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Abstract
Here are presented results of joint work by J.-M. Deshouillers, F. Hennecart and B. Landreau
on sums of powers (and especially of three and four cubes): do they have a positive density?
is their behaviour that of the probabilistic model? Moreover, they exhibit a candidate for
being the largest integer which is not sum of four cubes, namely 7373170279 850.

1. Sums of cubes

In 1770, Waring wrote that every integer is the sum of 4 squares, 9 cubes, 19 biquadrates and so
on, meaning that for each integer k, there exists a constant g(k) such that every integer N is the
sum of at most g(k) k-th powers. It was not until 1909, that Hilbert [11] proved it, by a difficult
argument.

We say that an integer is C} if it is the sum of at most k& cubes. In 1912, Kempner and
Wierferich proved that every integer is Cg, that is sum of at most 9 cubes. In 1939, Dickson [7]
proved that, except 23 and 239, every integer is Cs. Later, Linnik [15] (and later Watson [21]
and Mac Curley [16]), proved that every sufficiently large integer is C7. Papers by Bohman and
Froberg [2] and Romani [17] suggest that there are only 15 integers C's and not C7 (the largest one
being 454), 121 that are C'; and not Cg (the largest one being 8042), and 3922 that are C's and not
Cs5 (the largest one being 1290740).

The circle method, introduced and developed by Hardy, Littlewood and Ramanujan [10] yields
an asymptotic formula for the number of solutions to some Diophantine equations. It gives, for
large enough s,
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when N tends to +oo. The factor Ss(V) is commonly called the singular series

Ss(N) = Z Z ¢ °S(a,q)’ey(—aN),
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where e,(u) = exp(2miu/q) and
g

S(a,q) = E eq(am®).
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This singular series reflects the arithmetic properties of sums of cubes and usually does not imply
difficulty because (when it is convergent) it can be written as an Eulerian product (that is a
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product over primes). In 1985, Vaughan [19] proved that (1) holds true for s > 8 and two years
later, showed [20] the lower bound

R7(N) > S7(N)NY/3,
The usual conjecture is that (1) is true as soon as s > 4. In this direction, Davenport [4] proved,
in 1939, that
E(N)=|{n < N, such that n is not C4}| <, N%‘H,

which implies that almost every integer is Cy. Recently the exponent has been reduced to 37/43 [3].

We denote by R'3(n) the number of solutions of 2® + 3> + 2% = n, with 0 < 2 < y < 2. It is
clear that the number f5(N) of integers n < N which are sums of three positive cubes (that is such
that R'3(n) > 0) cannot exceed the number of triples (z,y, z) subject to ® + y> + 22 < N and
0 <z <y< z, asymptotically equal to

1
EF(4/3)3N =0.1186...N.

Now, a natural question is: does the set of sums of 3 cubes have a density? If so, is it strictly
positive? Barrucand [1] computed f3(z) for 1 < & < 288000 and conjectured that it was o(z),
as = tends to co. Vaughan [18] proved in the opposite direction that f3(z) >, 23/9~¢, improved
to fa(z) > 2'921= in [19] and then to f3(z) > «'/12=¢ in [20] and Hooley [12] conjectured,
contrarily to Barrucand, that f3(z) < . Hooley’s approach consists in studying
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He proves a first lower bound
)>36> R's(n) ~ 6I(4/3)%
n<z

which corresponds to the so-called “combinatorial” contribution, and then a second, taking now
into account the “arithmetic” contribution: if

=) Ra(n)e(nb)

n<z

we have (by just considering the contribution of major arcs)

M(z) > /1 |F(6)2d6 > T(4/3)°Sz + o(x),

with
(2) S = Z > 18(a,9)/ql”
g=1 amodg
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Hooley conjectures that these two contributions are “independent” and thus that their sum gives
the good equivalent for M (z), namely

(3) M(z) ~ (6T(4/3)° + T(4/3)°S)z,

which would imply by Cauchy inequality that sums of 3 cubes have a lower density.



2. The first probabilistic approach for sums of three cubes

This is due to Erd6s and Rényi [8] in 1960. They consider a sequence ({,),>1 of Bernoulli
independent random variables such that
1
= 3.7
The random variable counting the number of representations of N as the sum of 3 pseudo-cubes
(that is integers n for which £, = 1) is

Ry(N)= Y Enbnls

N=hi+ho+hs
h1<ha<ha

Pr({, =1)=a,

Erdés and Rényi announced that R3(N) follows asymptotically a Poisson law:
Pr(Rs(N)=r) — —e77,

where 7 = I'(4/3)3/6. But their “proof” contained a gap that Landreau [14] recently filled in a
general context (cf. [9]) by using original correlation inequalities which also enable him to show
that the density of sums of 3 pseudo-cubes is almost surely 1 — e~ = 0.1119.... This model has
the disadvantage to give a positive density for the sums of 2 pseudo-squares, although sums of 2
squares are known to have zero density [13].

