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Beginning

Wentsun Wu:On the Decision Problem and the Mechanization of Theorem-Proving in Ele-
mentary Geometry, Scientia Sinica (1978), 159-172.

Re-published inAutomated Theorem Proving, after 25 years, AMS (1984)
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Key steps

Theorem = hypotheses + conclusion

1. