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Computation of a given a real number «.

1) Numerical point of view: find a sequence of rational numbers
("Tj—g)nzo such that
) Un
im — =«
’I’L—>+OO Un

with fast convergence and uy /vy, reasonably easy to compute.

2) Diophantine point of view: find two sequences of integers (un)y,>0
and (vn)p>0 such that
lim (vpa —up) = 0.
n—-+oo

If furthermore Vn vha — un #= 0, then a &€ Q.



Aim of this talk: to present rational approximations of the numbers
(a/b), where a/b € Q and I denotes the usual Gamma function.

A similar method enables us to get rational approximations of the
numbers v + log(x), where ~ is Euler's constant and z > 0,z € Q.

None of these approximations are good enough to satisfy 2).

From the point of view of 1), they are new. The rational approx-
imations are solutions of a linear recurrence of finite order with
polynomial coefficients.



VYV > 0 and Ya € C, consider the linear recurrence of order 3:

Cz(n,a,z)Uy,43+Co(n,a,2)U, 4 0+C1(n, o, 2) U4 1 +Co(n, a,2)Up =0
(1)

where the coefficients C;(n,a,z), j = 0,1,2,3, are polynomials in
n,a,xr, Of degree 16 in n, whose expressions are



Cz(n,a,x) = —(n—|-3)5(n—|—4)2(8n2—|—4om—3am—|—38n—6x—oza:—|-1Oa—|-44)
(n + 2)(8n2 + 22n + 4an — 3zn + 6 — 3x — ax + 14)2
(8n° 4 38n + 4an — 3zn + 10a — 62 — ax + 44)

Co(n,a,x) =
(24n5—|—7:Un4—|—280m4—|—330n4—6:v2n3—|—9 1azn3—|—1794n3—|—310an3—|—7a:cn3
—|—7O:r;om2—|—13m042n2—5:620477,2—4a3n2+4824n2—6a2n2—45x2n2—|—418wn2
—|—1272an2+576x—25x2an—|—218aa:n+79:ca2n—26a3n+5a3:1:n—4:1:2a2n
+816xn+22960n+6420n—1112°n—30a°n+338441540a+5762+2160x

— o322 +1603x — 102202 — 31220 + 116202 — 4003 — 9022 — 36a2)

(n 4+ 3)*(n + 2)(—8nax — 4an — 38n + 3xnb6zr — 44 — 10a)
(—8n2 —22n — 4an + 3xzn — 14 — 6+ 3z + oza:)Q
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Ci(n,a,x) =
—(24n4—57:1:77,3—|-200m3—|—186713—38:(30477,24-518712—|—40¢2nz—|—26:1:2fn,2—315:1:7’1,2
—|—1200m2—|—13:v20m—148a:cn—5a:042n—543:r;n—|—2320m—|—610n—|—85x2n—|— 140°n
—3x3n—l—254—|— 14404—2853:—138aaz—x3a+x2a2—|—24:U2a—9:r;042—|—59:132—I—1Oa2

— 323)(n 4+ 3)2(8n°% + 22n 4+ 4an — 3zn + 14 + 6a — 3z — ax)
(8n2 + 4an+54n —3zn—ax+ 14a—924+90)(n —a+2)(n+ 2 —|—Oz)2
(8n2 — 3axn + 38axzn + 4an + 10a — 6x + 44)(n + 2)

Coln,a,x) = (n—a—l—l)(n—l—1—|—oz)2(8n2—3a:n—|—4om—|—38noza:—|—1Oa—6:c+44)2
(n+3)2(8n°+22n+4na—3zn+1446a—3z—az)(n—a+2)(n+2+a)?
(8n2 — 3xzn 4+ 54n + 4an + 14a — ax 4+ 90 — 9x).
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(Pn(z,a))n>0 and (Qn(z,a)),>0 solutions of (1), with initial values:
Py(a,z) = x—a—2, Pi(a,z) = %((1—oz):z:2—|—(6oz—|—2a2—4):c—oz3—4—9oz—6oz2>
Ps(a,x) = 3—16<(—3oz + o+ 2)23 + (=303 + 30 — 9a?)z?

+(—108+33a2+24a3+3a4—6oa)x—12a4—a5—24—90a2—49a3—76a)

Qola,z) =2—2, Q1(a,z) = %((1+a2+2a):c2+(—1004—6(12—4):13—44—4042)

1
Qor(a,x) = i((a4+12a+13042—|—4—|—6043)J;3—|—(—6Ooz3—12044—96042—4804)332
+ (=336 — 216 4 84a3 + 30a* — 66a2)x + 60a° — 12a — 48)

-



Theorem 1 (R, 2009). (i) Pu(a,z),Qn(a, x) € Qla, x].

(i11) Va =u/v € Q and Vx = a/b € Q,

n2(n41)1202" T4 =1p (0 2) € Z, n'2(n+1)1203" 72410, (o, ) € Z.

