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1. Introduction

Consider n independent random variables uniformly distributed on the set {1,2,..., N} and denote by #;
the number of occurrences of i, 1 < ¢ < N. For any N-tuple of integers ny, na, ..., ny such that Zjlv n; =n,
then

p n!
(m=mn1,...,mqn =ny) = il INE

In the language of allocation of particles into cells (or balls into urns): n particles are put at random into
N cells, n; is the number of particles in the -th cell.

If &, ..., &N are independent Poisson random variables with parameter A,
Are=2
pr =P =k)= R k=0,1,...

it is easy to check that
(1) Pm=ni,....qn =nn) = P& =n1,... &y = nn/& + -+ €& = n).

Let pr(n, N') be the number of cells with exactly r particles and 7 yy = max{ni,...,nn}. If £§r), . ,51(\;)
are independent identically distributed (i.i.d.) random variables such that

P& = k) = P(& = k[ #7),
and {-Tgr), . ,51(\7;) 1.1.d variables with

P = k) = P& = k/& £7),
then using the relation (1), one gets

NPED +- & =)
P&+ +&é&v=n)’

(r) (r)y _
N P + -+ €. =n—kr
< )plrc(l_pr)N k ( 1 N—k )

Pyny<r) = (P& <))

Plur(n,N) = k) =

¢ P+ +en =)
DEeFINITION 1. An N-tuple 71, ..., 7y of random variables is a generalized scheme of allocating particles
if there exist random variables &;,...,&n such that (1) is satisfied.
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1 Combinatorial Models and Random Generation

ExaMpLE. We consider the partitions of integers n into N non-negative integer summands, n = ny +
-+ ny. There are " ]_V]X—li_ 1) such partitions; if they are equally likely, then n = n; 4+ - - - 4+ nn. If we
take independent geometrically distributed random variables &1, ... , &N,
P& =k)=p"(1-p), keN, 0<p<l,
then relation (1) is satisfied.

2. A general model of application of the generalized scheme of allocation

Let
— Th(R) be the set of all graphs with n vertices which satisfy some property R,
— I’y n(R) the set of the elements of I'(R) with N connected components,
— I';, n(R) the set of objects which consists of ordered collections on N components.

Take the uniform distribution on f‘nyN(R) and denote by 11, ... ,ny the sizes of the components of a ran-
dom element from I', 5(R). Denote by a,, an N, @, v the respective cardinalities of ', (R), T v (R),T'n n(R),
b, the number of connected graphs in T',(R) and let &;,... ,€n be i.i.d. random variables such that

bkxk
P& =k) = keN
& =k= Eey €
where B(z) = 1(-00 b’}f!k and z is in the domain of convergence of this series. Then relation (1) is valid:
_ Gn, N . 1 n!
N E TN TN 2 SRR LR
ni+---+ny=n
by, z™
N
ni+-+ny=n i=1
z" Moo
- B(z)N Z H ni;’
ni+--+ny=n i=1
hence
_ nl(B@)Y _
(2) an,N—WP(gl‘i'""i’gN—n)-

ap=nl, b, =(n-1}

keN, O<z<l.

n—1 ']’Lk
a, =n", b, :(n—l)!z nE
k=0
bkrk
Pé=k)= —— 0<: 1.
(61 =k) HB(z) <z<
3) Random partitions from the set unordered partitions of the set {1,... ,n}.
b, =1,
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" " nl 1
" " N! n1P-~nN!’
N=1 N=1 ni+--+ny=n

2k

T e —1)

4) Random forest from the set of all forests of N non-rooted trees with n total number of vertices.

P =k) keN, 0<z<+ 0.

to00 -2 n

b, = n""2, B(J;):zl: n n!CE , 0<a<e?,
k‘k_zl‘k
P =k)= ———— k e N.

The complete investigation of a, ny was carried out by Britikov in 1990,

1 TR ph-1gk _ O(=x)
E(‘fl)_B(I); k' B(z)’

1 IR phgh A(x)

T B(x) & K B(x)

J2E(£f)

where

Alw) = 25, Be) = 51 (1= 0(@)))

and 0(z) is the root of z = fe~% in the interval [0, 1].
As a consequence of the local central limit theorem (see [1] p. 233),
1

oV2mN

P&+ +&y = k)= e (14 0(1)),

uniformly on the integers k& such that u = %&_Q} is in a finite interval.

The number of edges in the forest is 7'=n — N , if § = 2L then E(¢;) = &,
1
oV2rN

Finally if n, N — +o00 such that § = % is constant, then using (2) one gets

n?T/1-0
ap T = W(l +o(1))

P& +-+&é&v=n)= (1+0(1)).

Bibliography

[1] Gnedenko (B.V.), Kolmogorov (A. N.), and Chung (K. L.). - Limit Distributions for Sums of Independent
Random Variables. — Addison-Wesley, 1968.

25



