1/39

Lattice walks in a Weyl chamber of type B

Thomas Feierl

February 1, 2010

based on arXiv:math.CO/0906.4642



Introduction

Proof of the asymptotics for P (u — v)

Applications



Introduction

Proof of the asymptotics for P (u — v)

Applications



Introduction 4/39

The model

I T2

x &y

We consider lattice walks on a regular lattice £ C R¥ that are confined to the
region
WO = {(x1,...,x) €EL : 0<xg <+ < Xk}



Introduction 4/39

The model

T2 €2

1 L1

We consider lattice walks on a regular lattice £ C R¥ that are confined to the
region
WO = {(x1,...,x) €EL : 0<xg <+ < Xk}

The walks are required to be reflectable.



Introduction 4/39

The model

T2 €2

1 L1

We consider lattice walks on a regular lattice £ C R¥ that are confined to the
region
WO = {(x1,...,x) €EL : 0<xg <+ < Xk}

The walks are required to be reflectable. (This restricts £ as well as the steps the
walks may consist of.)
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» k-noncrossing tangled diagrams
» Vicious walkers models:

> lock step model
» random turns model

» Young tableaux, rhombus tilings, plane partitions, random matrix theory,. ..
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Motivation

Motivation for studying these objects:
» k-noncrossing tangled diagrams
» Vicious walkers models:

> lock step model
» random turns model

» Young tableaux, rhombus tilings, plane partitions, random matrix theory,. ..



WO = {(x1,...,x) ERF 1 0<x <+ < x)

W:{(xl,...,xk)E]Rk : 0§x1§---§xk}

Let {b(l), o b(")} denote the canonical basis in R¥, and set

A= {b(f“) b s 1<j< k} U {b<1>}.

The set A is a root system of the reflection group of type By generated by the
reflections in the hyperplanes

Xip1—x;=0 for1<j<k and x1 = 0.
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Woz{(Xl,...,Xk)G]Rk : 0<X1<"'<Xk}
W:{(Xl,...,Xk)ERk : 0§X1§-'~§xk}

Let {b(l), - b(")} denote the canonical basis in R¥, and set

A= {b(j“) bW s 1<j< k} U {b<1)}.

The set A is a root system of the reflection group of type By generated by the
reflections in the hyperplanes

X1 —Xx =0 forl1<j<k and x1 = 0.
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set A is said to be an atomic step set if and only if

> If a € Athen ry(a) € Aforall a € A,
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Atomic step sets and composite step sets

Definition
Let A C R be a finite set and denote by £ the Z-lattice spanned by A. Then the
set A is said to be an atomic step set if and only if

> If a € Athen ry(a) € Aforall a € A,
» fueW’nLandac Athenu+acW.

Definition
A finite set S consisting of finite sequences of elements of an atomic step set is
said to be an composite step set if and only if

@Y, ... ;amMyeS = (r.(a®),... r,(a¥),al*V, .. aM)e s

foralae Aandj=1,...,m.
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Some more notation

We will always use the following notation:
> The set A denotes an atomic step set.
» The Z-lattice spanned by A is denoted by L.
» By S we denote a composite step set over A.

» w:S — R, denotes a weight function such that w(s) = w(8) whenever s
and § have the same length (as sequences over A).
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The step generating function

We associate

a=(a,...,a)eA — za::szaj
j=1

and

K
s=(aY,...;aM)es — W(S)Hzam.
j=1

The step generating function S(z, ..., zx) is defined by

S(z1,.. . zk) = Z W(S)Hzg.

seS gecs
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> The generating function for all paths of length n starting in 0 € £ (and
arbitrary end point) is given by S(zi, ..., z)".
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The step enerating function

If S(z1,...,2k) is a step generating function, then
> The generating function for all paths of length n starting in 0 € £ (and
arbitrary end point) is given by S(zi, ..., z)".
» For c = (c1,...,ck) € L, the coefficient [z ... z*]S(z1,. .., 2)" equals the
weighted sum of all paths of length n from 0 € L to c € L.

» The generating function for all paths of length n starting in a € L is given by
2°S(z1,. .., z)".

Po(u — v) = [2] (2"S(z1, ..., z)") = [ 7" ... 207 %] S(z1, . z)"
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Statement of the problem

Let u,v € WO N £. We are interested in
» P*(u — v), the generating function of n-step walks from u to v confined to
wo.
» P(u), the generating function of n-step walks starting in u confined to W°.
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Statement of the problem

Let u,v € WO N £. We are interested in
» P*(u — v), the generating function of n-step walks from u to v confined to
wo.
» P(u), the generating function of n-step walks starting in u confined to W°.

