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Abstract
Let k be a difference field with automorphism o. Let b be an element of k, and L be
a linear ordinary difference operator with coefficients in k. A classical problem in the
theory of difference equations is to compute all the solutions in k of the equation L(y) = b.
If C denotes a constant field and if ¥ = C(n) and on = n + 1 or on = ¢n, there are
known algorithms (see [2] for example). Manuel Bronstein presents here a generalization to
monomial extensions of C(n) (see [5] for details and generalization).

1. Historical Context

The rational solutions of linear differential equations (equations of the form Y%, a;y()) have
been first studied a long time ago, for example by Beke and Schlesinger at the end of the last century.
In the middle of this century, R. H. Risch gave an algorithm to compute elementary integrals (see
[11, 12, 13]). In [8], M. Karr considered difference equations (equations of the form 7 , a;y(z+1)).
The link between the linear differential equations and the linear difference equations is now clear,
and in [1], an algorithm to compute the rational solutions of this two types of equations with
coefficients in C(z) is given. In [2], the author extends the previous algorithm to g-linear difference
equations (equations of the form >°" , a;y(q'z)).

Algorithms to compute the rational solutions of linear differential, difference and g-difference
equations with coefficients in C(z) are now available, and extensions of C(z) have been considered.
In [14], M. F. Singer gives an algorithm to compute the rational solutions of linear differential
equations with coefficients in almost all the Liouvillian extensions of C(z), i.e., the extensions built
up using integral, exponential of integral, and algebraic functions. In [7], the authors improve the
algorithm for the rational solutions of linear differential equations with coefficients in an exponential
extension of C(z). In [6], M. Bronstein adapts the algorithm given in [1] to monomial extensions,
and in [5], the author uses the methods given in [2, 6] to find the solutions of linear difference
equations in their coefficient field.

2. Introduction

In [6], the author introduced the splitting factorization: he decomposed a polynomial in two
factors, the normal part where every irreducible factor is coprime with its derivative, and the special
part where every irreducible factor divides its derivative. He then gave an algorithm to compute the
normal part of the denominator of rational solutions of a linear differential equation with coefficients
in a monomial extension. In [2], S. Abramov proposed an algorithm to compute a polynomial
which is divisible by the denominator of any rational solution of a linear difference equation with
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coefficients in C'(n), where on =n + 1 or on = gn. In [7], a method to compute the numerator of
the rational solution of a linear differential equation with coefficients in an exponential extension of
C(z) is given. Manuel Bronstein now considers difference equations with hypergeometric terms in
the coefficients (a term h(n) is hypergeometric if h(n+1)/h(n) is in C(n)). He adapts the previous
methods to difference equations with coefficients in an hypergeometric extension of C(n), and this
gives an efficient algorithm to compute the rational solutions of such equations. Remark that an
algorithm to compute the hypergeometric solutions of linear difference equation with coefficients
in C(n) is given in [10] and in [4] for ¢-hypergeometric solutions of g-difference equations.

3. Difference Equations and Hypergeometric Extensions

Let R be a commutative ring of characteristic 0. Let ¢ be an automorphism of R. Define

— R, = {z € R such that oz = z } (the set of invariant elements of R);

— Ry« = {z € R such that ¢"z = z for some n > 0} (the set of periodic elements);

— R = {z € R such that oz = uxz for some u € R*} (the set of semi-invariant elements);

— R°" = {z € Rsuch that 0"z = ux for some n > 0, u € R*} (the set of semi-periodic
elements).

It is clear that we have the inclusion R, C R° C R°". If R is a unique factorization domain
then R%" is closed under taking factors, i.e., for any polynomial ¢ in R°", each factor p of ¢ is
in R°". This property is false for R, and R, as shown by the example R = Q[t] and o(t) = 1 — ¢:
o(l1—t) =tand o(t —t?) =t —t? is in R, (and then in R° and in R°"), whereas t and 1 — t are
in R, but neither in R’ nor in R,.

3.1. Monomial extensions. Let k be a difference field with automorphism o. Let (K, o) be an
extension of (k, o).

Definition 1. ¢ in K is a monomial over k if ¢ is transcendental over k& with ot in k[t].

Let o be an automorphism of K such that o(¢) is in k[t]. Then ¢ induces an automorphism
of k(t), an automorphism of k[t], and thus o(t) = at + b for some a in k* and b in k

Proposition 1 ([9]). If for all w in k* we have ow # aw + b, then t is transcendental over k and
the following equalities hold: k(t)y = ko and k[t]° = k[t]”" = k.

