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Multivariate hyperexponential-hypergeometric functions

» x = (x1,...,Xs): continuous vars n=(ny,...,n:): discrete vars
» D;: derivation 0/0x; E;: shift operator nj — nj +1

Hyper-Hyper: h(x,n) is hyperexponential-hypergeometric over k(x,n) if

D;(h E:(h
all /S)and J/(7)

are rational functions in k(x,n).

Certificates:

Di(h h
'/(7 ) . x;-certificate of h, J/(1 ) n;-certificate of h.
Examples:
;, exp < L > , (x1xe + 1)‘5, X' x32, (n1 + nmp)!, etc.
X1X2 + N1 + no X1+ X2
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The story of creative telescoping

Claim in Apéry’s proof that ((3) ¢ Q: A, =3, (,';)2(”+mm)2 satisfies
A, — (34n® — 51n° 4+ 27n — 5)An—1+ (n— 1)3A,,_2 =0.

Proof by Zagier and Cohen: Let a(n, m) = (")2("+m)2 and

m) Um
L(n, E,) :=n®— (340 —51n* +27n — 5)E; ' + (n — 1)3E, 2.
1. There exists b(n, m) such that b/a € Q(n, m) and
L(n, E,)-a(n,m) = Ap-b(n,m), where Ap=E,;—1.
2. Note that ) commutes with L(n, E,), then

L(n,En) - An =Y Am-b(n,m)=0.
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Telescoping problems: the bivariate case

Discrete case:

Zm: h(n,m)  ~  L(n,E)(h) = Am(g)

Telescoper

Continuous case:

b
/h(x,y>dy e L(x,D)(h) = Dy(g)
Mixed case:

> hlx,n) v L(x, Dx)(h) = An(g)

n

b
/h(x,n)dx w  L(n, E,)(h) = Dy(g)
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From Gosper's algorithm to Zeilberger's algorithm
Gosper's algorithm: (Gosper 1978) For hypergeometric h(n), decide

whether h(n) = A,(g(n)), for some hypergeometric g(n).

Zeilberger's algorithm Z: (Zeilberger 1990) For hypergeometric h(n),
find (L, g), such that

L(n, E;)(h) = Am(g), for some hypergeometric g(n).
Initialize p := 0;

Set L, := >, ti(n)E};
Solve L,(h) = An(g,) via ParaGosper;

w = o

If find a nontrivial solution in Step 2, return;
otherwise increase p by 1 and go to Step 1.
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Termination of Zeilberger's algorithm
Problem: When does Zeilberger's algorithm terminate?

Termination <  Existence of telescopers

Sufficient conditions: h is holonomic = Z terminates on h
Holonomicity:

1. Ws:=k(x1,...,xs,D1,...,Ds), in which
Dix; =x;D;+1, foralli=1,...,s.

2. h(x) is holonomic if ann(h) € W has Hilbert dimension s.

3. h(x,n) is holonomic if the generating function

H(x,y) := Z h(x,n) y;™ -+ -y is holonomic in Ws_.

ni,...,ne >0
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Detecting holonomicity and the WWZ conjecture

During the discussion of structure theorems, k is algebraically closed.

Wilf and Zeilberger's conjecture: Let h(x,n) be hyper-hyper, then

h(x,n) is holonomic < h(x,n) is proper.

Properness: A hyper-hyper function is proper if it has the form

P

L t
Pexp(go) [ [ & 187 T (¢p1m + -+ dpene + 0p)1%
(=1 i—1

p=1

NV
Integer-linear polynomial

where P € k[x,n], go € k(x), g, 5j € k(x), c;,¢p € k, and ¢p,j, e, € Z.
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The discrete case of WZ conjecture is solved!

Discrete case of the WZ conjecture: If h(x) is hypergeometric,
h(x) is holonomic < h(x) is proper.

Ore-Sato theorem (Orel1930, Sato19907): Hypergeometric term h(n) can
be written as

l P

A-f(n)- H uj" - H(¢p,1”1 T Gpene + 0p)IP,

where X € k, f € k(n), uj, pp € k, and ®jp € L.

