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Abstract

The simple problems of comparing fractions (Gosper’s algorithms for continued fractions
from the Hacker’s Memorandum) and of deciding the orientation of triangles in computa-
tional geometry lead to a complexity analysis with an incursion into a surprising variety
of domains: dynamical systems (symbolic dynamics), number theory (continued fractions),
special functions (multiple zeta values), functional analysis (transfer operators), numerical
analysis (series acceleration), and complex analysis (Riemann hypothesis). These domains
all eventually contribute to a detailed characterization of the complexity of comparison and
sorting algorithms, either on average or in probability. (Joint work with Brigitte Vallée.)

1. Introduction

To compare two rational numbers (or similarly, to determine the sign of a 2 x 2 determinant, a

relevant problem in computational geometry) is a delicate problem when you have to work with
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a numerical calculator limited to a given number of digits. For example, since Gg55" — 555357 =~

3 x 107!, a computer with 10-digit accuracy cannot compare “naively” the two rational numbers.

In the “Hacker’s Memorandum” [2], it is showed that it is always possible to solve this comparison
problem without exceeding the accuracy of the calculator. The algorithm consists in expanding both
rational numbers in continued fractions, but stopping as soon as one gets two different coefficients.
This algorithm is easily generalized to any number representation system (binary, d-ary, centered
or classical continued fraction, etc.) and also to the comparison of n rational numbers.

2. Results

The functions U(z) = {1/z} and U(z) = {{1/z}} (where {y}} stands for the distance to the
nearest integer from y) are the maps of classical continued fractions and centred continued fractions
respectively. Under a uniform probabilistic model (over the set of legal inputs, that is, an interval
of the shape [0, «]), the number L of iterations needed to compare two numbers satisfies P(L >

kE+1) = szk‘wf and the moment sums of order [ satisfy p) = ZAMV. These
sums are over the inverse branches of U, which appear to be linear fraction operators of a specific
shape [6], thus:

Theorem 1. The ezpected cost of the basic (p) and centred (p) comparison algorithms are express-

ible as sums over lattice points in N?
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With the help of double zeta values (also known as Euler-Zagier sums), defined as
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it is possible to rewrite p’(Q) as a peculiar value of these multiple zeta values (this implies that ﬁ(2)
can be computed to any precision in polynomial time):

Theorem 2. The mean number 5(2) of comparisons in the classical continued fraction can be
ea:pressed z'n terms of double zeta values as

P = 4 g +(2,2) = 17— @ + (24Lis (1/2) — 7%(In2)? + 21¢(3) In 2 + (In2)*) = 1.35113157...

There ex1sts a lot of alternatlve expressions, due to intriguing relations between multiple zeta
values, which is a topic of active research (see [1, 5, 7]), nowadays relevant to knot invariants,
Feynman diagrams and even the theory of perverse sheaves. For all the other moment sums,
polynomial time computations are also possible, via some nice series/integral representations [6].

For the comparison of n real numbers, the cost of sorting » numbers depends on the position of the
nontrivial zeroes of the Riemann zeta function (see [3] for an approach by Dirichlet depoissonization
and Mellin transform, using the Vallée secant operator or [6] for an approach by Norlund-Rice
integrals, via a complex lifting of the moment sums):

Theorem 3. The expected cost of sorting n uniform real numbers given by their classical continued
fraction representations satisfies

n—1
P(n) =ny (-1)""" (" ; 1)5(”1) = Konlnn + Kin + Q(Inn) + O(1),

where Ky is Lévy’s entropy constant and K, is a Porter-like constant (see [4]):

61n2 y1In2 (In 2)? ln2§'( ) 1
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The function Q(u) is an oscillating function with mean value 0 that satisfies Q(n) = O(u®/?), where
d is any number such that 6 > sup { R(s) | ((s) =0}.

For more details, we refer to Flajolet and Vallée’s articles, available on their web pages:

Ky =

http://algo.inria.fr/flajolet and http://www.info.unicaen.fr/ brigitte.
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