Automatic Asymptotics

Joris van der Hoeven École polytechnique

November 21, 1994

[summary by Bruno Salvy]

Joris van der Hoeven sets up an ambitious research program of automating the derivation of asymptotic expansions in various contexts.

The problem has already been solved in several cases. For exp-log functions—functions obtained from a variable x and the set of rational numbers ⋚ by closure under field operations and the application of exp and log—John Shackell gave a procedure in [5] which he extended in [6] to Liouvillian functions. In [7], he showed how to handle composition and in [4] B. Salvy and J. Shackell showed how to compute an expansion of y(x) subject to F (y) = x for F an exp-log function. Asymptotic expansions for differential algebraic equations were also made effective by J. Shackell in [8], however the algorithm in this case pays for its generality by an exponential complexity with respect to the order [9]. Another approach to the exp-log function problem was used by D. Gruntz to implement the new limit function in Maple [2].

While J. Shackell and several others have based their work on the theory of Hardy fields [3], the approach followed by J. van der Hoeven is inspired by Écalle’s theory of transseries [1]. Informally, there are two main ingredients in this work. The first one consists in computing with asymptotic scales suitable for exponentiation and logarithm (so-called normal bases, see below). The second one consists in working simultaneously with expansions in these scales and a handle on the exact full information related to them. This handle (named algorithmic multiseries) makes it possible to compute more terms of an expansion whenever necessary and to invoke an oracle for zeroequivalence of functions in order to prevent indefinite cancellation. More precise definitions are as follows.

Definition 1. An asymptotic scale is a finite ordered set {g_1, . . ., g_n} of positive unbounded exp-log functions such that log g_i = o(log g_{i+1}), for i = 1, . . ., n − 1.

Definition 2. Let g be a positive unbounded exp-log function. A multiseries with respect to g is a formal sum f = X_{α2S fαgα,} the coefficients f_α being exp-log functions and the support S ⊂ ⋛ having finitely generated support:

S = α_1▲ + α_2▲ + · · · + α_k▲ + β,

where the α_i’s are strictly positive real numbers and β ∈ ⋛.

Definition 3. A multiseries expansion with respect to {g_1, . . . , g_n}, is a multiseries with respect to g_n, where each coefficient can recursively be expressed as a multiseries with respect to {g_1, . . ., g_n�_1}, each multiseries with respect to g_1 having constant coefficients.

Definition 4. A normal basis is an asymptotic scale {g_1, . . ., g_n} satisfying the following conditions

(1) g_1 = log_k x (k ∈ ▲), where log_k denotes the logarithm iterated k times (log_0 x = x); (2) log g_i ∈ ⋛[[g_1; . . .; g_i�_1]], for 2 ≤ i ≤ n.

Definition 5. A multiseries with respect to a normal basis {g_1, . . ., g_n} is said to be algorithmic when it converges to a function, and for any k ∈ ▲^⋆ its first k coefficients with respect to g_n can be computed and are themselves algorithmic (constants being algorithmic).

The theorem J. van der Hoeven aims at proving in various contexts of asymptotic expansions is that there always exists a normal basis and (under suitable restrictions) algorithmic multiseries. He has proved this theorem for exp-log functions [10], where the inversion problem and algebraic equations have been at least partially treated too. Here is a theorem from [10].

Theorem 1. Schanuel’s conjecture implies that the field of real algebraic exp-log functions is an automatic expansion field.

An automatic expansion field is a field where normal bases and multiseries with respect to them can be computed for any element. Schanuel’s conjecture is related to the zero-equivalence problem for constants. Algebraic differential equations and the zero-equivalence problem in a general setting should be treated in [11].

Bibliography

[1] Écalle (Jean). – Introduction aux fonctions analysables et preuve constructive de la conjecture de Dulac. – Hermann, Paris, 1992, Actualités mathématiques.

[2] Gruntz (Dominik). – On Computing Limits in a Symbolic Manipulation System. – PhD thesis, ETH, Zürich, 1995.

[3] Rosenlicht (Maxwell). – Hardy fields. Journal of Mathematical Analysis and Applications, vol. 93, 1983, pp. 297–311.

[4] Salvy (Bruno) and Shackell (John). – Asymptotic expansions of functional inverses. In Wang (Paul S.)

(editor), Symbolic and Algebraic Computation. pp. 130–137. – ACM Press, 1992. Proceedings of IS- SAC’92, Berkeley, July 1992.

[5] Shackell (John). – Growth estimates for exp-log functions. Journal of Symbolic Computation, vol. 10, December 1990, pp. 611–632.

[6] Shackell (John). – Limits of Liouvillian functions. – Preprint, 1991.

[7] Shackell (John). – Extensions of asymptotic fields via meromorphic functions. – Preprint, 1992. [8] Shackell (John). – Rosenlicht fields. Transactions of the American Mathematical Society, vol. 335, n̊ 2, 1993, pp. 579–595.

[9] Shackell (John) and Salvy (Bruno). – Asymptotic Forms and Algebraic Differential Equations. – Research report n̊ 2319, Institut National de Recherche en Informatique et en Automatique, August 1994. To appear in the Journal of Symbolic Computation.

[10] Van der Hoeven (Joris). – General algorithms in asymptotics I: Gonnet and Gruntz’s algorithm & II:

Common operations. – Technical Report n̊ LIX/RR/94/10, École polytechnique, Palaiseau, France, July 1994.

[11] Van der Hoeven (Joris). – Asymptotique Automatique. – PhD thesis, École polytechnique, Palaiseau, France, 1996. To appear.