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Definitions|

1 =1 sp—1
Let X = {zg,z1}. To any word w = z'” x> x1...2)" 11

we associate the multi-index s = (s1, $9, ..., sp).

Definition 1 Polylogarithms (Generalized polylogarithms):

Liv(z) = Lis(z) = Y. —

n 1n82 . . .nsk.

ny

Definition 2 Multiple Zeta Values (MZV):

1
U}: S) = S S¢ S
Co = (s) 2. e

ny>ng>->n>0" 1
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Lyndon words and Radford’s theorem]

A Lyndon word is a non empty word which is inferior to each o
right factors (for the lexicographical ordering).
The set of Lyndon words is denoted by Lyn(X).

EXAMPLE — For X = {xy, x1} with 2y < z1, the Lyndon word
length < 6 on X* are the following (in lexicographical increasin;

4 3 3.2 2 2 2 2

2.3 2 2 3 4
Loglq, LoL1, LoL1XOL1, LoLy, LoL1y, LOL, 561}.

[

Theorem 1 (Radford) The Q-algebra Sho(X) is the algebr
polynomuals generated by the Lyndon words.
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Bracket forms and the dual basis]

The bracket form P(l) of a Lyndon word [ is defined recursivel

{ P(l) = [P(u), P(v)] for uv = st(l),
P(z) = x for each letter x € X,

The set {P(l); | € Lyn(X)} is a basis for the free Lie algebra.

The PBW basis B = {P(w); w € X*} and its dual basis
B* = {P*(w); w € X*} are obtained from by setting

[ P(w) = P(L)1 ... P(ly)*, w=0 >
PHI) it Pl i L
{ PHw) = U)Phw...w Pr(l) Cow=0 >
1. .t
| P(l) = zP(w), Ve Lyn(X), l=2w, x € X, w
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Lie exponentials|

A series S € R{(X)) is called a Lie exponential if there exists a
series L € Liep((X)) such that S = e*. This is equivalent to

Vu,v € X7, (Sluwv) = (S|u)(S|v).

The product of two Lie exponentials is a Lie exponential.

Let S € R{{(X)) be a Lie exponential. Then S can be factored a

infinite product of Lie exponentials

S=S (S w=JJ esroro,

weX* leLyn(X )\,




AL AL AL LA RS

e B & D

Examplesl
l P(l) P*(1)
Lo Lo Lo
L1 L1 L1
Lox] [21707 561] Lox]
560233'1 [33'07 [CU(), 33'1]] 33021'1
5603712 [[ZE(), CL’l], 2171] 3705612
560333'1 [QS'(), [ZU(), [ZL'(), 561]]] £L'()3331
20’21’ (20, [0, [[[zo. z1], 1), @] |z 2’
56023315603712 [ZE(), [[ZE(), 2171], [[56()7 5171], 561]]] 356032613 —|—£1702371CU0£U12
zolx 2xozy | [[mo, [[w0, 1], 21]], [0, 1] | 620 21 + 3w a1 20212 + 30?2
zo’z1t (20, [[[[zo, z1], 1], 21, @1]] | mo?21”
5603313?01'13 [[3307 561]7 [[[Cﬁo, 1'1], CUl], 561]] 4$02$14 —I—Q?()l'lil?()iﬁlg
91 ([0, 1], z1], 21], 1], 21] | 2ozt
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The Ideal

1. There existes two shuffle structures for Multiple Zeta Values

2. The collision of these two structures gives Grobner basis for
of the relations.

3. Pure symbolic computation.




First shuflle prodxuil

Let X = {CC(), 5131}.

_os51—1 s9—1 sp—1
W=z, T1Zy T1' Ty T1 — (y

p € Sho(X) — (¢, € R by lineari
Theorem 2 From the theorie of iterated integrales, we have
Vu,v € 20X z1,  Cuyo = Culo-
PROOF — Use the fact that:

“dt S di
Lic(z) = 1, Lixow(z) — / —Liy(2), L2£1w<z) — PR
0 t 0 1 —1
L]

EXAMPLE —

ToT1w ToT1 = 4xoToT1T1 + 2T0T1T0T1

C(2)* = 4((3,1) +2¢(2,2)
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Second shuffle productl

LetY:{yl,yg,yg,...}. Yi

peQY) — (, € R by linearity

Definition 3
wxv = y(u *v) +yjluxv) +yi; (W x0v)  foru=yu,
Theorem 3 From the theorie of quasi-symetrique functions, u
Vu,v € Y™, Cuso = CuCo.