(i11) Vo > 0 and Va € C\{0}, Re(a) > —1, 3 s(a,xz) # 0 and q(a,x) # 0
such that

; 3 1
@l ) (a1 ~Pae,2)a| € 20000 oo (< 2a 20234 20221 2)

and

Qn(o, x) ~ 52(25/)3 exp (3x1/3n2/3 B $2/3n1/3>‘




Example. Define (pn),>0 and (gn)p>0 to be the solutions of

64(8n + 17)(n + 4)2(8n + 9)(n + 3)3(n + 2)U,, 4 3
—16(8n + 9)(n + 2)(24n2 4 123n + 155)(2n 4+ 7)2(n + 3)2U,4-
+4(2n+7)(n+2)(8n+25)(48n>+158n° 4+ 147n+32) (2n+5)°U, 11
— (8n+25)(8n + 17)(2n + 1)(2n + 7)(2n + 5)?(2n + 3)?U, = 0

: — 3 31 __ 2185 — 45 825



Idea of the proof.

e Euler's functions: For z € [0,+00) and Re(B) > —1, set

F (=) :=/

0O z-—1t

oo the! 2 F(B+k)
dt ~ > .

k=1

e Laguerre type polynomials of degree 2n in x:

1

Apo(x) = 2 e’ (xn_o‘(e_wxn+a)(n)>(n) € Qlo, x].

They are orthogonal on (0,4oc) for the two weights e™% and z%*.

(a #0)
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Simultaneous type II Padé approximants at z = oo to %3(z) and
nga(Z).

Lemma 1. For g € {0,a}, a € C\{0}, Re(a) > —1 and z € C\ [0, 4o00),

co A t
Rn,a,ﬁ(’z) ::/O :ﬁ(t)

the ™t dt = Ap a(2)F5(2) — By, a.5(2)

X (k—B—n)nlk —« —n)n [ k 1
GG ot TGED o 1)

r—1 nl2 P Znt1
Here,
oo A — A t
Brag()i= [ A e 0t ar e QL+ 90

IS of degree at most 2n — 1 in z.
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Crucial fact: B, ,0(z2) € Q[a, 2] and By a,a(z) =T (1 + a)Cr,a(z) for
some Cp o(2) € Qla, z].

For g € C\ {0}, take 2P to be given by its principal value whenever
—m < arg(z) < .

Set

00 L& &

F(2) 1= 22Fo(2) — Folz) = /

et dt,
0 z—1

00 L& &

Ap o(t)e tdt,

Rna(2) 1= 2" Rua,0(2) = Bnaa(2) = |
0O z-—t

which are both analytic on C\ (—o0,0].
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Obviously,

Rn,a(z) = An,a(2)F(2) + T (1 + a)Cha(z) — 2°By, o.0(2).

To “remove” the term Ay o(z)#(z), set

Phla,z) = ‘

Qn(a, z) = ‘

Sn(a, z) = ‘

An.a(z)
An—l—l,a(z)

An,a(Z)
An—l—l,a(z)

An.a(2)
An—l—l,a(z)

Bn,a,O(Z)

Bn—l—l,a,0(2> ¢ Qla 2]
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Lemma 2. (i) For any z € C\ (—o0,0], we have

Sn(aa Z) — Qn(aa Z)r(l + Oﬂ) _ ZaPn(Oé, Z)

where

n1?(n 4+ D12Py (o, 2) € Zla, 2], n1?(n 4+ 1)1%Qn(a, 2) € Z[a, 2].

(1) Pn(a,z), OQn(a,z) and Sp(a,z) are solutions of the linear recur-
rence (1).

(795) The degrees of Qn and P, in z are at most 4n — 1, those in o at
most 3n+ 2 and 2n + 1 respectively.
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(7) and (4i7) are “easy’. (i1) is consequence of the facts

— that the sequences An o, By a,0: Bna,ar RBna0 Bnoaa (hence Ry q)
are all solutions of the same linear recurrence of order 3, say R,
obtained explicitly using Zeilberger’'s algorithm EKHAD.

— that if a5, and b, are solutions of a recurrence of order 3:

Up+3 = pnUp42 + anUp41 + raUn,

then the sequence of determinants anb,, 41 — a,41bn is solution of the
linear recurrence also of order 3:

Un+3 = —qn4+1Unt+2 — Pnrp4+1Un+1 + rnrp4-1Un.
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Final steps.

Lemma 3. (i) Vx > 0, the modulus of Ap,a, By, 0,0, Bn,a,a are bounded
by

u(x, o)

[ Re(a)/3 exp(3/2 - 21/3,2/3 _ 1/2. :1;2/3n1/3),
n

where u(x, o) depends on the sequence.

(#1) Vx > 0, Ir(x, ) #= O s.t.

r(z, a)
nl—a/3

Rn,a(x) ~ eXp(—3w1/3n2/3 + x2/3n1/3).
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(7) follows from Birkhoff-Trjitzinsky theory applied to the recurrence R.