3. Second probabilistic approach. Sums of three cubes continued

The previous paradox came at least from the following fact: the model did not deal with arith-
metic properties of sums of powers. A new model has been recently presented [6] taking into
account arithmetic parameters.

Let K > 1. One builds an integer random sequence (,u?k))lzl restricted to be equal to k2 modulo
K and satisfying

) ~ (k4 1K)
almost surely.
Let us denote

pg(k’,f() = |{(k’1,k2,k3), 1<k <K:k= k‘i)) + k‘g’ + k’g mod I(}l
and

Ry(n, K) = [{n = pi” + ply? + ) ulf) < ul? < plon = B 4 B + k] mod K.

lo I3
Once again, it has been shown that R%(n, ') converges in distribution towards a Poisson law:
1 -
Pr{Ry(n,K)=1} — Ak, K)e MBF),

n—oo
n=kmodK "’

with

)

Ak, K) =735

We can show also that the density of integers such that R5(n, K) > 0 is almost surely 1 — §p(K)

where
K

- 1 — {4
bo(K) = 4 D e MEE),

k=1
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Notice that it is satisfactory to observe that the probabilistic square mean value satisfies
1
=3 R )P ~ T(4/3)° + T(4/3)°SY(K)/6
n<z

which is consistent with Hooley’s conjecture (3) (for the definition of S4(K') see the next section).

4. Numerical viewpoint.

It is now natural to ask what happens when K tends to infinity. It seems reasonable to consider
the following multiplicatively increasing sequence of moduli
Kp = H p*.
p*<B
Using convexity of the exponential, we first show that do(/p) has a limit ég when B tends to

infinity. Then in order to find a good approximation for dy, we compute do( K5) for a big value of
B, by developing it in series

I i
fo(Kp) = 3 (1) SI(Kp) + R(Kn),
where _
o ok, Kp) )’
S(Kp)=— > (’72
Ks kmodK 5 Kg
and
- AI/I-H ! -
|R(KB)| < mSI-H(AB)'

The multiplicativity of the S/(Kpg) is used to estimate them efficiently. Computations have been
done using PARI package. For example, with a B around 5000, the truncation parameter I has to
be around 18000. Now we use the inequality

2
0 < 6o — 8o(Kp) < %(s ~ SY(Kp)),

where S, defined by equation (2) appears to be also the limit of S5(Kp) as B tends to infinity.
Practically, numbers of the form of Kg are replaced by numbers with the following form

IT» II »
p*<By p<B3
a>2 p=1mod3

This finally allows us to deduce
0.09992 < 69 < 0.09997.

The previous method did not permit to compute ég with an arbitrary number of significant digits.
Ph. Flajolet indicated a more efficient method consisting in the use of the Mellin transform. Using
the formula »

1 CT100 :E_S
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valid for any ¢ > 1,2 > 0, we get
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where

. 1 p(k, K)\°
SL(K)= — .
L= 3 (M
kmodK
It then remains to estimate (4) by numerical integration.

5. About 7 373 170 279 850

As asserted before, one expects that every sufficiently large integer is Cy. Western’s conjec-
tures [22] assert that the size of this “last” non-Cy integer has to be in the range between 10'2 and
1014, Practically, it is intractable to test every integer between 102 and 10'3 for example. But the
repartition of cubes in arithmetical progressions is far from being regular: this leads to the idea of
discriminating the search depending on the class modulo a good integer. So, the strategy has been
the following: try to “find” the last non-C) integer Ny in each class modulo 9. It is considered that
it is found if no other non-Cy integer is found between Ny and 10Ng (10 is a factor seeming largely
sufficient in view of previous experiments). This process allowed to treat the cases of every residue
class modulo 9, except 4 and 5. For these ones, it has been needed to proceed to a new discrimina-
tion (modulo 7). So there were 14 residue classes modulo 63 to examine. This discrimination has
allowed to finish all computations. This has permitted to conjecture that the last non-Cy integer is
7 373 170 279 850; it appears to be equal to 32 modulo 63. Computations have needed 8000 hours.
Note that the size of this integer is in accordance with Western’s conjectures. This work is more
precisely presented in [5].
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