Partitions of Integers: Asymptotics

Philippe Dumas Projet Algorithmes, Inria Rocquencourt

December 11, 1995

[summary by Philippe Dumas and Bruno Salvy]

Abstract The study of the asymptotics of the number of partitions of integers under various constraints is a very rich area initiated by two papers of Hardy and Ramanujan. Some of this literature is surveyed here.

If 0 < λ_1 ≤ λ_2 ≤ · · · ≤ λ_ν are positive integers, their sum n = λ_1 + λ_2 + · · ·+ λ_ν is called a partition of n into ν summands (or parts). The number of partitions of n is denoted p(n) or p_n. When there is no constraint on the λ_i, it is easy to see that the generating function of the p_n’s satisfies the following identity due to Euler: P(q) = ∑ n≥0 p_nq^n = ∏ k>0 1 1 − q^k . (1) Euler’s pentagonal theorem also gives a formula for the reciprocal of this generating function: ∏ k>0 (1 − q^k) = ∞∑ m=−∞ (−1)^mq^{m(3m−1)/2}. This last relation yields a simple way to compute the number p_n by recurrence. Numerous other relations on partitions and their congruence properties can be derived from identities on generating functions. See in particular [1].

1. Origins The asymptotic analysis of the generating function P(q) is very difficult. There are singularities at all roots of unity, which implies that the circle of convergence is a natural boundary. It can be proved that a saddle-point method applies. The coefficient p_n is given by the contour integral

p_n = 1 2iπ ∫ γ P(q) q^{n+1} dq, and the main contribution comes from the neighbourhood of 1, which yields p_n ∼ 1 4n √ 3 exp ( π √ 2n 3 ) . (2) Then the next contribution comes from the neighbourhood of −1, then from the neighbourhood of exp(±2iπ/3), etc. Thus the contour of integration has to go through an infinity of saddle-points, whose contribution to the integral have to be estimated. It turns out that these contributions are related by a modular transform. For, the generating function P(q) is related to Dedekind’s η function: η(τ) = e^{iπτ/12} ∞∏ m=1 (1 − e^{2iπmτ} ) = e^{iπτ/12} P(e^{iπτ} ) . The final result is the following theorem [9].

Theorem 1. The number p(n) of partitions satisfies p(n) = ν∑ q=1 A_q ψ_q + O(n^{−1/4}),

where

ψ_q = √ q 2π √ 2 d dn exp (_π q √_2 3 √ n −^1_{24} ) √ n −^1_{24} , A_q = ∑ p∧q=1,p≤q ω_{p,q} e^{−2npiπ/q}, and ω_{p,q} is a certain 24qth root of unity.

This result is very precise: since the O() term tends to 0 and the number p(n) is an integer, it is sufficient to consider finitely many terms of this asymptotic expansion to compute the exact value of p(n). In practice, the number of necessary terms is quite small. Theorem 1 has been refined by H. Rademacher [15] to obtain a full asymptotic expansion which is convergent. Other special types of partitions have been treated the same way. All these works rely on the theory of modular functions.

Wright followed the way opened by Hardy et Ramanujan in several works [20, 21, 22]. For instance, he studied the asymptotics of plane partitions, with generating function ∑ n≥0 p_{plane}(n) q^n = ∏ ℓ≥1 1 (1 − q^ℓ)^ℓ . The result has the following form

p_{plane}(n) ∼ K n^{25/36} exp ( Cn^{2/3} ) , which should be compared to (2) for ordinary partitions.

All these results are obtained by a saddle-point method combined with a Mellin transform.

2. Mahler’s partition problem In [12] Mahler studies the partitions whose summands are constrained to be powers of some integer r ≥ 2. In that case, the generating function becomes ∏ k>0 1 1 − q^{rk} = ∑ p_r(n)q^n = P_r(q).

Mahler computes an expansion of log p_r(n), whose error term is a O(1). This expansion shows that p_r(n) is essentially of order exp(log^2 n/2 log r). The basic tool is a functional equation f(z + ω) − f(z) ω = f(qz), with q = 1/r. The result was improved by de Bruijn [5], using a Mellin transform approach to the logarithm, followed with a saddle-point method. Besides, in de Bruijn’s work, r > 1 can be any real number and Mahler’s error term is expressed as the sum of an oscillating series. This oscillating behaviour is studied in more detail by Erdös and Richmond in [7, 16].

