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Motivation

Parameter integrals

Evaluate: ∫ ∞
0

e−sxγ(a, x) dx =
Γ(a)

s(s + 1)a

Obtain relations:

Jn(y) :=

∫ π

0

cos(nx − y sin(x))

π
dx

satisfies
J ′n(y) = −Jn+1(y) + n

y Jn(y)

Jn+2(y)− 2(n+1)
y Jn+1(y) + Jn(y) = 0

J ′′n (y) + 1
y J
′
n(y) + (1− n2

y2 )Jn(y) = 0
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Introduction

Indefinite integration

Given integrand f (x)

Find primitive function g(x) =
∫
f (x)dx

Parameter integrals

Given integrand f (~y , x), interval (a, b)

Compute value of
∫ b
a f (~y , x)dx

Compute linear relation of integrals

Given f

0, . . . , fm

, find g

and constant coefficients c0, . . . , cm

s.t.

c0

f

0 + · · ·+ cmfm

= Dg

Transfer this to a relation of corresponding integrals

c0

b∫
a
f0dx + · · ·+ cm

b∫
a
fmdx = g(b)− g(a)
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Input functions

D-finite setting

differential field (K ,D), a0, . . . , ad ∈ K

extend K by t s.t. adD
d t + · · ·+ a0t = 0: V = spanK{D j t}j

iterate: ti s.t. ai ,diD
di ti + · · ·+ ai ,0ti = 0, ai ,j ∈ K ,

V = spanK{D j ti}i ,j

differential field setting

differential field (K ,D), a0, . . . , ad ∈ K

extend K by t s.t. Dt = ad t
d + · · ·+ a0: F = K (t)

iterate: ti s.t. Dti = ai ,di t
di
i + · · ·+ ai0 , ai ,j ∈ K (t1, . . . , ti−1),

F = K (t1, . . . , tn)
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Output functions

D-finite setting

Given (V ,D) and f ∈ V

Find g ∈ V s.t.
f = Dg

differential field setting

Given (F ,D) and f ∈ F

Find an elementary extension (E ,D) of (F ,D) and g ∈ E s.t.

f = Dg
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Differential fields for the integrand

Admissible fields

We call a differential field (F ,D) = (C (t1, . . . , tn),D) admissible, if

1 all ti are algebraically independent over C ,

2 Const(F ) = C , and
3 for each ti and Fi−1 := C (t1, . . . , ti−1) either

1 ti is a Liouvillian monomial over Fi−1, i.e., either

1 Dti ∈ Fi−1 (primitive), or
2

Dti
ti

∈ Fi−1 (hyperexponential); or

2 there is a q ∈ Fi−1[ti ] with deg(q) ≥ 2 such that

1 Dti = q(ti ) and
2 Dy = q(y) does not have a solution y ∈ Fi−1.
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Admissible functions

Liouvillian functions

y ′(x) = a(x)y(x) + b(x)

log, exp, trigonometric/hyperbolic functions, logarithmic and
exponential integrals, polylogarithms, error functions, Fresnel
functions, incomplete beta/gamma function, etc.

Generalization to 2-dim systems(
y1(x)
y2(x)

)′
=

(
a11(x) a12(x)
a21(x) a22(x)

)(
y1(x)
y2(x)

)
+

(
b1(x)
b2(x)

)
orthogonal polynomials, associated Legendre functions, complete
elliptic integrals, Bessel/Struve/Anger/Weber/Lommel functions,
Airy/Scorer functions, Whittaker functions, hypergeometric
functions, Heun functions, Mathieu functions, etc.
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Field extension for the integral

Elementary extensions

(E ,D) = (F (θ1, . . . , θn),D) is called an elementary extension of
(F ,D) if each θi is elementary over

Ei−1 :=

F (θ1, . . . , θi−1)

, i.e.

θi is algebraic over Ei−1, or

Dθi = Da
a for some a ∈ Ei−1 (θi = ln(a)), or

Dθi
θi

= Da for some a ∈ Ei−1 (θi = exp(a))

Elementary integral

We say that f ∈ F has an elementary integral over (F ,D) if there
exists an elementary extension (E ,D) of (F ,D) and g ∈ E s.t.

f = Dg
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Problem

Parametric elementary integration

Given: an admissible differential field (F ,D) and f0, . . . , fm ∈ F

Compute:

a vector space basis of all

(c0, . . . , cm) ∈ Const(F )m+1

s.t. c0f0 + · · ·+ cmfm has an elementary integral over (F ,D)

and

corresponding

g

’s

from some elementary extension of (F ,D) with

c0f0 + · · ·+ cmfm = Dg

Previous results

Risch 1969, Mack 1976: complete for elementary (F ,D)

Singer et al. 1985: complete for Liouvillian (F ,D)

Bronstein 1990/97: parts for general (F ,D)
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Result

Theorem

Let (F ,D) = (C (t1, . . . , tn),D) be an admissible differential field

with the restriction that for any two non-Liouvillian monomials
ti , tj , i < j , none of the monomials ti+1, . . . , tj−1 is allowed to be
hyperexponential.

Then we can solve the parametric elementary integration problem
over (F ,D).
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Decision procedure

Recursive reduction algorithm

integrands from K (tn) = C (t1, . . . , tn)

1 Hermite Reduction for reducing denominator

2 Residue Criterion for computing elementary extensions
m∑
i=1

∑
Qi (α)=0

α log(Si (α, tn))

where Qi ∈ C [z ] and Si ∈ K [z , tn]

3 compute degree bound and coefficients by solving auxiliary
problems in K

4 remaining integrands are from K , reduce elementary
integration over K (tn) to elementary integration over K

Recursive call with integrands from K = C (t1, . . . , tn−1) to find
elementary integrals over K
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Auxiliary problem

parametric linear ODEs

Given: a differential field (F ,D) and a0, . . . , ad−1, f0, . . . , fm ∈ F

Compute: a vector space basis of all (g , c0, . . . , cm) ∈ F × Cm+1

such that

Ddg + ad−1D
d−1g + · · ·+ a0g = c0f0 + · · ·+ cmfm

Previous results

Abramov 1989: complete for rational functions

Singer 1991: complete for Liouvillian functions

Bronstein 1992: partial generalization

Fredet 2004: partial generalization
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Examples of indefinite integrals

Using F = Q(x , ln(1−x),Li2(x),Li3(x)) we find∫
Li3(x)− xLi2(x)

(1− x)2
dx =

x

1− x
(Li3(x)− Li2(x))+

ln(1− x)2

2

Using F = Q(x , K(x)
E(x) ) we find∫

xE (x)2

(1− x2)(E (x)− K (x))2
dx =

E (x)

E (x)− K (x)
− ln(x)

Using F = Q(π, n)
(
x , Jn+1(x)

Jn(x) , Jn(x), Yn(x)
Jn(x)

)
we find∫

1

xJn(x)Yn(x)
dx =

π

2
ln

(
Yn(x)

Jn(x)

)
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Example

I (n) :=

∫ 1

0
e−2nπix ln(sin(π2 x)) dx for n ∈ N+

Our algorithm finds

f (n + 1, x)− n
n+1 f (n, x) =

d
dx

e−2(n+1)πix

2(n+1)πi

(
1

4(n+1) + eπix

2n+1 + e2πix

4n + (e2πix−1) ln(sin(π2 x))
)

Integrating over (0, 1) yields the recurrence

I (n + 1)− n
n+1 I (n) = i

(n+1)(2n+1)π

Initial value:
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Example

I (n) :=

∫ 1

0
e−2nπix ln(sin(π2 x)) dx for n ∈ N+

Our algorithm finds

f (n + 1, x)− n
n+1 f (n, x) =

d
dx

e−2(n+1)πix

2(n+1)πi

(
1

4(n+1) + eπix

2n+1 + e2πix

4n + (e2πix−1) ln(sin(π2 x))
)

Integrating over (0, 1) yields the recurrence

I (n + 1)− n
n+1 I (n) = i

(n+1)(2n+1)π

Initial value:
∫
f (1, x) dx = e−πix

2πi + e−2πix

8πi −
x
4 + 1−e−2πix

2πi ln(sin(π2 x))

Clemens G. Raab Symbolic Integration in Differential Fields



Example

I (n) :=

∫ 1

0
e−2nπix ln(sin(π2 x)) dx for n ∈ N+

Our algorithm finds

f (n + 1, x)− n
n+1 f (n, x) =

d
dx

e−2(n+1)πix

2(n+1)πi

(
1

4(n+1) + eπix

2n+1 + e2πix

4n + (e2πix−1) ln(sin(π2 x))
)

Integrating over (0, 1) yields the recurrence

I (n + 1)− n
n+1 I (n) = i

(n+1)(2n+1)π

Initial value: I (1) = −1
4 + i

π

Clemens G. Raab Symbolic Integration in Differential Fields



Example

I (n) :=

∫ 1

0
e−2nπix ln(sin(π2 x)) dx for n ∈ N+

Our algorithm finds

f (n + 1, x)− n
n+1 f (n, x) =

d
dx

e−2(n+1)πix

2(n+1)πi

(
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4(n+1) + eπix

2n+1 + e2πix

4n + (e2πix−1) ln(sin(π2 x))
)

Integrating over (0, 1) yields the recurrence

I (n + 1)− n
n+1 I (n) = i

(n+1)(2n+1)π

Initial value: I (1) = −1
4 + i

π

Solution:

I (n) = − 1

4n
+

i

nπ

n∑
k=1

1

2k − 1
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Example: Binet-like integral

B(σ) :=

∫ 1

0

(
1

ln(x) + 1
1−x

)2
xσ︸ ︷︷ ︸

=:f (σ,x)

dx for σ > −1

Our algorithm finds

∂2f
∂σ2 (σ+1, x)−σ+1

σ
∂2f
∂σ2 (σ, x) = d

dx

(
− ln(x)2

σ(1−x)−
2 ln(x)
σ+1 + x

σ+2−
σ2+1

σ(σ+1)2

)
xσ+1

∆2
σ
∂f
∂σ (σ, x)− 1

σ+3 ∆2
σf (σ, x) = d

dx

(
(1−x)2

(σ+3) ln(x) + ln(x)
σ+1−

2x
σ+2 + 2(σ2+3σ+1)

(σ+1)2(σ+3)

)
xσ+1

Integrating over (0, 1) yields the relations

B ′′(σ + 1)− σ+1
σ B ′′(σ) = − 2

σ(σ+1)2(σ+2)

∆2
σB
′(σ)− 1

σ+3 ∆2
σB(σ) = − 2

(σ+1)2(σ+2)(σ+3)

We use these to find the evaluation

B(σ) = σψ(σ+1)−2 ln Γ(σ+1)+(σ+1) ln(σ+1)−2σ+ln(2π)− 3
2
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