1],[4,1],[4,3],[2,3],[2,2],[1,2],[1,1],[
  0,1],[0,0]]);

4 3 2 1

3

2.5

2

1.5

1

0.5

0

A d-dimensional festoon is obtained from a sequence of staircase polygons, with the possible introduction of unit steps.

Here is an example in dimension 2, involving 3 polygons (thick lines) and 5 unit steps (thin lines).

> �plots[display](

  plot([[0,0],[2,0],[2,2],[1,2],[1,1],[0,1],[0,0]],thickness=3)
  ,
      plots[textplot]([1/2,3/2,‘+‘],font=[TIMES,BOLD,18]),
      plots[textplot]([5/2,1/2,‘-‘],font=[TIMES,BOLD,18]),
      plot([[2,2],[3,2]]),

  plot([[3,2],[5,2],[5,5],[6,5],[6,6],[4,6],[4,4],[3,4],[3,2]],
  thickness=3),
      plots[textplot]([7/2,9/2,‘+‘],font=[TIMES,BOLD,18]),
      plots[textplot]([11/2,7/2,‘-‘],font=[TIMES,BOLD,18]),
      plot([[6,6],[7,6],[7,7]]),

  plot([[7,7],[10,7],[10,8],[11,8],[11,9],[8,9],[8,8],[7,8],[7,
  7]],thickness=3),
      plots[textplot]([21/2,15/2,‘+‘],font=[TIMES,BOLD,18]),
      plots[textplot]([15/2,17/2,‘-‘],font=[TIMES,BOLD,18]),
      plot([[11,9],[13,9]]),
  scaling=constrained,title=‘A 2-dimensional festoon‘);

- +

- +

- + 12 10 8 6 4 2

8

6

4

2

0

A 2-dimensional festoon

We orient each of the staircase polygon (i.e., we distinguish between its two consisting paths), so that a festoon becomes a sequence of oriented polygons, unit steps remaining non-oriented. On the previous display, this orientation is marked by + and - signs. In this way, we interpret a festoon as an (oriented) pair of paths of length n with same origin and end. Denote by q_{,d n} the number of staircase polygons in the d-dimensional integer lattice, and call ( ) Q_d z the ordinary generating function = ( ) Q_d z ∑

=n 0

∞ q_{,d n} z^n.

This function has a simple relation to the ordinary generating function = ( ) P_d z ∑

=n 0

∞ p_{,d n} z^n

of the number of (ordered) pairs of paths of length n with same origin and end. More precisely,

= ( ) P_d z 1 + − 1 d z 2 ( )Q_d z , since any pair of paths can be viewed as a sequence of pairs of non-crossing paths. Equivalently, = ( ) Q_d z −

+1 d z 2 1 2 ( )

P_d z . In this session, we proceed to compute the singularities and asymptotics of ( )Q_d z for small dimensions.

Dimension 2: an explicit case

The case of dimension 2 is simple and yields explicit closed forms for generating functions and counting sequences, already known to Polya. It is usually solved by hand using a Vandermonde convolution. It is readily solved by Maple. The number p_{,2 n} of pairs of path of length n with same origin and end is:

> p[2,n]=Sum(binomial(n,k)^2,k=0..n);

= p_{,2 n} ∑

=k 0 n ( ) binomial ,n k^2

because a path is determined by the choice of its k steps in one of the directions of the lattice. The number p_{,2 n} of pairs of paths is thus given by the central binomial coefficient:

> p[2,n]=normal(convert(sum(binomial(n,k)^2,k=0..n),factorial),
  expanded);

= p_{,2 n} ! ( )2 n ( )!n^2 The generating function ( )P_2 z of these numbers is well-known:

> P[2](z)=sum(op(2,")*z^n,n=0..infinity);

= ( ) P_2 z 1 −1 4 z Another closed form for the coefficients of this series are gotten by Newton’s binomial expansion:

> p[2,n]=binomial(-1/2,n)*(-4)^n;

= p_{,2 n} binomial , -1 2 n ( )-4^n

The following asymptotics for p_{,2 n} is obtained by Maple:

> asympt_p[2]:=expand(simplify(subs(cos(Pi*n)=(-1)^n,convert(as
  ympt(op(2,"),n,2),polynom)),symbolic));

:= asympt_p_2

4^n π n From the value found for ( )P_2 z , we get the generating function for the non-crossing paths:

> Q[2](z)=(1+2*z-1/op(2,"""))/2;

= ( ) Q_2 z + − 1 2 z 1 2 −1 4 z which Maple easily expands into:

> series(op(2,"),z,10);

+ + + + + + + + + 2 z z^2 2 z^3 5 z^4 14 z^5 42 z^6 132 z^7 429 z^8 1430 z^9 ( )O z^{10} A closed form for the coefficients of this series are gotten by Newton’s binomial expansion:

> q[2,n]=delta[n,0]/2+delta[n,1]-binomial(1/2,n)*(-4)^n/2;

= q_{,2 n} + − 1 2 δ_{,n 0} δ_{,n 1} 1 2 binomial , 1 2 n ( )-4^n

where δ_{,x y} denotes the Kronecker symbol, =δ_{,x y} 1 if and only if =x y, 0 otherwise. The following evaluation corroborates this expansion:

> seq(-binomial(1/2,i)*(-4)^i/2,i=2..9);

, , , , , , ,

1 2 5 14 42 132 429 1430 The following asymptotics for q_{,2 n} is obtained by Maple:

> asympt_q[2]:=expand(simplify(subs(cos(Pi*n)=(-1)^n,convert(as
  ympt(-(-1)^n*4^n*binomial(1/2,n)/2,n,2),polynom)),symbolic));

:= asympt_q_2 1 4 4^n π n^{/3 2} We check this asymptotic estimate using Gfun.