(#1) is a consequence of the identity

Rn.a(x) =

0 —a)n(l4+a), [oo [ ungn et
ax / / ditdu
n!2 0 Jo (14 uw)ntl-a(g 4 yt)ntlta

which implies that Rjo(z) — O when n — 0, and then we apply
Birkhoff-Trjitzinsky theory again to K.
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Lemma 3 (both (4) and (47)) implies that Sp(a,z) — 0 when n — 4o0.

Apply again Birkhoff-Trjitzinsky theory to recurrence (1) to get the
bounds in Theorem 1, ie., Vx > O,

| 3 1
Qn(er, 2)F (1)~ Poa, 2)a?| < n;gieﬁ) 75 exp (_§x1/3n2/3+5x2/3n1/3),

On (o, z) ~ fz(f‘z’j/g exp (301/3n2/3 — £2/3,1/3).
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Results related to Euler’s constant ~.

Theorem 2 (R, 2008, Transactions AMS). There exists two polyno-
mial solutions P,(z) and Qn(z) of a linear recurrence of order 3, of
degree at most n + 1 such that

(3) n!12P,(2) and n'?Qn(z) belong to Z[z].

(43) Vo > 0, ds(xz) #= 0 and g(x) # 0 s.t.

s(x)

3 1/3 n2/3 1 1x2/3 1/3y

Qn(@)(In(@) +7) = Pal@)] < =5 exp(-

Qn(x) ~ @ exp(3x1/3n2/3 — £2/3,1/3),
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Examples

T he recurrence

(n+3)2(8n+ 11)(8n + 19)U, 43
= (24n° + 145n + 215)(8n + 11)U,, 15
— (24n> + 105n° + 124n + 25)(8n + 27)U,, 11

+ (n+ 2)?(8n + 19)(8n + 27) Uy,
provides two sequences of rational numbers (pn),>0 and (gn),>0 With
po=-1,p1 =4, pp=77/4 and qog = 1,q1 = 7,qo> = 65/2 such that

DPn
AN
dn
The first such recurrence for v was obtained by Aptekarev in 2007.
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T he recurrence

(n+ 1) (n+2)(n+ 3)U,q3 = (3n° + 19n 4+ 29)(n + 1)U, 42

— (Bn 4+ 6n° —7n—13)U, 411 + (n +2)3U,

provides two sequences of rational numbers (pn),>0 and (gn)n>0 With
po=-—1,p1 =11, po =71 and qp = 0,971 = 8,g> = 56 such that

Z_"_> In(2) + ~.
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The construction is based on

e Euler type functions

/oo log(t)e™" ., i r) (k)

0 z — 1 2k

k=1

e Laguerre type polynomials with o = O:

1

Ano(@) = —5 ¢ (2"(e ™) ™)™ € Q)

orthogonal on (0, +o0) for the weigths e™* and log(x)e™*. (Remem-
ber that the case o« = 0 was excluded.)

This construction can be viewed as a limiting case of our results for
(1 4+ «) because
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How to construct good simultaneous approximations for

M(a) and /Ooo(t—l—l)o‘_le_tdt,

and for
—t

o© e
~ and / dt?
0o 14t
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Set

_ —Q o0 a—1 —t —_ — Zm
Ga(2) =27 [t 4 2)7 e lat, Ba) = 2 mFat D)
and
©.@) Zm
E(z) = mzzjl mlm

We have the identities

M(a)

ZOé

= Eq—1(—2) + e "Ga(z)

v+ 1og(z) = E(—2) — e ?(Gp(z) — 10g(2)).
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Construction of Hermite-Padé approximants.
Proposition 1. ®(«) > —1 and o € Z. 3 polynomials Ay, Cyn (degree
<n) and B,, (degree <n+ 1) s.t.

3n+1l .1 /1 5 5
Rn.a(z) i= . /O /O eZWW 2T (1 — )2 (1 — v) dudv

= Ap(2)e® + Bn(2)Ea(z) + Cn(z).
Order at z=0 of Ry(z) is 3n+ 1.

A similar proposition holds when a = —1 with E(z) instead of Eq(z).
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We deduce that for any integers p,q,r not all zero and any € > 0, we
have

pae T+ rBa1(-2)| 2 ol

where H = max(|p|, |q|,|r|) and ¢; depends on a,e¢, z.

Using the relation between I(«), Ga(z), E,_1(z) and e~ %, it follows
for any integers p,q,r not all zero and any € > O,
M) »p

T
o — +|Ga(z)__ >
< q q

co(a, €, 2)
H3—|—5 ?

Similarly, we get

d(s Z)
H3—|—€

r

'v + log(z) — g' + 'Go(z) log(z) — -
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Theorem 3.e Forany a e Q, a >0, o € Z, at least one of

©.@)
() :/O tr L=ty

and
Go(l) = /Ooo(t—l— 1) le—tqy

is irrational.

e At |least one of

>C t
N = —/O log(t)e™ “dt

and

0 e_t

GO(D:/O 1+t

IS irrational.

oC ¢
dt = /O l0g(t + 1)etdt
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