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Abstract

We illustrate some connections between probability theory and number theory. Examples
are taken from multiplicative number theory (probabilistic behaviour of the function w),
additive number theory (Sidon problem, where arithmetic results are proved by using prob-
ability theory; partitions; and Erd6s-Rényi type models for sums of powers, where situations
on which nothing is known, are modelled) and probability (upper bound for the concentra-
tion of the sum of independent and identically distributed integer random variables, where
probabilistic results are obtained by using methods from additive number theory).

1. Introduction
One can distinguish at least four types of connections between probability theory and additive
number theory.

(i) When probability leads to models for the integers;

(ii) When probability techniques permit to prove number theory results;
(iii) When number theory questions lead to probability questions;
(iv) When number theory methods permit to prove probability results.

Part 2 is devoted to multiplicative number theory. It provides examples for points (i) and (ii).
The third part, which is the heart of this talk, is concerned with additive number theory and
illustrated with Sidon’s problem (point (ii)), partitions (points (i) and (ii)) and sums of s-th powers
(points (i) and (iii)). In the fourth part, which deals with concentration functions, point (iv) is
illustrated.

2. Multiplicative Number Theory

We begin with a famous result due to Hardy and Ramanujan [12] concerning the function w,
which counts the number of divisors of an integer

w(n) = [{p such that p|n}|.
Here and in the sequel, p always denotes a prime number.
Theorem 1. Let V(z) — oo. Then the set of integers such that
(1) [w(n) — loglog n] < W(n)y/loglogn

has density one.



This result means that
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The original proof is quite technical. We quote here an efficient way to get the result which is due
to Turdn [17].
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See for example [16] for the last equality. In the same way, we get
Nt z w(n)? = (loglog N)* + O(loglog N),
n<N
thus the number of exceptions to (1) up to N is

(w(n) — log log n)?
<n <N :lwn)- n| > ¥(n)y <
{1 <n < N :jw(n)—loglogn| > ¥(n)y/loglogn}| < ng;v U(n)2loglogn

which is O(N/¥(N)?). This proves the result.
Now let us show a probabilistic approach. Let (X,) be a family of independent random variables

defined by

X - 1, with probability 1/p,
P~ o, with probability 1 — 1/p.

The mathematical expectation of w = 37 -y X, is
Ew)= Z E(X,) = Z 1/p =loglog N + o(loglog N),
p<N p<N

and the variance of w is

V(w)= > V(X,)=> (1-1/p)/p=loglog N + o(loglog N).
p<N p<N

Chebyshev’s inequality yields

Pr{lw— Bw)| > ¥/V()} < 1/¥2,

that is the result.
This result can be interpreted, with a probabilistic point of view, as a weak law of large numbers.

A much more precise result, that is a central limit theorem, has been proved by Erdos and Kac in
1939 [4, 5].

Theorem 2. For u a real, one has

1 1 “ 2
2 —{1 <n <N :w(n)—-loglogn < uy/loglogn — et 2qy,
2 FHL<n €V () ~loglogn < uy/foglogn)| — —= [
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A natural question is now: can this result be extended to other (strongly) additive functions
(that is such that f(n) =}, f(p))? More precisely, can one compare (and how far?)

1
V|{1§n§N:f(n)§u}| with Pr E X, <uyp,
. p<N

where the X,’s are independent Bernoulli random variables such that Pr{X, = f(p)} = 1/p and
Pr{X, =0} = 1 —1/p. By sophisticated sieve arguments, it can be shown that

1 ~1/15 1log « log «
— <n<N: < — < = ——
N|{1 <n<N Z f(p) < u} Pr{z X, <u}=0 [m + exp STog log ogr )|

which is o(1) when r = 2°(*) tends to 400 but ¢(z) — 0. This model is called the “Kubilius model”.

3. Additive Number Theory

3.1. Sidon problem. In 1932, Sidon raised the following question: is it possible to find a sequence
A of non-negative integers such that

(i) For every positive integer n, there exist a,b in A such that n = a + b;

(ii) |{a,n —a € A}| = o(n®) for any € > 0.
In other words: is it possible to build a “thin” basis of order 2?7 In 1954, Erdés [3] answered
positively the question, by proving a more precise result.
Theorem 3. There exists A and 0 < ¢; < ¢g such that
(3) cilogn < [{a,n—a € A}| < calogn,
for n > 2.

The proof is probabilistic and particularly short but absolutely not constructive: let (Q,7, P) be
a probabilistic space and X5, X3,... be independent Bernoulli random variables such that Pr{X, =
1} = ey/(logn)/n. For w € Q, let A(w) = {0,1} U {n : X, (w) = 1}. Then for almost all w € €,
A(w) satisfies (3). A very detailed proof of this result is given in the book by Halberstam and
Roth [10, chap. 3].

3.2. Restricted partition function. This example underlies the probabilistic interpretation of
the powerful Ramanujan-Hardy-Littlewood circle method [18].
For a given N, let ¢(N) be the number of ways to write
N=ni+ny+---+n,,
with 0 < ny < ng < --- < n.(< N). Another way to say this is: let
En={0,1} x ---x {0, N},

then
{zeén,> x, =N}

{z € En} .