> with(gfun);

Laplace algebraicsubs algeqtodiffeq algeqtoseries algfuntoalgeq borel

, , , , , , [ cauchyproduct diffeq*diffeq diffeq+diffeq diffeqtorec guesseqn guessgf

, , , , , , hadamardproduct holexprtodiffeq invborel listtoalgeq listtodiffeq listtohypergeom

, , , , , , listtolist listtoratpoly listtorec listtoseries listtoseries/Laplace listtoseries/egf

, , , , , , listtoseries/lgdegf listtoseries/lgdogf listtoseries/ogf listtoseries/revegf

, , , , listtoseries/revogf maxdegcoeff maxdegeqn maxordereqn mindegcoeff mindegeqn

, , , , , , minordereqn optionsgf poltodiffeq poltorec ratpolytocoeff rec*rec rec+rec rectodiffeq

, , , , , , , , rectoproc seriestoalgeq seriestodiffeq seriestohypergeom seriestolist seriestoratpoly

, , , , , , seriestorec seriestoseries , ] The following first order differential equation is satisfied by the generating function = ( ) Q_2 z + − 1 2 z −1 4 z 2 :

> 2*f(z)+(1-4*z)*diff(f(z),z);

+ 2 ( )f z ( )−1 4 z ∂ ∂ z ( )f z

> normal(eval(subs(f(z)=sqrt(1-4*z),")));

0 We compute a recursion on the coefficients q_{,2 n} of the series using gfun[diffeqtorec].

> diffeqtorec("",f(z),u(n));

+ ( ) −2 4 n ( )u n ( )+n 1 ( ) u +n 1

Next, gfun[rectoproc] returns a procedure that computes the coefficients in an efficient way.

> coeff_of_Q:=rectoproc({",u(0)=1,u(1)=1,u(2)=1},u(n));

coeff_of_Q nproc( ) := local ; , , i u0 u1 := u0 1; for from to do od i 3 −n 1 ; := u1 − ∗ / ( ) − ∗ 6 4 i u0 i :=u0 u1 ; − ∗ / ( ) − ∗ 6 4 n u0 n end # = ( )1 1 # = ( )2 1 # = ( )0 1 We finally check our asymptotic estimate: the following ratio goes to 1 when n goes to infinity.

> for i from 100 to 1000 by 100 do
  i=evalf(coeff_of_Q(i)/subs(n=i,asympt_q[2]),10) od;

= 100 1.003769634 = 200 1.001879896 = 300 1.001252174 = 400 1.000938722 = 500 1.000750783 = 600 1.000625543 = 700 1.000536113 = 800 1.000469055 = 900 1.000416908 = 1000 1.000375195 Using series to expand ( )P_2 z and compute the coefficients p_{,2 n} would be less efficient and require more time and space.

In higher dimensions, the problem no longer has a known explicit solution. A natural tool to attack it are Bessel generating functions. The Bessel generating function of a sequence s_n of numbers is defined as the sum

∑_{=n 0}^{∞ sn zn}_{( )!n 2}.

For instance, the Bessel generating function of the constant sequence =s_n 1 is given by the modified Bessel function = ( ) I_0 2 z ∑

=n 0

∞ z^n ( )!n^2 , which we denote by j(z). The Bessel generating function of the numbers of pairs of paths with same origin and end and positive steps in a d-dimensional lattice is given by the product

∏_{=i 1}^d ( )j z_i ,

where z_i marks the steps in dimension i. It follows that the Bessel generating function of the numbers p_{,d n} with respect to the length n of the paths is ( )j z^d.

Higher dimensional cases: computing differential equations

In dimension 2, the generating function ( )P_2 z is algebraic. In higher dimensions, ( )P_d z belongs to the larger class of holonomic functions. A function ( )f z is called holonomic when it satisfies a linear differential equation with rational function coefficients. This class of functions benefits from numerous closure properties for which algorithms have been implemented in the package Gfun. In particular, this class is closed under sum, product, Borel and inverse Borel transforms. The Borel transform defined in Gfun is related to the inverse Laplace transform: formally applied on a formal power series, it is = Borel ∑

=n 0

∞ s_n z^n ∑

=n 0

∞ s_n z^n !n . This is enough for us to compute differential equations satisfied by the ( )P_d z .

Dimension 2 revisited

This case was solved above in an explicit way. We proceed to get ( )P_2 z , and more generally ( )P_d z , by the formula = ( ) P_d z ( ) ( ) Borel^{( )− 2} ( )j z^d .

We first compute a differential equation satisfied by j starting from a recurrence satisfied

by its coefficients =u_n 1 ( )!n^2 :

> diff_eq_j:=rectodiffeq({(n+1)^2*u(n+1)=u(n),u(0)=1},u(n),j
  (z));

:= diff_eq_j { } ,= ( )j 0 1 − −

( )j z ∂ ∂ z ( )j z z ∂ ∂^2 z^2

( )j z

We compute equations satisfied by the powers ( )j z^d using gfun[poltodiffeq].

> power_j:=proc(d) option remember;
  poltodiffeq(j(z)^d,[diff_eq_j],[j(z)],j(z)) end:

For instance, in the case =d 2, the following system is satisfied by ( )j z^2:

> power_j(2);

= ( )j 0 1 =( )( ) ( ) D^{( )2} j 0 3 =( )( )D j 0 2

, , , { − + + + 2 ( )j z ( )−1 4 z ∂ ∂ z ( )j z ∂ ∂^3 z^3

( )j z z^2 3 z ∂ ∂^2 z^2

( )j z }

We now derive a differential system satisfied by ( )P_d z , the ordinary generating function of the p_{,d n}, by computing two inverse Borel transforms with gfun[invborel].

> double_inv_borel:=proc(sys,f,z) option remember;
  invborel(invborel(sys,f(z),diffeq),f(z),diffeq) end:

In the case =d 2, we have:

> double_inv_borel(power_j(2),j,z);

{ } ,= ( )j 0 1 +

2 ( )j z ( )

− +1 4 z ∂ ∂ z ( )j z The equation is solve by dsolve.

> dsolve(",j(z));

= ( )j z I − +1 4 z The possible singularities of a holonomic equation are given by its leading coefficient (on the previous equation, −4 z 1) and these singularities yield the asymptotic form of coefficients by the method of singularity analysis. The singularity read on the previous

equation is in 1 4 , so that the exponential behaviour of p_{,2 n} is 4^n, which we found in the previous section.

