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An overlap-free word is a word without overlapping of two distinct occurrences of a factor. As an
example the word abaab is overlap-free, but the word abbbabbabaab is not because the factor bbab
occurs twice and the occurrences overlap by b. The first result about these words is due to Axel
Thue [10]. Indeed the infinite word now referred to as the Thue-Morse word has no overlapping
factor [8, p. 23]. Recall that this word may be defined as a fixed point ¢ = ¥“(a) of the substitution
¥ which maps a and b onto ab and ba respectively. The proof depends upon the fact that J(w) has
no overlapping factor if the word w does not.

We want to study the number u, of overlap-free words of length n over a two letter alphabet
{a,b}. All the factors of the Thue-Morse word ¢ are overlap-free words. This yields the inequality
U, > t,, where t,, is the number of factors of ¢ with length n. This number ¢, is known to be [2, 5]

. = dn —2.2F i 228 <n < 3.2F,
T 24428 if 3.2F <n < 428

On the other hand, Restivo and Salami [9] have shown the asymptotic inequality®
Uy, _\< nlog2 15'

Kobayashi [7] improved these results by the estimate

1.155

n < u, <l

Overlap-free words which can be extended to infinity in both directions are factors of the Thue-
Morse word. Counting the words extensible to the right gives the lower bound. Thanks to ¥, one
can build overlap-free words of length 2n from overlap-free words of length n, hence the upper
bound. Carpi [3] gave a way to obtain upper bounds n” arbitrarily near the optimal value, but
gave no numerical result. In addition he pointed out that one can compute the sequence u, by a
finite automaton.

1. Linear representation

Decomposition. All the cited results rely upon a decomposition of the overlap-free words. Apart
from a set S of seventy-six little words, every word which is overlap-free and of length greater than
3, or which has a unique overlapping by only one letter (J. Cassaigne uses the term of minimal
overlap for these words zuzuz, where z is a letter and u a word), can be written in a unique manner
in the form rd(u)r, with u an overlap-free word and ry, r, are in {e,a,b,aa,bb}. J. Cassaigne

!The symbol < has the meaning given by Bourbaki. In Landau notation, it is a big O.
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Ficgure 1. The number of overlap-free words presents a behaviour of polynomial
type, but with heavy oscillations.

prefers to use a subtler decomposition, the advantage of which is to make independent both ends
of the word.

He defines an action of the monoid G = (£ x E)*, with ¥ = {6,¢,k}, on the set {a,b}*. The
key idea is to modify the word ¥(u) by deleting or inverting (in the sense that the inverse of a is
b and conversely) letters at the ends of the word, in such a way that the resulting word is almost
overlap-free if w is overlap-free and that every overlap-free word can be reached from S by this
action. To be more precise, let U be the set of overlap-free words of length greater than 3, V' be
the set of words zuzuz with only an overlapping of only one letter z. J. Cassaigne proved the
following result.

LEMMA 1. Every word w € (UUV)\S can be wrilten w = v.y in a unique manner withy € ExE
and v € U UV. Moreover the length of v is less than the length of w.

Here is why V is adequate. As a matter of fact, the word w may be overlap-free but » may be a
minimal overlap.

Next, it is possible to iterate the process. Starting from an element s € 5, one applies a element
g € G to obtain z = s.g. Technically, one has to remove some little words, so one uses only a subset

Z of § x@G.

LEMMA 2. Every word w € U UV has a unique decomposition w = s.g with (s,g) € Z.

Automaton. The next crucial step is to consider the languages L and M of the words (s,g) € Z
such that s.g lies in U or V.

ProrosiTioN 1. The languages L and M are rational.

Moreover, these languages are recognized by the same automaton, with only a change of the set
of terminal states. The proof relies on the study of the overlappings of s.g.y with respect to v and
the overlappings of s.g. The states of the automaton are 2-tuples (¢, 7) with ¢,5 € {1,...,4}, which
translate the prefix and suffix forms of the words. For example a word is of type (2, 3) if it starts
with abb or baa and ends with abaa or babb. The transitions of the automaton are labelled by the
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elements of £ x £ and are expressed by (¢,7).(71,72) = (¢(4,71),9(J,72)). As we predicted the
prefix and suffix of the words are disconnected. Roughly speaking, the automaton is made from
three blocks: an initial block, which depends on the form of the words from 5, and two blocks of
the same structure, one which accepts the words in L and the other which accepts the words in M.

The automaton may be viewed in terms of matrices. Let U,(¢,7), Va(¢,7) be the number of
words of length n in U and V respectively. Let 4, ¢, K be the matrix of the transformations 8, ¢, &,

0 011 0 0 011
6 =

0 0 0
L= 0 0 0 o —
010}
0 00

—_— o O

0 00
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0 0 0
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ProrosiTioN 2. The maltrices U, and V,, satisfy the following recurrence,

‘/271 = 07
Vongr = EVap'0+6Vui'k,
Us, = Wi+ 6Vuto 4+ (k+ )UK+ 0) 4 60,446,

U2n+1 = L"fn-}—lté ‘I’ 6"fn+1tL + (F': ‘I’ L)U:li_l ‘I’ 6Un+1t(ﬁ ‘I’ L);

for any integer n greater than 3.

The first few values,
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enables computation of the matrices U, and V,, and hence
uy = Y Ua(i, )
1<ij<4

As a consequence of this recurrence, we have the following assertion.
THEOREM 1. The sequence (u,) of the number of overlap-free words is 2-regular.

Recall the notion of B-regularity due to Allouche and Shallit [1].

2. Asymptotic behaviour

As a 2-regular sequence, u,, grows polynomially and it is natural to search for the best numbers
«a and [ such that

n*~ < u, < 0t
for any positive ¢. Using integers the binary expansion of which has a given pattern (namely the
numbers 7.2% and (22.4* — 1)/3), J. Cassaigne gives some possible values for a and 8 but not the

best ones. He obtains, with the previous results of Kobayashi, the following inequalities for the
best a and

1.155 < @ < 1.276 < 1.332 < 3 < 1.587.

The sums



are simpler to study because they give an increasing sequence; consideration of the integers n = 7.2*
suffices to obtain the behaviour of s,,.

THEOREM 2. The sequence s, grows like n'°82¢, where

Y AR R

As a matter of fact, the number ( is the largest eigenvalue of a linear representation of the
2-regular sequence s,. The result is not surprising because this is the situation in all the known
cases [6], although there is no proof in the general case.
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