3.2. Hypergeometric extensions. Let o be such that ot = at for some a € k*.

Proposition 2 ([9]). If for all w in k* and n > 0 we have ow # a™w, then t is transcendental
over k and the following equalities hold: k(t)y = k, and k[t]° = k[t]” = {ct™ |c€ k, m >0}.

For example, in C[n], let o be such that on = gn for some g € C*. The property holds whenever
q is not a root of unity. Or we can consider C|[n,t], with o such that ojc = idc, on =n+ 1 and
ot = (n + 1)t; in other words ¢ represents n!.

4. Dispersion

Definition 2. Let K be a field of characteristic 0. Let ¢ : K[X] — K[X] be a function. Let p and
g be non-zero polynomials in K[X]. One defines

— the spread of p and g with respect to ¢:
Spry(p,q) = {m > 0 such that p and ¢™q¢ have a non trivial ged }
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— the dispersion of p and ¢ with respect to ¢:

-1 if Spry(p,q) is empty;
Disg(p,q) = ¢ max(Spr(p,q)) if Spryg(p,q) is a finite nonempty set;
+00 if Sprg(p,q) is an infinite set.

These definitions are specialized to the case p = ¢: Sprg(p) = Spry(p, p) and Disg(p) = Disg(p, p).
Examples are:

— Disg/ay (p(:z;)) is the maximum of the multiplicity of a root of p minus 1;

— Spr,,_yp41(p(n)) is finite (and then Dis,_pn41(p(n)) < +00);

— Disy—yqn(n) is infinite.
Let o be an automorphism of k[t] such that ok C k. Then the dispersion Dis,(q) is infinite if and
only if there exists p in k[t]°"\k such that p divides q. Also, the dispersion Dis, (h, ¢) is infinite if
and only if there exists p in k[t]°" \k such that p divides ¢ and o™p divides h.
Ezample. Let a = 2n” + 19n% 4+ 63n5 + 81n* 4 27n3 be in Q[n] and ¢ be the automorphism of Q[n]
over Q that maps n to n + 1. The resultant of ¢ and ¢™a is

4m*®(2m +5)3(2m + 1)3(2m — 1)>(2m — 5)%(m — 3)°(m + 3)°,
implying that Sprg(a) = {0,3} and Disg(a) =3

4.1. Splitting factorization. One now extends the splitting factorization of polynomials to dif-
ference field: let ¢ in k[t] be decomposed into two factors ¢ = gog such that

— the gcd of g, and ¢ is equal to 1,

— for all irreducible factor p of g, p divides o if p is in k[t]"",

— and for all irreducible factor p of ¢, p divides g if p is not in k[t]”".

The polynomial g, is the infinite part of g, and g is its finite part. We note that the dispersion
Dis,(q) is finite, the dispersion Dis, (¢ ) is infinite, and for all A the dispersion Dis, (h,q) is finite.

4.2. 0-Orbits. Given « and § in a field K, the problem of the orbit is to find m > 0 such that
a™ = . A bound for the smallest m such that o™ = f is given in [3]. The main ideas are as
follows: if there exists d such that a® = 1 then one can test whether o = 3 for 0 < i < d. If it
is not the case, then the orbit problem has no solution, otherwise its solutions consist of all the
integers of the form iy + kdy where k > 0, 4o is the smallest i > 0 such that o* = 8 and dj is the
smallest d > 0 such that a® = 1. One can now assume that « is not a root of unity, which implies
that the orbit problem has at most one solution. If ¢ is transcendental over @@, the orbit problem
has a solution if and only if g is algebraic over Q(«). Looking at the degree at which a appears
in B gives at most one candidate solution for the orbit problem. One can now assume that « is
algebraic over Q. This generalizes to find m > 0 such that @™° = a(ca)... (6™ ta) = B (see [3]).

4.3. Computation of the dispersion. Let o : K[X] — K[X] be an automorphism such that
oK C K. Then

Sprg (pri,qu") = USpro(pi;gj) and Dis, (pr",Hq/) = max Disy (pi, ¢5).
2 7 1,7 1 J

The computation of the dispersion reduces to the computation of the dispersion of two irreducible
polynomials.