In the case of dimension 2, we read the singularity by:

> solve(coeff(op(remove(type,"",equation)),diff(j(z),z)),z);

1 4 Dimension 3

We perform the same calculations for dimensions 3 and higher. System satisfied by ( )j z^3.

> power_j(3);

= ( )j 0 1 ( )

− +3 9 z ( )j z ( ) − + 20 z 1 ∂ ∂ z ( )j z ( ) − 7 z 10 z^2 ∂ ∂^2 z^2

( )j z + + , {

∂ ∂^4 z^4

( )j z z^3 6 ∂ ∂^3 z^3

( )j z z^2

+ + =( )( )D j 0 3 =( )( )( )D^{( )2} j 0 15 2 = ( ) ( ) ( ) D^{( )3} j 0 31 2 , , , }

System satisfied by ( )P_3 z .

> double_inv_borel(",j,z);

= ( )j 0 1, { + + ( ) − +9 z 3 ( )j z ( ) − + − 27 z^2 20 z 1 ∂ ∂ z ( )j z ( ) − + − 9 z^3 10 z^2 z ∂ ∂^2 z^2

( )j z , = ( ) ( ) ( ) D^{( )2} j 0 30 =( )( ) ( ) D^{( )3} j 0 558 =( )( )D j 0 3

, , } Order and possible singularities.

> op(sort([solve(coeff(op(remove(type,",equation)),diff(j(z)
  ,z,z)),z)]));

, ,0 1 9 1 Dimension 4

System satisfied by ( )j z^4.

> power_j(4);

= ( )j 0 1 =( )( )D j 0 4 =( )( ) ( ) D^{( )4} j 0 679 6 = ( ) ( ) ( ) D^{( )3} j 0 128 3 = ( ) ( ) ( ) D^{( )2} j 0 14

, , , , , {

( )−

64 z 4 ( )j z ( ) − + + 68 z 64 z^2 1 ∂ ∂ z ( )j z ( ) − + 90 z^2 15 z ∂ ∂^2 z^2

( )j z + +

( ) − + 20 z^3 25 z^2 ∂ ∂^3 z^3

( )j z ∂ ∂^5 z^5

( )j z z^4 10 ∂ ∂^4 z^4

( )j z z^3 + + + } System satisfied by ( )P_4 z .

> double_inv_borel(",j,z);

= ( )j 0 1 =( )( ) ( ) D^{( )3} j 0 1536 =( )( ) ( ) D^{( )2} j 0 56 =( )( ) ( ) D^{( )4} j 0 65184

, , , , { ( ) − + 64 z 4 ( )j z ( ) − + − 448 z^2 68 z 1 ∂ ∂ z ( )j z ( ) − + − 384 z^3 90 z^2 3 z ∂ ∂^2 z^2

( )j z + +

( ) − + − 64 z^4 20 z^3 z^2 ∂ ∂^3 z^3

( )j z

+ =( )( )D j 0 4 , } Order and possible singularities.

> op(sort([solve(coeff(op(remove(type,",equation)),diff(j(z)
  ,z$3)),z)]));

, , , 0 0 1 16 1 4 Dimension 5

System satisfied by ( )j z^5.

> power_j(5);

= ( )j 0 1 =( )( )D j 0 5 =( )( ) ( ) D^{( )5} j 0

8527 8 = ( ) ( ) ( ) D^{( )4} j 0

7885 24 = ( ) ( ) ( ) D^{( )3} j 0 545 6 , , , , , { = ( ) ( ) ( ) D^{( )2} j 0 45 2 ( ) − − 285 z 5 225 z^2 ( )j z ( ) − + 777 z^2 196 z 1 ∂ ∂ z ( )j z + ,

( ) + − 31 z 259 z^3 518 z^2 ∂ ∂^2 z^2

( )j z ( ) − 90 z^2 280 z^3 ∂ ∂^3 z^3

( )j z + +

( ) − 65 z^3 35 z^4 ∂ ∂^4 z^4

( )j z ∂ ∂^6 z^6

( )j z z^5 15 ∂ ∂^5 z^5

( )j z z^4 + + + } System satisfied by ( )P_5 z .

> double_inv_borel(",j,z);

= ( )j 0 1 =( )( ) ( ) D^{( )4} j 0 189240 =( )( )D j 0 5 =( )( )( )D^{( )3} j 0 3270

, , , , { = ( ) ( ) ( ) D^{( )2} j 0 90 =( )( ) ( ) D^{( )5} j 0 15348600 ( ) − + 900 z^2 285 z 5 ( )j z , , ( ) − + − 7200 z^3 3963 z^2 196 z 1 ∂ ∂ z ( )j z +

( ) − + − 8550 z^4 6501 z^3 518 z^2 7 z ∂ ∂^2 z^2

( )j z +

( ) − + − 2700 z^5 2590 z^4 280 z^3 6 z^2 ∂ ∂^3 z^3

( )j z +

( ) − + − 225 z^6 259 z^5 35 z^4 z^3 ∂ ∂^4 z^4

( )j z + } Order and possible singularities.

> op(sort([solve(coeff(op(remove(type,",equation)),diff(j(z)
  ,z$4)),z)]));

, , , , ,

0 0 0 1 25 1 9 1 Dimension 6

System satisfied by ( )j z^6.

> power_j(6);

= ( )j 0 1 =( )( )D j 0 6 =( )( ) ( ) D^{( )3} j 0 166 =( )( ) ( ) D^{( )2} j 0 33 =( )( ) ( ) D^{( )6} j 0

737353 60 , , , , , { = ( ) ( ) ( ) D^{( )4} j 0

3051 4 = ( ) ( ) ( ) D^{( )5} j 0

32013 10 ( ) − − 1020 z 6 3456 z^2 ( )j z , ,

( ) − + + − 516 z 5724 z^2 1 2304 z^3 ∂ ∂ z ( )j z ( ) − + 4704 z^3 2436 z^2 63 z ∂ ∂^2 z^2

( )j z + +

( ) + − 301 z^2 784 z^4 2408 z^3 ∂ ∂^3 z^3

( )j z ( ) − 350 z^3 700 z^4 ∂ ∂^4 z^4

( )j z + +

( ) − + 56 z^5 140 z^4 ∂ ∂^5 z^5

( )j z ∂ ∂^7 z^7

( )j z z^6 21 ∂ ∂^6 z^6

( )j z z^5 + + + } System satisfied by ( )P_6 z .