3. Saddle-point method

It it quite lucky that in the case of unrestricted ordinary partitions the whole computation provides an asymptotic convergent series. If one adds constraints on the summands of the partitions it is in general not possible anymore to derive a convergent asymptotic estimate of this form. In these cases, only the saddle-point close to 1 is considered and its contribution to the integral is often itself an infinite sum.

Meinardus [1, 13] gives some general conditions which ensure that the saddle-point method works. He considers a generating function ∏ k≥1 1 (1 − q^k)^{ak} , where the numbers a_n are real nonnegative, and the conditions concern the Dirichlet series D(s) = ∑ k≥1 a_k/k^s, which extends as a meromorphic function to the left of its abscissa of convergence. Roth and Szekeres [18] study a generating function ∏ k≥1 (1 + q^{λk} ).

They assume the limit s = lim_{k→∞} log λ_k/log k exists, and use some arithmetical conditions on the summands λ_k. Their result was extended by Richmond [17], who gives several sets of conditions. As an example, Roth and Szekeres give the following expansion for the number of partitions into distinct prime summands,

log q_{prime}(n) = π √ 2 3 √ n log n ( 1 + O ( log log n log n )) . The works of Meinardus and of Roth and Szekeres use the saddle-point method. The differences between them is rather a matter of style. Meinardus studies the behaviour of the generating function in the neighborhood of 1 using a Mellin transform; this gives an approximate saddle-point equation and an approximate saddle-point; next the Cauchy integral is studied. Roth and Szekeres directly use the saddle-point method and their result is expressed in an implicit manner; every application needs an auxiliary computation, in some cases with the Euler-McLaurin formula or with the Mellin transform, to obtain an explicit expansion.

4. Tauberian method

In [10], Ingham asks for a set of conditions not highly extravagant which leads to a result about the asymptotic behaviour of the number of partitions. He considers a sequence of real numbers 0 < λ_1 < λ_2 < · · · < λ_k < · · · and its count function Λ(u) = |{λ_k; λ_k ≤ u}|. The use of this function is natural because the generating function P(e^{−s}) = ∏ k≥1 1 1 − e^{λks} = ∑ ℓ p(ℓ)e^{−ℓs} and the count function are related by

log P(e^{−s}) = ∫_{+∞} 0 log 1 1 − e^{−su} dΛ(u). 85

Under the hypothesis

Λ(u) = Bu^β + R(u), ∫_u 0 R(v) v dv =_{u→∞} b log u + c + o(1),

he proves that

P_h(u) ∼ Ku^{(a−1/2)(1−α)−1/2} exp(Cu^α), with α = β/(β + 1),

for some explicit constants K and C. Here the function P_h(u) generalises the function p(n) we used previously; precisely, if P (u) is the number of solutions in nonnegative integers of the inequation n_1λ_1 + n_2λ_2 + · · ·+ n_r λ_r + · · · < u then for positive h, P_h(u) = [P (u + h) − P (h)]/h. Hence if h = 1 and the summands λ_k are integers, P_h(n) is simply p(n). The function P (u) already appears in the work of Mahler, because it satisfies the equations p(rm) = P (m + 0) and P (u) − P (u − 1) = P (u/r) in that case.

The proof relies on a special Tauberian theorem. Indeed, the generating function appears to be a Laplace transform, P(e^{−s}) = ∫_∞ 0 e^{−su} dP (u). The Tauberian theorem of Ingham provides an estimate of P (u) in terms of ϕ(s) = log P(e^{−s}) and the solution σ_u of the equation ϕ^′(σ_u) + u = 0 (which can be seen as a saddle-point equation).