Let p and ¢ be irreducible polynomials. Let m be in Spr,(p,¢). This means that the greatest
common divisor of p and ¢™gq is not trivial. The polynomials being irreducible, this is equivalent
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to the existence of u in K* such that ¢™¢g = up. This implies that degp = degg. One just has to
consider irreducible polynomials with common degree.

Let p and g be monic irreducible polynomials of k[t] with degree n: p = t" + Z?;OI pitt and
g =t"+ Z?;ol g;it'. Assume that ot = at for some a € k*. Then m is in Spr,(p,q) implies
o = f; for all i such that pig; # 0, where 8; = ¢;/p; and o; = a"'q;/oq;. Therefore, if
Spr,(p,q) is not empty then p; and ¢; vanish simultaneously. If p = ¢ = ¢ then Dis(p,q) = +o0.
Otherwise, this reduces to the orbit problem o™ = g for «, 8 in k* and m in Spr(p, ¢). Remark
that if ow # a%w for all w in k* and d > 0 then a® # 1 for all d > 0. So, the orbit problem has at
most one solution and then Spr,(p,q) has at most one element.

One can extend the computation of the dispersion to rational functions: let f = p/q with
relatively prime p and ¢ in C[n]. Let Dis,(f) = max(Disa(p),Disa(p, q),DisU(q,p),Disa(q)) and
Voo(f) = degq — degp. Then voo(f™7) = mrs(f). And if f is not in C then Dis,(f™7) =
Dis(f) + m — 1.

This last equality allows us to reduce orbit problems to dispersions whenever « is not constant.

5. Rational Solutions of Difference Equations

Let t be a monomial over £k = C(n). Let o be such that on = n + 1 and ot = at for some a in k
such that ow # aw, for all w in ¥* and d > 0. Let L = ZZ]\; 0 a;o" be a linear difference operator,
with the a;’s in k[t] and both ap and ax not equal to 0. Let b be in k[t]. The aim of this section is
to described an algorithm to find y in k(¢) such that L(y) = b (if there exists such a y).

5.1. Denominator of a rational solution. The first problem is to find a bound for the finite
part of any y in k(t) such that L(y) = b. This means to compute a polynomial ¢ in k[t] such that
if L(y) = b then yq = p/ds, where p is in k[t] and dy in k[t]”". We outline the ideas here, proofs
and technical details are given in [5].

Let ap be decomposed: ap = ao,00@0. Let y be in k() such that L(y) = b, where y = p/d and
d = dxd. Then Dis,(d) < max(—1,Dis,(an, @) — N). Let A > 0 be an integer. One can compute
an operator Ly, = byo®" 4+ b, 100~ 4... £ by such that L, = RL for some R in k(t) []. It follows
that Lp(y) = Rb for any b in k[t] and any solution y in k(t) of L(y) = b. We get that every solution
y in k(t) of L(y) = b satisfies an equation of the form

s (y) + -+ -+ cro™(y) = dp,
where cg, ..., cs,dy are in k[t] and cs # 0. If h was chosen such that Dis,(d) < h then d divides
gedy<;<s(07"¢;). This gives us a polynomial ¢ such that if L(y) = b then qy = p/ds with p in kt]
and doo in k[t
Ezample. Consider y(n +2) — (n! 4+ n)y(n + 1) + n(n! — 1)y(n) = 0. If we define 0 by on =n +1
and ot = (n + 1)t then the associated difference operator is 02 — (t +n)o + n(t — 1). ay = 1,
ap = ag = n(t — 1) and Dis, (an,@) = —1. Then Dis,(d) < —1 and d € C(n). So, if there exists
y € C(n)(t) such that L(y) = b then y is in C(n)[t, ¢ 1].
Remark. The same results holds for the g-difference equation: let ¢ be transcendental over Q. Let
o be such that oz = gz. Consider the g-difference equation

(1) ¢*(gz + 1)y(g*z) — 2¢*(z + 1)y(gz) + (= + q)y(z) = 0

We have @y = = + ¢, as = ¢°(gr + 1). The resultant of as and ™ (@) is ¢3(¢® — ¢™), which implies
that Dis,(a2,ap) = 2 hence that any solution of (1) has a denominator of the form z"d where
Dis,(d) < 0. Using the bound h = 1, we get L, = L and d divides the greatest common divisor of
gedocica(0ai) = ged(z+q,07 1 (¢ (z+1)),072(¢3(qz+1))) = ged(z+q, q(z+4q), ¢*(z+q)) = z+4.
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Therefore, any rational solution of (1) can be written as y = p/(2"(z + ¢)) where n > 0 and p is
in Q[z].