> double_inv_borel(",j,z);

= ( )j 0 1 =( )( ) ( ) D^{( )2} j 0 132 =( )( ) ( ) D^{( )3} j 0 5976 =( )( ) ( ) D^{( )4} j 0 439344

, , , , { = ( ) ( ) ( ) D^{( )5} j 0 46098720 ( ) − + 13824 z^2 1020 z 6 ( )j z , ( ) − + − 193536 z^3 25956 z^2 516 z 1 ∂ ∂ z ( )j z +

( ) − + − 380160 z^4 71976 z^3 2436 z^2 15 z ∂ ∂^2 z^2

( )j z +

( ) − + + − 25 z^2 2408 z^3 211968 z^5 51196 z^4 ∂ ∂^3 z^3

( )j z +

( ) − + + − 10 z^3 700 z^4 40320 z^6 11760 z^5 ∂ ∂^4 z^4

( )j z +

( ) − + − + z^4 2304 z^7 784 z^6 56 z^5 ∂ ∂^5 z^5

( )j z

+ =( )( )D j 0 6 , , = ( ) ( ) ( ) D^{( )6} j 0 6370729920} Order and possible singularities.

> op(sort([solve(coeff(op(remove(type,",equation)),diff(j(z)
  ,z$5)),z)]));

, , , , , ,

0 0 0 0 1 36 1 16 1 4 Dimension 7

System satisfied by ( )j z^{7.}

> power_j(7);

= ( )j 0 1 =( )( ) ( ) D^{( )4} j 0

36715 24 = ( ) ( ) ( ) D^{( )3} j 0

1645 6 = ( ) ( ) ( ) D^{( )2} j 0 91 2 = ( ) ( ) D j 0 7

, , , , , { = ( ) ( ) ( ) D^{( )7} j 0

120670201 720 = ( ) ( ) ( ) D^{( )6} j 0

27210169 720 = ( ) ( ) ( ) D^{( )5} j 0

948157 120 , , , ( ) − + − 11025 z^3 7 3213 z 31010 z^2 ( )j z ( ) − − + + 1284 z 51664 z^3 33174 z^2 1 ∂ ∂ z ( )j z +

( ) + − − 127 z 50538 z^3 12916 z^4 10218 z^2 ∂ ∂^2 z^2

( )j z +

( ) − + + 16464 z^3 966 z^2 19740 z^4 ∂ ∂^3 z^3

( )j z +

( ) − + + 8358 z^4 1701 z^3 1974 z^5 ∂ ∂^4 z^4

( )j z ( ) − 1050 z^4 1512 z^5 ∂ ∂^5 z^5

( )j z + +

( ) − 266 z^5 84 z^6 ∂ ∂^6 z^6

( )j z ∂ ∂^8 z^8

( )j z z^7 28 ∂ ∂^7 z^7

( )j z z^6 + + + } System satisfied by ( )P_7 z .

> double_inv_borel(",j,z);

= ( ) ( ) ( ) D^{( )6} j 0 19591321680 =( )j 0 1 ( ) − + − + 793800 z^3 248080 z^2 6426 z 14 ( )j z , , { ( ) − + − + − 11907000 z^4 5704448 z^3 284670 z^2 2568 z 2 ∂ ∂ z ( )j z +

( ) − + − + − 27386100 z^5 17235992 z^4 1247850 z^3 20436 z^2 62 z ∂ ∂^2 z^2

( )j z +

( ) − + − + − 19448100 z^6 15003504 z^5 1405560 z^4 32928 z^3 180 z^2 ∂ ∂^3 z^3

( )j z +

( ) − + − + − 5358150 z^7 4866772 z^6 555096 z^5 16716 z^4 130 z^3 ∂ ∂^4 z^4

( )j z +

( ) − + − + − 595350 z^8 619968 z^7 82908 z^6 3024 z^5 30 z^4 ∂ ∂^5 z^5

( )j z +

( ) − + − + − 22050 z^9 25832 z^8 3948 z^7 168 z^6 2 z^5 ∂ ∂^6 z^6

( )j z + , = ( ) ( ) ( ) D^{( )5} j 0 113778840 =( )( )( )D^{( )4} j 0 881160 =( )( )( )D^{( )3} j 0 9870

, , , = ( ) ( ) ( ) D^{( )2} j 0 182 =( )( ) ( ) D^{( )7} j 0 4257244691280 =( )( )D j 0 7

, , } Order and possible singularities.

> op(sort([solve(coeff(op(remove(type,",equation)),diff(j(z)
  ,z$6)),z)]));

, , , , , , , ,

0 0 0 0 0 1 49 1 25 1 9 1 These experimental results suggest a pattern for the singularities of the equation in dimension d. More specifically, the leading coefficient of the differential equation is given by

z^{( )−d 2}

∏_{=k 0}^p ( )

−1 ( )+2 k 1 z

when =d +2 p 1, and by

z^{( )−d 2}

∏_{=k 1}^p ( )−1 2 kz

when =d 2 p.

The singular structure of the ODE

The equation used to describe ( )j z introduces a "parasitic" function, =( )k z ( )K_0 2 z , also expressed in terms of a modified Bessel function.

> op(remove(type,diff_eq_j,equation));

− − ( )j z ∂ ∂ z ( )j z z ∂ ∂^2 z^2

( )j z

Both ( )j z and ( )k z are solutions found my Maple:

> dsolve(",j(z));

= ( )j z +

_C1 ( )

BesselI ,0 2 z _C2 ( )

BesselK ,0 2 z The equation above is satisfied by any linear combination of ( )j z and ( )k z . In the same way, the equation used to described ( )j z^d is satisfied by any linear combination of the products ( )j z^l ( )k z^{( )−d l} . For instance, this is easily checked for the cases =d 2 and =d 3.