What is the asymptotic behaviour of P/ (u — v) and P} (u) as n — oo?
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Answers to special instances of these questions can be found in the literature:
> Asymptotic growth order of

> k-noncrossing tangled diagrams (Zeilberger et al. [1])
> Vicious walkers with free end point (Grabiner [2])

» Precise asymptotics for special configurations of the lock step model of
vicious walkers (Krattenthaler [4] et al., Rubey [5])
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Known results

Answers to special instances of these questions can be found in the literature:
> Asymptotic growth order of

> k-noncrossing tangled diagrams (Zeilberger et al. [1])
> Vicious walkers with free end point (Grabiner [2])

» Precise asymptotics for special configurations of the lock step model of
vicious walkers (Krattenthaler [4] et al., Rubey [5])

In recent manuscripts, Kdnig et al. [3] determined first order asymptotics for walks
with a free end point for a very general class of steps.
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Asymptotics for P (u — v)

Theorem _ .
Let M we denote the set of maximal points of (1,...,0k) — |S(e'?, ..., &% ).
We have the asymptotics

NP s, 1) \ K
Pi(u—v) = [MIS(L,...,1) <W> (,75((1)1))

<1<J'£[m<k(v'%’ —vi)(u7, — up) <Jﬁl Vjuf)
o (Hk:1(2j - 1)!) (1 + o(n—1/4)>

as n — oo in the set {n : Pf(u—v) > 0}.
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Asymptotics for P (u)

Theorem
We have the asymptotics

k [
A=) T 6] (140 ()

1<j<m<k

as n — oo. Here, S”(1,...,1) denotes the second derivative of S(zi, ..., zx) with
respect to any of the z;.
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Outline of the proof

Techniques: reflection principle, generating functions, saddlepoint method
> Integral formula for the number of “good walks” (P} (u — v)).

» What do composite step sets look like? What properties do the associated
step generating functions have?

» Proof of the main theorem.
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An integral representation

Lemma
For any two lattice points u,v € W° N L we have

Piu—v) =

k
1 Um —Unm n dZJ
(2mi)k / <ot (27 =2) Stz (11 yH1

=1 =17

|z1]|="-=] 2k
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Proof of the integral representation

The reflection principle gives us

Pf(u—v) =
K
Z Hsj sgn (o) [zlvlfglut’“’ . .ZZFEW”(”} Sz, zi)™
ceGy j=1

€1,...,6k€{—1,+1}

Now, the result follows from Cauchy’s integral formula followed by an interchange
of summation and integration and the identity

EjUy, _
> HEJ sgn (o Hz S0 = det (zf’m -z “m) :
1<j,m<k \'J J

ceGy
(g1, )E{—1,+1}*
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Example: 2-noncrossing tangled diagrams

For 2-noncrossing tangled diagrams, the integral derived on the previous two
pages is given by (a = (1,2))

1 1 1 1\2\"
P,T(a—>a):—_/ (z——) <1+z+—+(z+—>> %.
270 J =1 z z z z
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Step generating functions

Lemma (Grabiner and Magyar)
If the finite set G C R¥ is reflectable, then G is isomorphic either to

k
{j:b(l),ib(z),...,ib(k)} or Z€jb(j) D e1,...,6k € {—1,+1}
j=1
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Step generating functions

Lemma (Grabiner and Magyar)
If the finite set G C R¥ is reflectable, then G is isomorphic either to

k
{ib(l),ib(z), .. .,ib(k)} or Z€jb(j) D e1,...,6k € {—1,+1}
j=1

Corollary
The generating function for an atomic step set is either equal to

S(v3) o H(+3)

j=t j=t

21 /39
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Step generating functions

Lemma
Let S be an admissible set of steps. Then there exists a polynomial P(x) with

non-negative coefficients such that the associated step generating function
S(z1,...,2) is equal to either

P zk:(zj—&-;l) or P H(zj—&-zlJ) .

j=1 J j=1
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Lemma
Let S be an admissible set of steps. Then there exists a polynomial P(x) with

non-negative coefficients such that the associated step generating function
S(z1,...,2) is equal to either
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j=1 J j=1

Proof (Sketch).

» If S contains one step of length ¢, then S contains all steps of length /.
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Step generating functions

Lemma
Let S be an admissible set of steps. Then there exists a polynomial P(x) with

non-negative coefficients such that the associated step generating function
S(z1,...,2) is equal to either

P zk:(zj—&-;l) or P H(zj—&-zlJ) .

j=1 J j=1

Proof (Sketch).

