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Note. I is an algebraically closed field of characteristic zero.



Bivariate case 1: differential and difference

Let
6: F(t,z) — F(t,x) o: F(t,z) — F(t,x)
and

it n) — 2 f(t,z) — flt,z+1)

A first-order system

AN — 12,
where u, v € F(¢,z) with v # 0,
G — v 2,

has a nonzero solution iff the following compatibility condition (CC) holds:

—> the CC.

{ SN — o(u)vz

doa(z) = (0(v) +uwv)z



Definition. u, v € F(t, x) are compatible w.r.t. {9, o} if v # 0 and
0(v)

o o(u) — u.

Lemma. (R. Feng, M. Singer, and M. Wu, 2010)
u,v € F(t, ) are compatible w.r.t. {9, o} iff I f € F(t,x), a, B € F(t), A € F(z) s.t.

) | )
S DN

and

Corollary. A solution of {d(2) = u z, 0(z) = v 2} can be written as

eay e ( [ o) 700

where §(T) = 0and o(T) = A\ T.



Bivariate case 2: differential and g-difference

Let
§: F(t,y) — F(t,y) T: Ft,y) — Hig

and
f(t,y) — 2 HEON= a0

where ¢ € [ is not a root of unity.

A first-order system:

Ol ) =
u,w € F(t,y) with w # 0,

e — w2,
has a nonzero solution iff the following CC holds:

o(w)

TN = 7(u) — u.



Definition. u, w € F(¢,y) are compatible w.r.t. {6, 7} if w # 0 and
o(w)

OB = ()N

Lemma. (a g-analogue of FSW Lemma)
u,w € F(t,y) are compatible w.r.t. {d, 7} iff 3 f € F(¢,y), 6 € F(t), u € F(y) s.t.

_ 0(f(ty)) T(f(t,y))

f(&y) M Y VS f(t,y) Kly):

Corollary. A solution of {§(2) = u z, 7(2) = w z} can be written as

fien) e ( [ o0t Q)

where §(Q)) = 0and 7(Q) = p Q.



Comparison

Differential and difference.
Fact. For g € F(¢, x),

o(g) —gelF(t) < gelF(t)[z] and deg, g < 1.

Differential and ¢-difference.

Fact. For g € F(t,y),




Bivariate Case III: difference and q-difference

Let
o: Flz,y) - F(z,y) 7 1 F(z,y)t G

and
i f(z + 1, ) [z, y) = SRR

where ¢ € IF is not a root of unity.
For v, w € F(z,y) with vw # 0, the system:
g(z) =vz
@ —wz
has a nonzero solution iff the following CC holds:

o(w) _ 7(v)

w v



Definition. v, w € F(t, x) are compatible w.r.t. {o, 7} if vw # 0 and

o(w) _ 7(v)

w U

Lemma. v and w are compatible w.r.t. {o, 7} iff there exist f € F(z,y), A € F(z), u € F(y)

S.t.
NIE@)) ) g e DR
Ve AT
Corollary. A solution of
g(z)=vz
@ — w2

can be written as

cf(z,y)T(z) Qy),
where c € F, o(T) = AT and 7(Q) = pu Q.



Survey on mixed cases

Operators CC Rational solutions
5:% 5(0) W u=@+x@+ﬁ, v:#a)\

— =o(u) —u
c:r—x+1 where f € F(t,z), o, 8 € F(t), A € F(x)
o= 5 W) _ ) u="F+5 w="Fy

—— = 7(u) —u ’
ey where f € F(t,y), B € F(t), u € F(y)
oc:x—x+1, ) U:@)\, w:#u,

T Yy—aqy

where f € F(z,y), A € F(x), p € F(y).




General case

Lett = (t1,...,t0), x=(21,...,2y) and ¥y = (y1,...,Yn)-
Fori=1,..../,
0; - F(t,x,y) — F(t,x,y)

f'—>@—f7-

Forj=1,...,m,
aj : Ft,x,y) — F(t,x,y)

y LLy o5 Tmy Y I y L1y e ooy Lj—1, Ty y Lj+1,
f(t ) f(t +1

Fork=1,...,n,

Ty : F(t,x,y) — F(t,x,y)

f(t7X7 Yty - - - 7yn) — f(t7xyy17 v Yk—1, YR Yk+1, -

where q1,...,q, € F*s.t.q¢f'---q¢;» # Llunlesse; = --- =¢, =0.

e T, Y ).

"7yTL)7



Compatible rational functions

A=A{1,...,00, 01, Om, Ty, Tnt
Definition. A sequence of rational functions
Uy ooy Upy, V14 ooy Uy, W1,y ..., Wy

is compatible w.r.t. A if
V] VW1 °*° Wy, #O’

and the following six sets of CC’s hold:

Unmixed Mixed

Si(u;) = 6;(u), 1<i<j<t ‘52'5;” —oj(u) —u;, i=1,....0,j=1,....m

‘”f,fj) T 1<i<j<m M) — r(ug) — i, i=1,...,6 k=1,...,n

Tigjj) ij,ffi)a 1<i<j<n Ujl(;;’k) — T’fg’j), j=1,....m, k=1,...,n




A structure theorem

Theorem. A sequence of rational functions ui, ..., uy, V1, ..., U, W,
iff, forall 7, j, kwith1 <: </, 1 <j<mand1 <k <n,

_ a6 xy)) | Zm:xj di(;(t))

YT T e % y) o (t)

+ Bi(t),

j=1

Uj = f(t, X, y) O <t> >‘j (X),

where f € F(t,x,y), o, Bi € F(t), \; € F(x), ux € F(y),

B1(t), ..., B(t) are compatible w.r.t. {d1,...,ds},
A1(X), ..., Ap(x) are compatible w.r.t. {01, ...,0,,}, and

p1(y), ..., un(y) are compatible w.r.t. {7y, ..., 7,}.

..., W, 1S compatible



Survey on unmixed cases

Systems CC’s Structure

01(z) =uy 2 Christoper’s theorem:

: 0i(uj) = 6;(uq), 5
0¢(2) = wez, ui = 0i(g) + 2, Ck%,
1<i< g </
Uy, ..., u € F(t) where ¢, € F and f, g, € F(t)
o1(z) = v 2 Ore-Sato’s theorem:
: oi(v;) _ oj(vi)

v; = # [Tecs kHJTS(s X+ k)

where f € F(x), S C Z™ and 15 € F(z).

A g-analogue
by I. Gel’fand, M. Graev, and V. Retakh.
whenq, =--- =g,




Hyperexponential-Hypergeometric elements

Definition. A first-order system
{6:(2) =us 2, 0j(2) =vjz, (z) =wrz | i=1,...,4,5=1,....m, k=1,...,n}

is compatible if uq, ..., up, v1, ..., Uy, w, ..., w, are compatible w.r.t. A.

Definition. A nonzero solution of (*) is called a hyperexponential-hypergeometric element,
abbr. as H-element.



Multiplicative decompositions

Corollary. An H-element can be written as
a rational function x (aq(t)*' -+ - ay(t)™) x E(t) G(x) Q(y),
where

£ is hyperexp. w.r.t. {d1,...,0,},
G hypergeom. w.r.t. {o1,..., 0},
Q g-hypergeom. w.r.t. {7y, ..., 7, }.



Standard representations

Let < be a monomial ordering in F[t, x, y].

Definition. Given a sequence R of compatible rational functions
Uy ... Upy V1y. .., Upy W1y..., Wy
in F(t,x,y), a sequence S of rational functions:

f7041,...,Oém,ﬂl,...,6g,)\1,...,)\m,,u1,..-,,un

is the standard representation of R if
(i) the members of R and S satisfy the relations in the structure theorem;
(ii) f has no nontrivial factors in F[t] U F[x] U F[y];

(i) f,aq, ..., q,, are monic w.r.t. <.



Computing a representation

For brevity, let n = 0.

Algorithm. Given compatible rational functions u1, . .., us, vy, .. ., Uy, compute f € F(t, x),
A1y O, By, 0 €EF(t),and Ay, ..., Ay € F(x) € F(x) s.t.

m

forl <1 </,

and
_—ij>\j f0r1§]§m



(1) [Determine «; and A;.]

(1.1) For all j, compute f;, a;,b; s.t.
vj = fja;b;,
where f; € F(t,x) has no factors in F(t) U F(x), a; € F(t) is monic, and b; € F(x);
(1.2) Compute g;,r; € F(t,x,y) s.t.
fi= 73(9; )rj with r; being o;-reduced;
gj

(1.3) Set a; = a; and )‘j = ijj;

(2) [Determine f.] Set f to be a nonzero solution of the system:

foe) = 285 = om}.

gj

(3) [Determine [3;] For all 7, set

(4) Return: f,aq,...,m, By, B, My o ooy A



Example

Consider an H-element h(t, x1, o, x3, x4) With certificates

_ 2z14aot—ao

U= ) (1) d(az)
T U= T, t I,
U — (t—l)(wg—xl)($2+x4—l‘1)
1 (@3+21+1)(z14+1) (t+1) V] = o1 A\
_ (D) (votza+1)(zo423+1) —
v2 = 2(xo—x1+1) (w2 +x4—21+1) Vg = Qg+ A9
U3 T 1'3+l'1+1 3 3
V4 = To+xs—x1+1
where
_ t—1 _ t+1
M =571 2= 9
A\ = (x2—x1)(T2+T4—11) o — (xo+x4+1)(22+23+1) Ao — To+x3+1 \y — Totxs+1
1 (x3+x14+1)(x14+1) 2 2 (xe—z1+1)(xot+xs—21+1)° 3 r3+xi+17 4 To+xs—21+1"

A multiplicative form of 5 is

B — t—1I\" [t4+1\™ To + I3 To + X4
S \t+1 2 Ty — X1 x1 '



IshinF(t,x,y)?
Let i be an H-element of the form:

h=f(t,x,y)a1(t)® - a,(t)E(t) G(x) Qly),

where the «/;’s are monic

Prop. h e F(t,x,y) @ a1 =---=a, =1, £(t) e F(t), §(x) € F(x) and Q(y) € F(y).
Facts:

1.E£(t) e F(t) & 5i(gg) = 51‘;90 for some g; € F(t),i =1,... 7.

2.G(x) eF(x) < U]ég) = Ujg(fj) for some g; € F(x),j =1,...,m.

3.9(y) e F(y) & T’“(QQ) = Tk;i’“) for some g, € F(y), k=1,...,n.



Is h algebraic over F(t,x,y)?

Prop. h is algebraic over F(t,x,y) iff h? € F(t,x, y) for some d € Z with d # 0.

Corollary. Let i be an H-element of the form:

h= f(t,x) ar(t) - am(t)™E(t) G(x),

where the «;’s are monic. Let U denote the set of roots of unity in I.
Then h is algebraic over F(t, x) iff

(ar==an=1
(i) %&) :TW where r; € Q, g € F(t),i=1,....,0;

(iii) # =¢j Uj;fgg)), where ¢; € U, g; € F(x),j=1,...,m;



Example

Let h satisfy d1(h) = uih, 62(h) = ush and o(h) = vh, where
3t + 1 T — 29 T+ 1o

Ul = — Uo = ——, = —-——
! 2t1(t1 aF 1) 2 3t2(33 R tg) T+t +1
e By the structure theorem,
1 3t +1 1
— . a=1, - =—, A=-—-L
! T+ 1o G 2t (tl + 1) & 3ty

e Christopher’s theorem

_ (51(751 + 1) 151(?51)

= - ) =
) 71 T2 B

52(t1 + 1) n 152(?52)
t +1 3 ty

e Observe that A = —1.

So h is algebraic over F(t1, to, x).

h is of the form

(t + 1)t 83) (<1

h=c
JZ—FtQ



Algebraic dependence (ongoing project)

Problem. Given H-elements hq,...,hs over F(t,x,y), determine whether they are alge-
braically dependent over F(t,x,y).

For:=1,...,s, write
hi = fiaiy - Ei(t) Gi(x) Qi(y),
where «; ; € F(t) is monic, &;(t) hyperexp., G;(x) hypergeom., and Q; ¢-hypergeom..

Prop. hy, ..., hsare a.d. over F(t, x, y) iff there exist ey, . .., e5; € Z, not all zero, s.t.

(1)
aifj---aiszl forl < j <m;

(i1)
g E& € F(t), GP---G>eF(x), Q8 ---Q%c(y).



Symbolic power functions

Problem. Given «; ; € [F(t) is monic, where ¢ = 1,...,sand j = 1,...,m, compute the
Z-submodule M, ; of Z.° s.t.
€Li .. o — |
N

forall (e ,...,es;) € Z°.

A method
1. Determine M, ; —- computing polynomial gcds and solving linear systems over Z.

2. My = Ma1 M- My



Example

Let

1 (t—1)2
n=rm_pwEoy ¢ 25 oy
Decide if f{ and f3 are a.d. over F(¢, x).
By gcd-computation
1 t—1)°
h= and fo = ( )

(t—12¢+ )2 +t+1) (t+ 132 4+t+1)
e fer — 1 iff

261—262:0
61—|—3€2=O
61—|—€2:0

iff &l = E) = 0.

Answer. f{ and f are a.i. over F(t, x).



Hyperexponential case

Letd = d/dz
Lemma. Let &, .. ., & be hyperexponential over F(z), and
d(&) :
— 6, i=1,....s.
3 B, @ S
Then

Jei,...,es €Z, []& €F(2)

1=1
0
S

Z e;3; is a logarithmic derivative of some element in F(z).
i=1



Example

Let

1 1 1 2z
51:exp(/(;—z_1+4z>dz> and 52—exp(/(;—22+1—22)dt).

Decide if £; and &, are a.d. over F(z).

By partial fraction decomposition,

5@0_(1 1j>+@ and &&)—(1 22 )21

&l z z-—1

£1E2 € F(2) iff
0(&) (&)
(91 + €9 52

el is a logarithemic derivative
iff 4e; — 2e9 = 0.

Answer. & and &, are a.d. over F(z2).



Hypergeometric case

Let o(f(2)) = f(z+ 1) forall f € F(2).
Lemma. Let Gy, . .., G, be hypergeometric over [F(z), and

o(Gi)
Gi

Write \; = ¢;\;, where ¢; 1s in I and \; 1s monic. Then

:)\Z', Z:L...,S.

dei,...,es €7, ngi € F(z)

1=1

i
8 €i 6)\1 ) )
ch'zzl and Zles (/\i)—a(ﬁ>_ﬁ

1=1

for some g € F(z).

Reference. M. Singer. Deciding if solutions of o(y1) = fiy1,...,0y, = [fnyn are alge-
braically dependent over C(x). A note on discussions at the 2nd NCSU-China Symb. Comput.
Collaboration Workshop, Hangzhou, 2007.



Subproblems

1. Given ¢, ..., ¢, in a finite algebraic extension over Q, find all vectors (ey,...,e5) € Z°
S.t.
S
H ¢’ =1l
i=1

Reference. M. Kauers. Algorithms for Nonlinear Higher Order Difference Equations.
PhD thesis, RISC-Linz, Linz, Austria, 2005.

2. Given Ay, ..., As € F(z), find all vectors (ey, ..., es) € Z° s.t.

for some g € F(z2).
Reference. Singer’s note



g-Hypergeometric case

Let 7(f(2)) = f(qz) for all f € F(z), where ¢ is not a root of unity.

Let Qy, ..., Qs be ¢g-hypergeometric over [F(z), and

T(QQZZ):,LLZ, ’izl,...,S.

Write u; = ¢;fi;, where ¢; 1s in IF and ji; 1S monic.

Lemma. Assume that there exist ey, ...,es € Z s.t. [[1_; Q“ € F(z). Then

ZGS(SW) =T <@) - @;

perd g g

(i) there exists g € F(z) s.t.

(i1)
S
H C? — qd>
1=1

where d = degnum(g) — degden(g).



Summary

h = arational function x a(t)™ - - - a,(t)™ E(t) G(x) O(y).

Future work
1. Implementation of algorithms for decomposing H -elements;
2. An algorithm for determining algebraic dependence of H-elements;

3. Criteria for the existence of telescopers.

4. ...