Let Xi,..., Xy be independent random variables such that X, takes the values 0 and n with
probability 1/2. We have

o) =2V

g(N)=2VPr{X, 4+ -+ Xy =N}.
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Denote Fn and Vj the expectation and the variance of X1 + -+ + Xy. If we assume that a local
limit theorem holds, then we can write

N — En)?

M) + 0(1)) _

1
V2TVy (eXp (‘ 2V
An easy computation shows that Ex ~ N?/4, Viy ~ N2/12 and that the exponential term is o(1)
and so that ¢(N) = o(2N N~3/?) which is not interesting. This is due to the fact that N is too far
from Epy.

This approach is far from being perfect. The reason is quite clear: in the problem of partitions
for an integer N, the integers 1,2,..., N do not have the same importance: the small values take
part much more frequently in a decomposition of N than the large ones. Thus we have to refine
the model by weighting the different integers, with a smaller weight for large integers.

Suppose now the X;’s are independent random variables taking only the values 0 and n with
Pr{X, = n} = p,. Then

g(N)=2"

q( N) _ 2176571,1’1-}—“'4—1‘]\7:]\7 PI‘{(Xl, . 7XN) = .’E}
Hn,mn:n Pn Hn,znzo(l - pn)

If we take p, = exp(—on)/(1+ exp(—on)), for some o such that F(X; +---4+ Xy) = N, that is
to say

T

o=
2vV/3N

we can prove (this is naturally the heart of the matter) that
1 1/2
q(N) ~ AN YA exp(rN'?/V/3)

(see [11, 14]). This argument has been recently developed in [9] in a more general context.
Proof goes as usual, by defining the characteristic function (i.e., the Fourier transform of the
image measure)

(1-1/8N 4+ O(N™?)),

on(t) = (1 = pn) + prexp(2mint).
Then

Pr{X;+ -+ Xy=N}= [T 6n(t) | exp(—2xint) dt.
R/Z\ n<N
The main term (corresponding to major arc) comes from a neighbourhood of 0 on the torus R/Z.
There “remains” (it is not easy!) to find an upper bound for | [[, < ¢n(t)| outside this neighbour-
hood, that is on the minor arc. B

3.3. Probabilistic models for sums of powers. It is well known that sums of two squares have
zero density. But for s > 3, nothing is known about (lower) density of the set of sums of s integral
s-th powers, like sums of 3 cubes and of 4 biquadrates.

There are two conjectures. In 1968, Barrucand [1] conjectured that for s = 3 and 4 the answer
is NO. But, in 1986, Hooley [13] conjectured that the answer is YES for every s > 3.

In order to guess something in this hard problem, Erd6s and Rényi [6], in 1960, considered
“pseudo s-th powers”, i.e., random sequences A®®) defined as in the answer to Sidon’s question, and
suggested that the number of representation rs(N) of an integer N as a sum of s elements from AL
should follow (almost surely) a Poisson law. Unfortunately, their proofs contained a gap because of
the difficulty of dealing with the quasi-independence of the sets involved. In 1965, Halberstam and
Roth [10] overcame the difficulty when s = 2, by combinatorial arguments. In 1995, Landreau [15]
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proved a correlation inequality, having its own probabilistic interest, which leads to the expected
result.

Theorem 4. Let F1,..., Ex be independent events, and Aq,...,Ar be such that each A; is an
intersection of some of the E,’s. Then

0<Pr(nAy) - [ Pr(A) < ) (Pr(A¢n Ay) — Pr(A;) Pr(Ay)).

1<t<t'<T

4. Probability

We illustrate here the possibility of applying number theory ideas to probability theory with the
following recent theorem taken from [2], of which we sketch the proof.

Theorem 5. Let logg <o<2,neNande>0, Xyq,...,X, be i.i.d. integral valued random

log
variables such that
(4) max max ) Pr{X;=1}<1-c
{=smodgq
and for all L > 2
(5) Q(X1,L)<1-1L77,

where Q(Y, z) denotes supy,cp Pr{h <Y < h+x}. Then there exisls a constant ¢ = ¢(o,¢,Q(X1,1))
such that

QX1+ ---+X,;1)< en~e.

The proof, in the same manner as above, uses the characteristic function ¢ of Xy. If 5, =
X1+ -+ X, we have

1
Pr{S, =k} = / (1) exp(—2mikt)dt,
0

so that Q(S,,1) < [, |6(1)]"dt.
We are now reduced to study the large values of ¢. We first use a lemma which has been
introduced in [8] (and which follows from Bochner’s theorem).

Lemma 1. Let Ey = {t € R/Z,|¢(t)| > cosb}, where R/Z is once again the torus, we have for
01,02 Z 0 and 01 + 02 S 7'['/2,

Eg, + Eg, C Ep,+9,-

Then we need a result by Freiman [7] on structure of set addition (it has been extended to the
torus in [8]).

Theorem 6. Let A be a finite subset of Z such that
A+ Al <2|A - 140,
with b < | A| =3, then there exists an arithmetic progression L with | A|+b elements that contains A.

This enables us to show that either the set of the arguments for which ¢ is large has a small
measure, or it has a structure (it is located close to the vertices of a regular polygon), which is not
possible in view of (4) and (5).
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