» If S contains one step of length ¢, then S contains all steps of length /.

» By definition, all these steps have the same weight.
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Step generating functions

Lemma

Let S be an admissible set of steps, and let S(z1, ..., zx) denote the
corresponding weighted step generating function. Then, all maxima of the
function (@1, ..., ¢k) — |S(e™", ..., €| lie within the set {0,7}*. The point
(¢1,---,9k) =(0,...,0) is always a maximum.
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Step generating functions

Lemma

Let S be an admissible set of steps, and let S(z1, ..., zx) denote the
corresponding weighted step generating function. Then, all maxima of the
function (@1, ..., ¢k) — |S(e™", ..., €| lie within the set {0,7}*. The point
(¢1,---,9k) =(0,...,0) is always a maximum.

Proof (Sketch).

From the last lemma we deduce that S(e/#1,. .., e¥¥) is either of the form

P (2 Zj;l cos(goj)) or P (2" H};l cos(goj)) for some non-negative polynomial
P(x). Consequently, we have |S(e/?1,... %) < S(1,...,1). O
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Proof of the main theorem

k
1 dz:
+ — m _ L~ Um J
Pr(u—v)= @) / 151’?;[9 (szJ —z ) S(zi, .. .,zk)nH o
‘21‘:“':|Zk|:1 Jj=1°
_ . . ip i\ 1 —iv-gp-ﬁ
= / 1§j‘j,?nt§k<sm(u'"<pj)>5(e Lo, el He s

—

A =
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Proof of the main theorem

K
Pf(u—v) = 1. / det (szm - Z-_um) S(z1, .. H i

(2m i)k 1<j,m<k J "J+1
|1] |z|=1
T U
— . ip1 ipk —Ivjp; J
= / 1<jji]t<k<sm(um<pj))5(e e ] e -
S S T Jj=1

The dominant contribution is captured by

k

ip i\ " —ivjpj IdSOJ

Z / /1<det sin umcpj))S( L...,e k) He — |
PEM j=1

where M C {O,ﬂ'}k is the set of maxima of |S(e#1, ..., e¥¥)|, and

Un(@) = {0 €10,2p) : [@ — ploc < n75/12}.
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Proof of the main theorem

Fix a point ¢ € M and consider the integral

k

. ; ; i 1dO;
/ 1<d?7}<k (Sln(um(pj))s (1., eupk)" H e /v,%%
Un() - j=1
5 5
n 12 n 12

( ) / /1<Jm<k )(Vm+u’)%Si”(VmSOJ)Si”(Uj@j))

%S (ei(gm-‘rgﬁl)7 s i(r+Pu ) H dﬁPJ

25 /39
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Proof of the main theorem

For this range of integration, the Taylor series expansion of

log |S (ei(“"1+@1), e ei(¢k+¢k))| centered at ¢ satisfies
k 2
log ‘5 (e"(“’l+¢’l), o ei(wk+¢k)>‘ =logS(1,...,1) = A Z Jl+o0 (n—5/4)
o 2

" 2
as n — 0o, where A = % >0and S"(z1,...,2¢) = 8‘9—2125(217...,2,().
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Proof of the main theorem

Consegently, the integral can be rewritten as

2\ -
— 1P1 1Pryn
(w) S(e'*, ..., e'%%)

n—5/12

X det (71)("’"“’/')% / sin(vm?) sin(ujd)e”

1<j,m<k
0

as n — oQ.

2
9
N

d?d

(1 + O(n*%))

27 / 39
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Proof of the main theorem

Consegently, the integral can be rewritten as

Nk "
i1 iGiyn
(w) S(e'*, ..., e'%%)

n—5/12

X det | (1) / sin(v) sin(;0)e "= d0 | (1+0(n4))
~/,m=

0

as n — oo.
It can be checked that, whenever we have P;f(u—v) > 0, then the factors

by
(—1)»*+4)= can be factorised out of the determinant, and cancel the sign of
S(e'Pr, ... e'PK)n.