Dimension 2

Here is the differential equation satisfied by ( )j z^2:

> op(remove(type,power_j(2),equation));

− + + + 2 ( )j z ( )−1 4 z ∂ ∂ z ( )j z ∂ ∂^3

z^3

( )j z z^2 3 z ∂ ∂^2

z^2

( )j z

Maple is no longer able to solve in terms of special functions:

> dsolve(",j(z));

( )j z DESol { } + + − z^2 ∂ ∂^3

z^3 ( ) _Y z 3 z ∂ ∂^2

z^2 ( ) _Y z ( )−1 4 z ∂ ∂ z ( ) _Y z 2 ( )_Y z , =

{ }( )

_Y z

(The development version of Maple is able to solve.) We successively plug ( )j z^2, ( )k z^2 and ( )j z ( )k z into the previous equation:

> op(remove(type,power_j(2),equation)):
> normal(eval(subs(j=unapply(BesselI(0,2*sqrt(z))^2,z),")));

0

> normal(eval(subs(j=unapply(BesselK(0,2*sqrt(z))^2,z),"")))
  ;

0

> normal(eval(subs(j=unapply(BesselI(0,2*sqrt(z))*BesselK(0,
  2*sqrt(z)),z),""")));

0 Each evaluation yields 0, proving that the function is a solution.

Dimension 3

Here is the differential equation satisfied by ( )j z^3:

> op(remove(type,power_j(3),equation));

( ) − +3 9 z ( )j z ( ) − + 20 z 1 ∂ ∂ z ( )j z ( ) − 7 z 10 z^2 ∂ ∂^2

z^2

( )j z ∂ ∂^4

z^4

( )j z z^3 + + +

6 ∂ ∂^3

z^3

( )j z z^2 + We successively plug ( )j z^3, ( )j z^2 ( )k z , ( )j z ( )k z^2 and ( )k z^3 into the previous equation:

> normal(eval(subs(j=unapply(BesselI(0,2*sqrt(z))^3,z),")));

0

> normal(eval(subs(j=unapply(BesselI(0,2*sqrt(z))^2*BesselK(
  0,2*sqrt(z)),z),"")));

0

> """:
> normal(eval(subs(j=unapply(BesselI(0,2*sqrt(z))*BesselK(0,
  2*sqrt(z))^2,z),")));

0

> normal(eval(subs(j=unapply(BesselK(0,2*sqrt(z))^3,z),"")))

> normal(eval(subs(j=unapply(BesselK(0,2*sqrt(z))^3,z),"")))
  ;

0 The ordinary generating function ( )P_d z is the double inverse Borel transform of ( )j z^d. In the same way as above, the differential equation that vanishes at ( )P_d z also vanishes at each of the double inverse Borel transforms ( ) ( ) Borel^{( )− 2} ( )j z^l ( )k z^{( )−d l} . Those transform have a nice integral representation, namely = ( ) ( ) Borel^{( )− 2} ( )j z^l ( )k z^{( )−d l} 2 d ⌠ ⌡ 0

∞ ( ) j zt^l ( )k zt^{( )−d l} ( )k t t.

This integral is always convergent at its lower bound. At infinity however, the integrand behaves like e^{( )}

2 ( )−

( )−2 l d z 1 t

t +d 1 4 .

It follows that either ≤2 l d and the integral is defined for any non-negative z, or <d 2 l and the integral is defined for z between 0 and ( )−d 2 l^{( )− 2} . We thus obtain all positive singularities of the conjecture.

Theorem: Any homogeneous linear ODE satisfied by the generating function ( )P_d z of festoons on thed-dimensional integer lattice is singular at each ( )−d 2 l^{( )− 2} , for <d 2 l. More specifically, the function ( )P_d z is singular at d^{( )− 2} .

Computing the asymptotics: a connection problem

The function ( )P_d z is analytic in a neighbourhoud of 0, where it is given by its Taylor expansion. On the other hand, its dominant singularity (i.e., its singularity closest to 0) and its asymptotic behaviour there are a priori not known. It is natural to estimate the asymptotics of ( ) P_d z at the smallest positive singularity, =s d^{( )− 2} , of the equation defining this function. To do so, we use singularity analysis. First, we evaluate the Taylor series at 0. Next, we algorithmically compute a basis of all possible asymptotic behaviours at s of solutions of the equation. Finally, we numerically connect the Taylor series at 0 and a generic linear combination of these asymptotics at s, i.e., we equate values at a point between 0 and s. A common case of singularity of holonomic function is that of a regular singular point . This is a singular point where the function has a polynomial behaviour: at such points, the theory

expects an expansion of the form κ z p r ϕ z 1 r , where ϕ is a formal power series. It is therefore natural to look for such an asymptotics by a method of "undetermined exponent".

The possible values for =η p r are given by a polynomial, the indicial polynomial: a zero η of

multiplicity +m 1 of the indicial polynomial indicates solutions with the behaviours z^η, z^η ( ) ln z , ..., and z^η ( )ln z^m. The following procedure computes the indicial polynomial of a differential equation.

> indicial_poly:=proc(sys,f,z) local zero; global eta; option
  remember;
      zero:=collect(normal(eval(subs(f=proc(z) global eta;
  z^eta end,op(remove(type,sys,equation)))))/z^eta,z,normal);
      factor(primpart(coeff(zero,z,ldegree(zero,z)),eta))
  end:

As a first remark, note that ( )P_d z is the only solution of the equation analytic at 0 and such that = ( ) P_d 0 1. To obtain this, let us compute the indicial polynomials at 0 for the first dimensions:

> for i from 2 to 7 do
  i=indicial_poly(double_inv_borel(power_j(i),j,z),j,z) od;

=2 − η =3 − η^2 =4 − η^3 =5 − η^4 =6 − η^5 =7 − η^6 Therefore, the equation satisfied by ( )P_d z in dimension d has one solution which is analytic at 0 and −d 1 that are singular at 0, with logarithmic singularities.

Connection and asymptotics in dimension 3

The smallest singularity is =s 1 9 .

> op(sort([solve(coeff(op(remove(type,double_inv_borel(power
  _j(3),j,z),equation)),diff(j(z),z,z)),z)]));

, ,0 1 9 1 We first expand the series at 0 to evaluate ( )P_3 z at, say, 1 18 . Next, we recenter the

equation around 1 9 to study the local behaviour of the solutions there more explicitly.

Evaluating the Taylor series

To evaluate the Taylor series, we compute a truncation of it. We actually need truncations to several orders to illustrate the slow convergence of the series close to its singularity. We base on the following identity to compute such truncations: = [ ]z^n ( ) ϕ t z −1 z ∑_{=k 0} n c_k t^k,

where [ ]z^n ( )f z denotes the coefficient of z^n in the series ( )f z and ϕ is any series = ( ) ϕ z ∑_{=n 0}^∞ c_n z^n.

We start from the equation for ( )P_3 z :

> double_inv_borel(power_j(3),j,z);

= ( )j 0 1, { + + ( ) − +9 z 3 ( )j z ( ) − + − 27 z^2 20 z 1 ∂ ∂ z ( )j z ( ) − + − 9 z^3 10 z^2 z ∂ ∂^2 z^2

( )j z , = ( ) ( ) ( ) D^{( )2} j 0 30 =( )( ) ( ) D^{( )3} j 0 558 =( )( )D j 0 3

, , } We compute ( )P_3 t z :

> algebraicsubs(",j=z*t,j(z));

= ( )j 0 1 ( )

− +3 t 9 t^2 z ( )j z ( ) − + 1 20 zt 27 z^2 t^2 ∂ ∂ z ( )j z + , {

( ) − + z 10 z^2 t 9 z^3 t^2 ∂ ∂^2 z^2

( )j z + } We divide by −1 z:

> poltodiffeq(j(z)/(1-z),["],[j(z)],j(z));

= ( )j 0 1 =( )( )D j 0 +3 t 1 ( ) − − + + 36 z^2 t^2 9 t^2 z 23 zt 1 3 t ( )j z , , { ( ) − − + + − 45 z^3 t^2 27 z^2 t^2 40 z^2 t 20 zt 3 z 1 ∂ ∂ z ( )j z +

( ) − + − + − z^2 10 z^3 t 9 z^4 t^2 z 10 z^2 t 9 z^3 t^2 ∂ ∂^2 z^2

( )j z + } We extract its coefficients:

> rec_j:=diffeqtorec(",j(z),u(n));

rec_j =( )u 2 + +

15 t^2 3 t 1 ( ) + + 36 t^2 36 t^2 n 9 t^2 n^2 ( )u n , { := ( ) + − − ( ) − − 10 t 9 t^2 n^2 ( ) − − 50 t 36 t^2 n 36 t^2 63 t ( )u +n 1 + ( ) + + + ( ) +1 10 t n^2 ( )+6 50 t n 63 t 9 ( )u +n 2 ( ) − − − 6 n 9 n^2 ( ) u +n 3 + + , = ( ) u 1 +3 t 1 =( )u 0 1 , } And we compute a procedure, which to ( ),n t associates the truncated series at t to the order n.

> series_j:=rectoproc(rec_j,u(n),params=[t]):

Next, the series can be computed formally at t:

> normal(series_j(4,t));

+ + + + 93 t^3 15 t^2 639 t^4 3 t 1 or numerically at a rational number:

> series_j(4,1/16);

83791 65536 (This is more efficient than computing the series, and next evaluating it numerically.) The following plots display the Taylor expansion for increasing an number of terms.

Note the behaviour of the series close to the singularity 1 9 when we increase the number of terms.

> pl[Taylor]:=plots[display](

  plot(’series_j’(10,z),z=0..1/9,y=0..5,style=point,color
  =red),

  plot(’series_j’(20,z),z=0..1/9,y=0..5,style=point,color
  =green),

  plot(’series_j’(100,z),z=0..1/9,y=0..5,style=point,colo
  r=blue),
  title=‘Taylor series (red=10 terms, green=20 terms,
  blue=100 terms)‘):
> pl[Taylor];

z 0.1 0.08

0.06

0.04

0.02 y

5

4

3

2

1

0

Taylor series (red=10 terms, green=20 terms, blue=100 terms)

Computing a basis of asymptotics expansions To compute asymptotic expansions at the singularity s, we find it convenient to center the equation around s. We thus make the change of variable =u −1 9 z, i.e., = ( )f u j −1 u 9 (and =z

−1 u 9 ). To perform this rational change of variable, we

= ( )f u j −1 u 9 =z −1 u 9 appeal to the closure of the class of holonomic functions under algebraic substitution:

> d_eq:=collect(subs({j=f,z=u},algebraicsubs(double_inv_b
  orel(power_j(3),j,z),j-(1-z)/9,j(z))),diff,factor);

d_eq := − + − u ( )+u 8 ( )−u 1 ∂ ∂^2

u^2

( )f u ( ) − − 8 14 u 3 u^2 ∂ ∂ u ( )f u ( )+2 u ( )f u

Let us compute the indicial polynomial at the singularity s (now in 0):

> indicial_poly({d_eq},f,u);

η^2 Hence, we expect one regular solution at 0, and one singular with logarithmic behaviour.

We therefore expect an analytic solution and a logarithmic solution. This is confirmed by the following formal expansion:

> Order:=3: dsolve(d_eq,f(u),series);

( )f u _C1 + + + 1 1 4 u 5 32 u^2 ( )

O u^3 = _C2 + ( ) ln u + + + 1 1 4 u 5 32 u^2 ( )

O u^3 + + 3 8 u 33 128 u^2 ( )

O u^3 + We compute but do not display the series for a larger order, so as to increase the precision in the numerical calculations below.