The indicial equation at z = 0 is ¢Z2—2¢%>Z+q> = 0 (see [2]). Its only solution of the form Z = ¢"
is for n = 1, which implies that any rational solution of (1) can be written as y = p/(z(z + q)).
Replacing y by this form, we get p(q®z) — 2p(qz) + p(z) = 0 (whose solution space is Q(q), which
implies that the general rational solution of (1) is y = C/(z(z + ¢)) for any C in Q(q)).

5.2. Laurent polynomial solution. The problem of finding rational solutions y of L(y) = b is
reduced to finding y in k[t,t~!] such that L(y) = b, where b is in k[t,t™!] and L = 3N a;0’ is a
difference operator, with a; € k[t] and non-zero ay and ay. This decomposes in two steps:

1. find a bound for the degree and the order in ¢ of y;

2. compute the coefficients of y, seen as a Laurent polynomial in ¢.

5.2.1. Bound for the degree and order of a polynomial solution. One rewrites L as Z?:V thj where
the L;’s are in k[o] and L, and Ly are not equal to zero. Let y = ystd 4 - + y,t7 be in k[t,t7!]
for integers «y and J satisfying v > ¢ and such that neither y; nor y, is equal to zero. Let b be in
k[t,t™']. If L(y) = b, then
1. either § > v(b) — v, or L, (yst®) = 0;
2. either v < degb — d, or Lg(y,t7) = 0.
The problem is reduced to considering difference operators 1" = Zf\im A;o* with A; € C[n] for
non-zero A, and Ajs, and to searching bounds for y € Z such that T'(2t7) = 0 for some z in C(n).
Let e = —voo(0t/t) = vo(a). There are three possibilities:
— if e > 0 then (deg, A, —deg, T)/e < v < (deg,, T — deg,, Am)/e;
— if e < 0 then (deg, T — deg,, An)/e < v < (deg,, A, — deg, T')/e;
— if e = 0 then a = a(o0) € C*. We decompose A; = a;q,n% + ---. We define Q(z) =
Z” ci—max; (a;) @i0;7'. We have Q(a?) = 0. This problem can be solved if a? # 1 for all
d > 0 (see section 4.2).

5.2.2. Coefficients of a Laurent polynomial solution. This is a generalization of the specialization
given in [7].

We have found y and § such that if y is in k[t,#!] with L(y) = b then deg,(y) < « and val;(y) > 4.
Let z = t%. Note that deg,(z) <y — 6 = J. One has to consider the problem L(z) = b where L is
in k[t][o] and b in k[t]. Let L = Z?:o tJL; with L; in k[o], and Ly, Lq not equal to zero.

— if J = 0 then L(z) = Y.7_o#/(L;j2). But L;(z) is in k so L(z) = b implies L;(z) = b; for all
j and this reduces to difference equations with coefficients in C[n];

— if J > 0 then one decomposes z = 2 + tZz where zg = z(0) is in C(n). Then L(zp) = by and
one can find zy. So, L(z) = (L — Lo)(z0) + L(tZ) + Lo(20) and L(z) = b implies
L(tf) = b—by— (L — L())z()
~ — L—-L
ey = o) - o

This gives us a new difference equation with a solution z of degree strictly less than J. By
induction, one can find Z.
Ezample. Consider y(n + 2) — (n! + n)y(n + 1) + n(n! — 1)y(n) = 0, which is associated to the
difference operator

L=0o?—(t+n)o+n(t—1)=t(n—0)+ (6> —no —n) = tL1 + Lo
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Using the same notations as previously, e = —v(0t/t) = —veo(n + 1) = 1 and then y = yo + y1t.
One first considers Lo (yo) = oy — noyo — nyo = 0, and finds that yg = 0. Then:

L(tz1) = (n 4+ 2)(n + 1)to?(z1) — (n + 1)(t + n)to(y1) + n(t — 1)tys,

from which follows that

L(y1) = (n+2)(n + 1)o>(1) — (n+ 1) (¢ +n)olys) +nlt — Lys = 0.

This implies that y; = ¢/n. Then y = y1t = (¢/n)n! = ¢(n — 1)\

(1]
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