Historical note:
» Bivariate case: Abramov—Petkovsek 2001, Hou 2001.
» Multivariate case: Payne 1997, Abramov—Petkovsek 2002.
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Existence criteria: the bivariate hyper-hyper case

Simple situation:
» Differential case (Bernstein 1971, Lipshitz 1988):

Hyperexponential = Holonomic =- Telescoper exists
Involved situation:
» Shift case (Abramov 2002), g-Shift case (Chen—Hou—Mu 2005):
L(n, E,)(h)=Amn(g) < h=Ap(h1)+ proper term
» Differential-shift case (Chen—Chyzak—Feng-Li 2010): new!

L(x,Dy)(h) = An(g) < h=A,(h1)+ proper term
L(n,E,)(h) = D«(g) < h= Dy(h1)+ proper term
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Our contributions

1. Extension of the Ore—Sato theorem to the multivariate
continuous-discrete case.

2. A proof that all hyperexponential functions are proper.

3. Criteria for the existence of telescopers in the bivariate
continuous-discrete case.
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First-order fully integrable system

First-order systems (FOS):
Di(z) = a1z,...,Ds(2) = bsz, E1(2) = b1z, ..., E:(2) = b:z
where a;, bj € k(x,n). The FOS is fully integrable if it satisfies the

integrability conditions (ICs):

D-D: D,-(aj) = Dj(a,-) Raaad D,Dj(h) = DJD,(h)
5. Fl) _ EG) - EE(N) = BE(R)
D-S: D"f)ff') —E(a)-a  ~  DE(h) = ED(h)

For brevity, denote the fully integrable FOS by (a1, ..., as, b1, ..., bt).

Shaoshi Chen Structure and Termination



Structure theorems 15 / 36

Correspondence between functions and systems

Theorem (Bronstein—Li—-Wu 2005): If k is algebraically closed, the solution
space of a fully integrable FOS is one-dimensional over k.

Dictionary
h(x,n) <« (a1,...,as,b1,...,b:)
exp(f(x)) <« (Di(f),...,Ds(f),1,...,1)
NN 1) RN XT)
B(x) (A 5 A 3 ,1,...,1)
. D Ds
ﬁ(x)”J — (”j léﬁ), <y Ny /éﬁ),l,...,l,ﬂ,l,...,l)
1 bt
L) < (0,...,0, ] L) +¢,.... ][] L(n) + )
=1 =1

* L(x) is an integer-linear polynomial ¢1ny + ... + ¢ene + .
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Multiplicative structure

Correspondence:
h(x,n) - A (x,n) < (a1 +a},...,as+aL, bib},..., b:b})
Theorem (new): (ai,...,as, b1,...,bt) has a solution of the form

(=1

L
f'eXP(gO)Hg, Hﬁnj H¢p,1f71+"'+¢p,tnt+99p)!epa
p=1

where f € k(x,n), go,gg,ﬂj € k(x), ce,0p € k, and ¢y, €p € Z.

!

~—

L t
o= 2U) Do)+ ZCEWﬂLZ"jDé,@)a 1<iss,
J

—1 &t =1

16 / 36

b; = -Bi-aj, 1<j<t, aj € k(n) factor into integer-linear polys.
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Separating continuous and discrete parts

Lemma (Feng-Singer-Wu 2010): For % = E(a) — a in k(x, n), there
exist f € k(x,n), 8,7 € k(x) and a € k(n) s.t.
DX(f) DX(/B) and b= En(f)ﬂa

a:f—l—nﬂ—i—’y 7

Theorem (new): Certificates of a hyper-hyper function can be written as

t
D) 5 P00 |y, 1<i<s,

a; =
ey
E(

bj = J)(c)'ﬂj‘Bj(n)y 1<j<t,

where f € k(x,n), gj, Ai € k(x), Bj € k(n), and A;, B; satisfy ICs.
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The Ore—Sato theorem and its differential analogue

Ore-SatoTheorem (shift case, certificate version):

Ei(B)) _ Ei(Bi) _ E(f)
B B T

l<j<t,
where f € k(n) and «a; € k(n)'s factor into integer-linear polys.

Theorem (differential case, new):

D; D; :
Di(A;)) = Dj(A)) = ai=Di(f)+ (g0) +> a (gf), 1<i<s,
g = &
where f, gy € k(x), c1,...,cL €k, and g1,...,81 € k(x).
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Continuous case of the WZ conjecture

Cor: Multivariate hyperexponential functions are proper.

L L+1
P
5 &P(&0) [Ie* < Pexpleo)[[&" c1=-1g41=0Q
/=1 /=1

Theorem (Kashiwaral978, Takayamal992):

h(x) is D-finite = h(x) is holonomic.

Cor: Multivariate hyperexponential functions are holonomic.

This makes the WZ conjecture self-evident in the continuous setting!
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Towards a proof of the general case of WZ conjecture

Recall: h(x,n) is holonomic iff

H(x,y) = Z h(x,n)y;* -y is holonomic over k[x,y].

ny,...,ns>0

Need to show or clarify the literature:
1. Closure properties: product, antiderivative;
2. Holonomic = Telescoper exists;
3. If f € k(x,n) is holonomic,

Fo P(x,n)
Q1(x)Q2(n)’

where @ factors into integer-linear polys.
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Termination of Creative telescoping: the mixed case

Problem: Given a bivariate hyper-hyper function h(x, n), decide:

whether 3L € k(x)(Dy) \ {0} s.t. L(x, De)(h) = A,(g)?
whether 3L € k(n)(Ex) \ {0} s.t. L(n, Eq)(h) = Dx(g)?

where g is hyper-hyper over k(x, n).

H(a, b): The solution space of the fully integrable system

Dy(h) = ah, E,(h) = bh.
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Split polynomials

Splitness: A polynomial p € k[x, n] is split if
p = p1(x) - p2(n) with py € k[x] and p> € k[n].

By the structure theorem, h(x, n) can be written as
f(x,n)-B(x)"- K (x,n), (multiplicative form)
where f € k(x, n), B € k(x), and b € H(~, a) with v € k(x),« € k(n).
Proposition:
h(x, n) is proper <  denom. of f is split

Proof:

P

A(x)B(n)

B)"H(y, ) e P-ﬁ(x)".H<7—DxA B>

A YEB
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Introductory example

1
xX4+n

f(x,n) =

Claim 1: f has no telescoper w.r.t. x.

Proof. For any nonzero L =Y"!_, ei(n)E},

L(f) _ zr: e,-(n) _ P

i x+nti (x+n+r+1)---(x+n)

1. L(f) is proper w.r.t. x -+ its denom. is square free w.r.t. x.
2. If L(f) = D«(g), then L(f) = 0.

3. The denominator of a rational solution of L(y) = 0 is split, but x + n
is not split, contradiction!
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Introductory example (continued)

Claim 2: f has no telescoper w.r.t. n.
Proof. For any nonzero L = Y""_, di(x)DL,

r ; P
L(f) = Z; (x +pn)i+1 T (x+n)tL

1. L(f) is proper w.rt. n + its denom. is shift-free w.r.t. n.
2. If L(f) = Ap(g), then L(f) =0.

3. The denominator of a rational solution of L(y) = 0 is split, but x + n
is not split, contradiction!
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Additive decomposition (discrete case)

h(x, n) = f(x, n) - B(x)" - H(y(x), (n))

Abramov-Petkoviek decomposition: 3 hy with h/hy € k(x, n), s.t.,

h=A (h1)+f B)" - H((x), é&(n)),

v,u € k(x)[n] and ged(v,u) = 1;

u is shift-free w.r.t. n;

B(x)a(n) is shift-reduced w.r.t. n;

ged(u, E;f(num(d))) = ged(u, EX(den(d))) =1 for all £ € N.

e

Lemma (Abramov-Petkovsek, 2002):
h=An(g) = uc€ k(x).
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Additive decomposition (continuous case)

h(X7 n) = f(Xv n) : 5(X)n ’ H(’Y(X)v a(n))
Geddes-Le-Li decomposition: 3 hy with h/hy € k(x, n), s.t.,

th(h1)+f Bx)" - H((x), a(n)),

v,u € k(n)[x] and gcd(v,u) =1,
u is square-free w.r.t. x;
54 an(ﬁ)

ged(u, den(5(x )+nDX(6)) 1.

is differential-reduced w.r.t. x;

& L=

Lemma (Geddes-Le-Li, 2004):
h= D.(g) = ue€ k(n).
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Applying operators to additive decompositions
Applying differential operators: For all L(x, Dx) € k(x)(Dx),
h= Dn(ht) + % B()" - H(G(x),&(n))  add. decomp.
4
vV n . -
L(h) = A,(L(h)) + U B(x)" - H(7(x),a(n)) add. decomp.
Applying recurrence operators: For all L(n, E,) € k(n){E,),
h = D,(h1) + % - B(x)" - H(5(x),a(n)) add. decomp.
I
%4

L(R) = DALM)) + gy - H)" - H(3(0.0(m)  add. decomp.
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Two criteria for existence

h(x, n) = f(x, n) - B(x)" - H(v(x), a(n))
Discrete case: h = A,(hy) + h2 with hy = £ - 3(x)" - H((x), &(n)),

h has a telescoper w.r.t. n < wissplit < hy is proper.

Continuous case: h = Dx(h1) + h2 with ho = ¥ - B(x)" - H(F(x), a(n)),

h has a telescoper w.r.t. x < wissplit < hyis proper.

Sufficient part: h has a telescoper if it is proper.

Wilf and Zeilberger's fundamental theorem +  Wegschaider's trick.
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Two observations

Continuous case: Let p be a polynomial in k[x, n] and
L(x,n, Dy) = en(x, n)D + ep(x, n)DL™L + - + eg(x, n)

f € k(x,n)st. L(f)=pand e, issplit = denom. of f is split.

Discrete case: Let p be a polynomial in k[x, n] and
L(x,n, En) = en(x, n)E} + en(x, n)Eﬁ_l + -+ eo(x, n).

f € k(x,n)st. L(f)=pand e, issplit = denom. of f is split.
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Proof of necessary part (the discrete case)

Assumption:

A hypergeometric h(x, n) has a telescoper L in k(x)(Dx).
A sketch:

1. Additive decomposition:

h= An(hl) —+ h2

where

hy =

o<

hy with by = B(x)™ - H(5(x), a(n)).
2. Applying L:

L(nv En)(h) = Dx(g) = L(hZ) = Dx(g - L(hl))
Goal: Prove u split.
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3 Rewriting L(hy):
VieN, 3 M; € k(x)[n](Dx) with leading coefficient 1 s.t.

Di(hy) = M; (3) o

u
4
vy ~ vV . % 4
L) =M () Fo= - Fe = M(T) =
where M € k(x)[n](Dx) with leading coefficient in k(x), and

U,V € k[x,n].
4 Applying Lemma (Abramov-Petkoviek, 2002):
Since L(hy) is hypergeometric summable w.r.t. n,

vV .
L(hg) = U -hy = U e k[X]

5. Applying the first observation: N
Since v/u is a rational solution of (U - M)(y) = V, uis split.
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Two criteria are not redundant!

Example:

1

h(x,n) = m,

» s = 1: h has no telescoper w.r.t. n or x;

» s > 1: h has no telescoper w.r.t. n, but it has a telescoper w.r.t. x,

h=b ((s— o T n)ﬂ) |
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Non-proper example

Example:
—x+2nx+2n?

hlx, n) = (x+ n)2 X

n,e=x.

Though h is not proper, it still has a telescoper w.r.t. x since

1 1
h:DX< X"eX> + X" e,
X

X+ n
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Summary

Present:
1. Structure theorem for hyper-hyper functions;
2. The continuous case of WZ conjecture is true;

3. Two criteria for the existence of telescopers:
h has a telescoper w.r.t. n <  h= A,(h1) + proper term.

h has a telescoper w.r.t. x <  h= Dy(h1) + proper term.

Future:

» The general case of WZ conjecture;
» The existence criterion for multivariate hyper-hyper functions;
> Implement Zeilberger's algorithm with termination criteria;

» The mixed differential and g-shift cases.
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