> Order:=15: dsol_ser_f:=dsolve(d_eq,f(u),series):

Note that there exist algorithms to perform the previous calculation much more efficiently. The following plot displays the asymptotic behaviours at s of the solutions.

> plots[display](

  plot(subs(u=1-9*z,convert(subs({_C1=1,_C2=0},op(2,dsol_
  ser_f)),polynom)),
          z=0..1/5,y=0..5,color=blue),

  plot(subs(u=1-9*z,convert(subs({_C1=0,_C2=-1},op(2,dsol
  _ser_f)),polynom)),
          z=0..1/9,y=-2..5,color=green),
      plot([[1/9,-2],[1/9,5]],color=black),
  title=‘Asymptotic behaviours at 1/9 (blue=analytic,
  green=logarithmic)‘);

z 0.2 0.15 0.1 0.05 y

5

4

3

2

1

0

-1

-2

Asymptotic behaviours at 1/9 (blue=analytic, green=logarithmic)

The function ( )P_3 z is a linear combination of both behaviours. The connection To perform the connection, we determine values for _C1 and _C2 above so that

dsol_ser_f and ser_j_{precise} agree when z takes values around 1 18 .

> Digits:=25:

We graphically determine _C1.

> plot(subs(_C1=x,map(solve,{seq(series_j(50,(1-(.5+.01*i
  ))/9)=eval(subs(u=.5+.01*i,convert(op(2,dsol_ser_f),pol
  ynom))),i=1..9)},_C2)),x=0.85984.. .85986);

x 0.85986

0.859855

0.85985

0.859845

0.85984

-0.41344

-0.41346

-0.41348

-0.4135

-0.41352

This determines a value for _C2.

> map(solve,subs(_C1=.85985,{seq(series_j(50,(1-(.5+.01*i
  ))/9)=eval(subs(u=.5+.01*i,convert(op(2,dsol_ser_f),pol
  ynom))),i=1..9)}),_C2);

-.4134781247719384304509882 -.4134759798754896589751378 , , { -.4134783385995336097291506 -.4134768850086926791949087 , , -.4134791204165694565482690 -.4134763153500488489461000 , , -.4134759654415594796953575 -.4134775800275350227939187 , , -.4134765823316899448138590}

> fsol:={_C1=.85985,_C2=convert(",‘+‘)/nops(")};

:= fsol { } , = _C1 .85985 =_C2 -.4134772102025619034608545 Plugging the previous values into dsol_ser_f yields the following truncated asymptotic expansion of ( )P_3 z :

> subs(fsol,collect(subs(u=1-9*z,convert(series(op(2,dsol
  _ser_f),u,3),polynom)),[ln(1-9*z),z],normal));

5.233070941626174090676440 z^2 2.093228376650469636270576 z − + (

.5814523268473526767418266

− ) ( )ln −1 9 z

2.247909508816812750383874 z^2 1.038712361970089742571588 z + − .9475105154186912954661780 + Once again, we compute a more precise expansion, but do not display it.

> j_num:=subs(fsol,collect(subs(u=1-9*z,convert(op(2,dsol
  _ser_f),polynom)),[ln(1-9*z),z],normal)):

Plotting ( )P_3 z We have three means to evaluate numerical values of ( )P_3 z : its Taylor series at 0, the

differential equation it satisfies, the asymptotic expansion at 1 9 . The following plot is the numerically unstable result of following the graph of P_3 by using the differential equation. The method used is the fourth-order classical Runge-Kutta method.

> pl[RungeKutta]:=subs({LINE=POINT,COLOR(RGB,.9,.9,.2)=CO
  LOR(RGB,0,0,0)},DEtools[DEplot](remove(type,double_inv_
  borel(power_j(3),j,z),equation),j(z),z=0.0001..
  1/9,[[j(.0000001)=1,D(j)(.0000001)=3]],j=0..5,stepsize=
  .0005)):

The following plot is the result of the connection.

> pl[connection]:=plot(j_num,z=0..1/9,y=0..5,style=point,
  color=green):
> plots[display](eval(subs(COLOUR=proc()
  COLOUR(RGB,1.,0,0)
  end,pl[Taylor])),pl[RungeKutta],pl[connection],title=‘b
  lack=Runge-Kutta, red=Taylor, green=connection‘);

z 0.1 0.08

0.06

0.04

0.02 y

5

4

3

2

1

0

black=Runge-Kutta, red=Taylor, green=connection

While the Taylor series converges rather slowly to the values of ( )P_3 z at the singularity, the numerical connection computed agrees with the curve obtained by following the differential equation. More specifically, the best approximation by the Taylor series is obtained for a truncation of order 100, whereas the expansion obtained by connection is of order 15 only. We are now able to give an equivalent for the number p_{,3 n} of pairs of paths with same origin and end. Retaining only the singular part when u tends to 0 of

> Order:=3: dsolve(d_eq,f(u),series);

( )f u _C1 + + + 1 1 4 u 5 32 u^2 ( )

O u^3 = _C2 + ( ) ln u + + + 1 1 4 u 5 32 u^2 ( )

O u^3 + + 3 8 u 33 128 u^2 ( )

O u^3 + we get the equivalent _C2 ( ) ln −1 9 z of ( )P_3 z . An asymptotics for p_{,3 n} follows by transfer of singularity: an asymptotic for the n-th coefficient a series is computed using the following table:

> matrix([[Function,‘Asymptotic coefficient‘,‘
  ‘],[(1-z/rho)^(-alpha)*ln(1-z/rho)^beta,rho^n*n^(alpha-

‘],[(1-z/rho)^(-alpha)*ln(1-z/rho)^beta,rho^n*n^(alpha-
1)*ln(n)^beta/GAMMA(alpha),‘‘(beta>=0 and alpha*‘ non
integer‘)],[(1-z/rho)^(-p)*ln(1-z/rho)^beta,rho^n*n^(p-
1)*ln(n)^(beta-1)/GAMMA(alpha),‘‘(beta>=0 and p*‘
integer‘)],[1/ln(1-z/rho),rho^n/n/ln(n)^2,‘ ‘]]);