The proof of Ingham works for P (u) without any further condition, but for P_h(u) one of the hypotheses is the monotonicity of this function. Auluck and Haselgrove [2] have extended the result of Ingham, and removed some of his hypotheses. Bateman and Erdös [3] have shown that for integer summands λ_k the function p(n) = P_1(n) is monotonic if and only the set of summands has the following property: there are at least two λ’s and if one removes any λ the remaining λ’s have greatest common divisor unity.

5. Weak results

Hardy and Ramanujan [8] study the number Q(x) of solutions of the inequation

2^{a2} 3^{a3} 5^{a5} · · · p^{ap} · · · ≤ x

into integers satisfying a_2 ≥ a_3 ≥ · · · ≥ a_p ≥ · · ·. The numbers 2, 3, . . ., p, . . . are the prime numbers. If λ_k is the sum of the logarithms of the k first prime numbers, Q(x) is essentially P (log x). They prove that log Q(x) =_{x→∞} 2π √ 3 √ log x log log x

+ o(1).

Such a result, which gives an equivalent of log P (u), is called a weak result.

The tools used by Hardy and Ramanujan is a Tauberian theorem; under some simple conditions this theorem says that log A_n =_{n→∞} Bℓ^{α/(1+α)}_n / log^{β/(1+α)} ℓ_n

if the behaviour near 0 of the logarithm of the Laplace transform f(s) = ∑ n≥1 a_ne^{−ℓns} = ∫_∞ 0 e^{−su} dA(s) is known, namely

log f(s) =_{s→0} A s^α log^β (1/s) . 86

In these formulæ A_n is the summatory function A_n = a_1 + a_2 + · · · + a_n, A(x) = A_n for n ≤ x < n + 1.

The result is applied to the generating function P(e^{−s}) = ∏ k≥1 1 1 − e^{−λks} , which satisfies log P(e^{−s}) =_{s→0} π^2 6s log(1/s) , with ℓ_n = log n.

Brigham [4] extends the work of Hardy and Ramanujan, by considering the generating function P(e^{−s}) = ∏ k≥1 1 (1 − e^{−ks})^{γk} , and the following hypothesis about the count function Λ(u) = ∑ k≤u γ_k ∼_{u→∞} Ku^α log^β u, α > 0. Two students of Bateman, Kohlbecker [11] first, and Parameswaran [14] next, consider the functional relation between the count function Λ(u) and the summatory function P (u), log ∫_∞ 0 e^{−su} dP (u) = ∫_∞ 0 log 1 1 − e^{−su} dΛ(u). Kohlbecker shows the following behaviours are equivalent Λ(u) ∼ u^αL(u), log P (u) ∼ u^{α/(1+α)}L^∗(u), (α > 0). The function L(u) and L^∗(u) are slowly varying, that is L(cu) ∼ L(u) for every c > 0. Moreover (L, L^∗) is a dual pair; in every concrete case, L^∗(u) is explicitely computable from L(u). The way from P (u) to Λ(u) is an Abelian theorem, and the way form Λ(u) to P (u) is a Tauberian theorem, like in the work of Hardy and Ramanujan.

Schwarz [19] gives a result which is surprising by its simplicity. The count function Λ(u) tends to infinity (as we assumed in all preceding assertions) and satisfies Λ(2u) = O(Λ(u)) as u → ∞. Under this hypothesis the behaviour of log P (u) is given by

log P (u) =_{u→∞} ϕ(σ_u) + uσ_u + O ( uσ_u √ ψ(σ_u) log 1 ψ(σ_u) ) , where σ_u is the solution of the equation ϕ(σ) + u = 0 for u large, and ϕ(σ) = ∑ k≥1 log 1 1 − e^{λkσ} , ψ(σ) = ϕ^{′′}(σ) |ϕ^′(σ)|^2 . Schwarz gives a host of examples: ordinary partitions, λ_k = k, Λ(u) ∼ u; partitions into prime numbers, λ_k = p_k, Λ(u) ∼ u/ log u; partitions into rth powers, λ_k = k^r , Λ(u) ∼ u^{1/r}; Mahler partitions, λ_k = r^k, Λ(u) ∼ log_r u; partitions whose summands are λ_k = k^k or k!, Λ(u) ∼ log u/ log log u, for example.