27 / 39
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Proof of the main theorem

As a consequence of the considerations above we know that, if u,v € £ and
n € N are chosen such that P}(u—v) > 0, then we have

Pru—v) = |M|S(1,...,1)"

x  det / sin(vmﬁ)sin(ujﬁ)e—"/\%Qdﬁ (1_,_0(,7—%)>7

2
1<,m<k | ™

where | M| denotes the number of points of maximum modulus of
S(ehpl e”@k)
e .
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Proof of the asymptotics for P,T(u — v)

Proof of the main theorem

Now, the change of variables u = nA9¥?/2 gives

n—5/12 /\n1/6/2

0-1/2
2 20 g—nh9?/2 2 / 2u -
- n. 19 - u
T / v d s nA\ e tdu
0 0

1 2 £+1/2 1
~ — _— r —
Ga) ()

as n — 00, which shows that

_5
n 12

2 2
— / )sin(uj¥)e” N7 gy
™

0

can be expanded into an asymptotic series in decreasing powers of n.
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Proof of the main theorem

_ 5
n 12

2 H H 7n/\£
13?,?;7(9 - / sin(vm?) sin(uj¥)e™™ 7 dd
0
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Proof of the main theorem

_ 5
n 12

2 H H 7n/\£
13?,?;7(9 - / sin(vm?) sin(uj¥)e™™ 7 dd
0

Interpreting this determinant as a polynomial (a truncated asymptotic series) with
respect to the variables vy, ..., vk, U1, ..., ux, we see that it is divisible by

1<j<m<k j=1

The coefficient is easily seen to be

k k*+k/2
2 1 1
Y 2 1 .1
II(QJ 1! (n/\) 15,%}9 (Wr<m+1 2)) ’

Jj=1
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Proof of the main theorem

_ 5
n 12

2 H H 7n/\£
13?,?39 - / sin(vm?) sin(uj¥)e™™ 7 dd
0

Interpreting this determinant as a polynomial (a truncated asymptotic series) with
respect to the variables vy, ..., vk, U1, ..., ux, we see that it is divisible by

1<j<m<k j=1

The coefficient is easily seen to be

k B K24k/2

2 1 1
[Tz 1) Tl or i
j*l( J ) (n/\) 1551,%}@ <7r <m+J 2)) ’

where
k

1 IR NN
1<jj$nt<k< r((/+J 2)>_7r 27K T2 -1

j=1
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Asymptotics for P (u — v)

Theorem _ .
Let M we denote the set of maximal points of (1,...,0k) — |S(e'?, ..., &% ).
We have the asymptotics

NP s, 1) \ K
Pi(u—v) = [MIS(L,...,1) <W> (,75((1)1))

<1<J'£[m<k(v'%’ —vi)(u7, — up) <Jﬁl Vjuf)
o (Hk:1(2j - 1)!) (1 + o(n—1/4)>

as n — oo in the set {n : Pf(u—v) > 0}.
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Lock step model of vicious walkers: lllustration
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Lock step model of vicious walkers: Asymptotics

k

5(z1,...,2k)—H(Zj+zlj>

Jj=1
The number of vicious walkers of length n with k walkers that start at

(0,u1 —1),...,(0,uxr — 1) and end at (n, vy — 1),...,(n, vk — 1) (we assume that
u1 + vi = n mod 2) is asymptotically equal to

I (02— ) uf)) (f{ vju,)

2nk+3k/27_(—k/2n_k2_k/2 <1§j<m§k

as n — Q.



Applications 35 /39

Random turns model of vicious walkers: lllustration
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Random turns model of vicious walkers: Asymptotics

S(Zl,...,zk):Z<Zj+21j)

J=1

The number of k vicious walkers in the random turns model, where the j-th walker
starts at (0, uj — 1) and, after n steps ends at (n, v; — 1), is asymptotically equal to

el o) i)

m) An (M2 - 1)

2(2k)" (

as n — Q.
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(k + 1)-noncrossing tangled diagrams with isolated points

The number of (k + 1) tangled diagrams with isolated points equals the number
of simple lattice walks of length nin 0 < x; < - -+ < xi starting and ending in
a=(1,2,...,k) with step generating function

k 1 k 1 i
S =1 P+ — P+ —
(21, z) =1+ ;zﬁzj - ;zﬁzj

Conseqently, we have as n — oo

k/2 o\ K 4k/2 [ Kk
2 1+ 2k + 4k

Pt ~(1+2k+4K) (2 srer TR

n (a3~ (1424 4K <w> ( n(2 + 8K) )
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(k + 1)-noncrossing tangled diagrams without isolated
points

The number of (k + 1) tangled diagrams without isolated points equals the
number of simple lattice walks of length nin 0 < x; < --- < x, starting and
ending in a = (1,2,..., k) with step generating function

?

2

k k
1 1
Sz = (S z+— Sz4 -
(Zla aZk) . ZJ+Z + . ZJ+Z
j=1 J j=1 )

Conseqently, we have as n — oo

2
2\ 2 [ ok 4 ak2 \ T2 [k
+ -~ 2\n i —1)!
Pr(a—a) ~ (2k + 4k*) (71-) (n(2 8k)> .21(21 1)!

J

as n — oQ.
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