Function Asymptotic coefficient −1 z ρ ( )− α ln −1 z ρ β ρ^n n^{( )−α 1} ( )ln n^β ( ) Γ α ( ) and ≤ − β 0 α non integer −1 z ρ ( )− p

ln −1 z ρ β ρ^n n^{( )−p 1} ( )ln n^{( )−β 1} ( ) Γ α ( ) and ≤ − β 0 p integer 1 ln −1 z ρ ρ^n n ( ) ln n^2

In the case of p_{,3 n}, the result is

> asympt_p[3]:=-subs(fsol,_C2)*9^n/n;

:= asympt_p_3 .4134772102025619034608545

9^n n Asymptotics for ( )Q_3 z We now turn to our original goal: evaluating the coefficients of

= ( ) Q_3 z + − 1 3 z 1 ( ) P_3 z 2 . It follows from the value of ( )P_3 z that the ordinary generating function ( )Q_3 z behaves

like − 2 3 1 2 α ( ) ln −1 9 z where z is close to 1 9 and =α .413477. Because of the

positivity of the coefficients of ( )P_3 z , ( )P_3 z never vanishes before its singularity =s 1 9 , so that ( )Q_3 z also has no singularity before s, as visualized on the next plot.

> plot(2/3-1/2/j_num,z=0..1/9,y=-.1..1,style=point,color=
  green);

z 0.1 0.08

0.06

0.04

0.02 y

1

0.8

0.6

0.4

0.2

0

Correspondingly, we get the following asymptotics for ( )q_3 n , by transfer of singularity, using the table above:

> asympt_q[3]:=-subs(fsol,1/_C2)*9^n/n/ln(n)^2/2;

:= asympt_q_3 1.209256490230865937124911

9^n n ( ) ln n^2 Numerical check of the asymptotics of p_{,3 n} and q_{,3 n} To get satisfactory results, we have to work for large n.

> NMax:=250;

:= NMax 250 We create another procedure to compute the coefficients of the series ( )P_3 z .

> proc_p:=rectoproc(diffeqtorec(double_inv_borel(power_j(
  3),j,z),j(z),u(n)),u(n),remember);

proc_p n proc( ) := option ;

remember 9 ( ) procname −n 2 3 ( ) procname −n 1 18 ( ) procname −n 2 ∗ ( − ∗ + ∗ + ( 10 ( ) procname −n 1 ∗ ( ) − ∗ + ∗ 9 ( ) procname −n 2 10 ( ) procname −n 1 n − ∗ + ) n∗ ^n 2 ) / end # = ( )3 93 # = ( )1 3 # = ( )0 1 # = ( )2 15 We get a precise expansion for ( )P_3 z :

> series_p:=convert([seq(proc_p(i)*z^i,i=0..NMax)],‘+‘):

from which follows a precise expansion for ( )Q_3 z :

> series_q:=series(1/2+3*z/2-1/series_p/2,z,NMax+1):

The asymptotic behaviour of p_{,3 n} is easily attained.

> for i from 50 to NMax by 50 do
  i=evalf(subs(n=i,asympt_p[3])/coeff(series_p,z,i)) od;

= 50 1.004952316599113233455937 = 100 1.002452769641932753285938 = 150 1.001619508896946436636219 = 200 1.001202869934017929129137 = 250 1.000952884577046797321194 The behaviour of q_{,3 n}, however, is not observed so obviously, due to a slow logarithmic convergence.

> for i from 50 to NMax by 50 do
  i=evalf(subs(n=i,asympt_q[3])/coeff(series_q,z,i)) od;

= 50 3.236255260489391356577661 = 100 2.785421843944638045425801 = 150 2.592444668510034143137608 = 200 2.477574150189326431756880 = 250 2.398633770811185242401415 Enlarging n, of course, would lead to a limiting value of 1.

Conclusion

To conclude, we compute the table indicating the indicial polynomial at the dominant singularity and the possible asymptotic behaviours of ( )P_d z there.

> behaviours:=proc(f,x,u) local L,i;
      L:=sort([solve(f,x)]);

  convert([seq(u^L[i]*ln(u)^nops(select(type,map(‘+‘,L[1..i-1],
  -L[i]),integer)),i=1..nops(L))],‘+‘)
  end:
> M[1]:=d,s,‘indicial polynomial at s‘,‘possible behaviours for
  P[d](z)‘:
> for i from 2 to 7 do
      M[i]:=i,1/i^2,

      M[i]:=i,1/i^2,

  indicial_poly({algebraicsubs(double_inv_borel(power_j(i),j,z)
  ,j=(1-z)/i^2,j(z))},j,z);
      B:=behaviours(M[i][3],eta,u);
      M[i]:=M[i],B
  od:
> matrix([seq([M[i]],i=1..7)]);

[ , , , ] d s indicial polynomial at s possible behaviours for P[d](z) , , , 2 1 4 +1 2 η 1 u , , , 3 1 9 η^2 +1 ( )ln u , , , 4 1 16 − η ( )−2 η 1 ( )−η 1 + +

1 u u ( )ln u , , , 5 1 25 − η ( )−η 2 ( )−η 1^2 + + +

1 u ( )ln u u ( )ln u^2 u^2 ( )ln u^3 , , , 6 1 36 η ( )−η 1 ( )−η 2 ( )−η 3 ( )−2 η 3 + + + +

1 u ( )ln u u^{/3 2} u^2 ( )ln u^2 u^3 ( )ln u^3 7 1 49 η ( )−η 1 ( )−η 3 ( )−η 4 ( )−η 2^2 , , ,

+ + + + + 1 u ( )ln u u^2 ( )ln u^2 u^2 ( )ln u^3 u^3 ( )ln u^4 u^4 ( )ln u^5

The function ( )P_d z is a linear combination of the possible behaviours. Solving the connection would indicate which of them appear (with a non-zero coefficient) in ( )P_d z . Next, transfer of singularity on the dominant behaviour would yield an asymptotic form for p_{,d n}.