Conclusion

There is a wealth of papers on this subject. Parameters of partitions such as the number of summands can also be treated by the same kind of subject, although the computations are generally more technical. This is the problem that started Ph. Dumas in this domain, see [6] for details.

Bibliography

[1] Andrews (George E.). – The Theory of Partitions. – Addison-Wesley, 1976, Encyclopedia of Mathematics and its Applications, vol. 2.

[2] Auluck (F. C.) and Haselgrove (C. B.). – On Ingham’s Tauberian theorem for partitions. Proceedings of the Cambridge Philosophical Society, vol. 48, 1952, pp. 566–570.

[3] Bateman (P. T.) and Erdös (P.). – Monotonicity of partition functions. Mathematika, vol. 3, 1956, pp. 1–14.

[4] Brigham (Nelson A.). – A general asymptotic formula for partition functions. Proceedings of the American Mathematical Society, vol. 1, 1950, pp. 182–191.

[5] De Bruijn (N. G.). – On Mahler’s partition problem. Indagationes Math., vol. 10, 1948, pp. 210–220. – Reprinted from Koninklijke Nederlandsche Akademie van Wetenschappen, Ser. A.

[6] Dumas (Ph.). – The number of summands in a binary partition. – To appear. [7] Erdös (P.) and Richmond (B.). – Concerning periodicity in the asymptotic behaviour of partition functions. Journal of the Australian Mathematical Society, vol. 21, 1976, pp. 447–456.

[8] Hardy (G. H.) and Ramanujan (S.). – Asymptotic formulæ for the distribution of integers of various types. Proceedings of the London Mathematical Society, Series 2, vol. 16, 1918, pp. 112–132.

[9] Hardy (G. H.) and Ramanujan (S.). – Asymptotic formulæ in combinatory analysis. Proceedings of the London Mathematical Society, Series 2, vol. 17, 1918, pp. 75–115.

[10] Ingham (A. E.). – A Tauberian theorem for partitions. Annals of Mathematics, vol. 42, n̊ 5, 1941, pp. 1075–1090.

[11] Kohlbecker (Eugene E.). – Weak asymptotic properties of partitions. Transactions of the American Mathematical Society, vol. 88, 1958, pp. 346–365.

[12] Mahler (K.). – On a special functional equation. Journal of the London Mathematical Society, vol. 15, 1940, pp. 115–123.

[13] Meinardus (Günter). – Asymptotische Aussagen über Partitionen. Mathematische Zeitschrift, vol. 59, 1954, pp. 388–398.

[14] Parameswaran (S.). – Partition functions whose logarithms are slowly oscillating. Transactions of the American Mathematical Society, vol. 100, 1961, pp. 217–240.

[15] Rademacher (Hans). – On the partition function p(n). Proceedings of the London Mathematical Society, Series 2, vol. 43, 1937, pp. 241–254.

[16] Richmond (Bruce). – Mahler’s partition problem. Ars Combinatoria, vol. 2, 1976, pp. 169–189. [17] Richmond (L. B.). – Asymptotic relations for partitions. Journal of Number Theory, vol. 7, 1975, pp. 389–405.

[18] Roth (K. F.) and Szekeres (G.). – Some asymptotic formulæ in the theory of partitions. Quarterly Journal of Mathematics, Oxford Series, vol. 5, 1954, pp. 241–259.

[19] Schwarz (Wolfgang). – Schwache asymptotische Eigenschaften von Partitionen. Journal für die reine und angewandte Mathematik, vol. 232, 1968, pp. 1–16.

[20] Wright (E. Maitland). – Asymptotic partition formulæ I. Plane partitions. Quarterly Journal of Mathematics, Oxford Series, vol. II, 1931, pp. 177–189.

[21] Wright (E. Maitland). – Asymptotic partition formulæ: (II) Weighted partitions. Proceedings of the London Mathematical Society, Series 2, vol. 36, 1934, pp. 117–141.

[22] Wright (E. Maitland). – Asymptotic partition formulæ: (III) Partitions into k-th powers. Acta Arithmetica, vol. 63, n̊ 141–191, 1934.