EXAMPLE —

Y2 * Ysyr = Y2Ys3Y1 + Y3Y2y1 + Y1Ys3y2 + Ysy1 + Y3ys
C(2)¢(3,1) = ¢(2,3,1) +¢(3,2,1) +¢(1,3,2) +¢(5,1) + ¢
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Generation of a Groebner basis of relations|

{ Vi, € Lyn(X), |l1| > 2, Glyw ey — Glyray = Gy oy —
Vi, lo € Lyn(X), || > 2,|l] 22, Gy, — Gty = iy lo-
l.e.
Vi, € Lyn(X),|l1] > 2, LLhwxy — i xx1 € Ke
\V/ll,ZQELyTL<X),|Z1| 22,|l2| > 2, lhwly—1[1xly € Ke

ll u rq — ll * 1
ll L ZQ — ll X lQ
words. The Lyndon words are considered as new commutative v

Methode: decomposition of as shuflle of Ly
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The Zagier’s dimension conjecture|

Conjecture 1 Let d,, be a dimension of the Q-vector space g
by ((s1,...,8:) =81+ ...+ 8. Then

dy = 0, do = d3 = 1, d, = d,—» + dn_g, n >4

We can then conjecture:

Conjecture 2 The Q-algebra of the ((s) is a polynomial alge

It is checked up to order 10 if one admits Zagier's dimension cor

¢(2),¢(3), €(5), ¢(7), €(9), €(6,2), (8, 2)

are iree.
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Figure 1: Paths of integration

Monodromy of polylogarithms|

We prove the monodromy of the polylogarithms Lz, is given by
MoLivy, = Liwey +2imLiy + - -

where the remaining terms are linear combinations of polylogari
coded by words of lengths < |w|.
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Monodromy arround z = 1 by AXIOM'

p =27
MiLi,, = Li,,
./\/llLle — szl — P
MiLiyye, = Lty — pLiy,
MlLZr%xl = LZI%x1 — %pLiJOQ
MlLi:L‘().L‘z — szox% pLiy ., + %pQino + PCrguy
MlLZr%xl = LZI%E1 — %pLixog
MlLix%x% = széx% — pLZ'/ 25 QLZ!LO —|—p§x0x1LZl0 +p§xle
./\/llLZ'xOx;I) = Lixox? — pszox 2L2l0l1 _ 3L2I0 +p§x0xl

M1sz%x1 = 14, — ﬂpszO




Non commutative generating series of polylogaritl

Definition 4 The generating series L of polylogarithms 1s:

[t is useful to extend the definition of Lz, over X* : Lin(z) = Ic

L satisfies the differential equation with border condition

d%L(z) — <f’;” + 15”_12> L(2)

L(g) = e%18c 4+ O(y/e) where e — 0F.




Monodromy of L|

Theorem 4 The monodromy of the series L(t) for t €]0,1] a
2=0 and z =1 15 given by

M()L(f) = L(t)@QmmO,
MiL(t) = L(t)e*™1,
where
my = Ty

and my s a Lie serie given by the formula

m; = H e_CP*(Z) adP(l)(_xl)
1¢{xg.x1},/




The series my up to order 6 by AXIOM|

m; = —[1131] + Cxoxl [56’0:131 ] + QEO 2 [56025612] + C;role [513051313] + Cx‘

1
= Sazgda [ZCO xlxoxl] + C«Eolez [ICO L1 ] <Clo 2212 §C1E0$12> ‘

+ Ciﬂoilflg [iC()CIL’l ] + zotay [56045131 ] — 2 zotay [56035131513()5131]

+ ro3x2 [CC()gfL'l ] <3<.L03£12 + Cxo .rl.roxl) [51302331{13()3312]
+ <3C!L03I12 + Cxoxlgro T + QC.LO flfofl) [56025612330561]
T <I02I13 ['CCO L1 ] <4CJ~0 2213 + Cxoxlxorl ) [5130513151303313] + Cxo:rl



INDEPENDENCE OF POLYLOGARITHMS
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A structure theorem]|

Theorem 5 The functions { Liy}wex+ are C-linearly indepen

1 =1 sp—1 .
w =z, Ty T T — Li,

p € She(X) — Li, by linearity

Corollary 1 The C-algebra of polylogarithms 1s isomorphic t
shuffle algebra.

Corollary 2 The polylogarithms coded by the words | € Lyn(
the polynomials P*(l),l € Lyn(X)) form an infinite transcend
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A induction proot of the structure theoreml

e This is trivial for n = 0.
e Assume that we proved our assertion for all £,0 < £ <n—1

o For £ =n (the A\, are elements of C)
> ALiv =0 <= M+ > AugLineg + Y Aue, Li,

lw|<n lul<n lu|<n

Applying the operators (My — Id) and (Id — M), we obtair

rzm > AuwpLivt+ Y puLi, =0,

< lu|=n—1 |u|<n—1
20T Z Az Lty Z v,Li, = 0.
lu|=n—1 |u|<n—1

\

By the induction hypothesis, we get the expected result.




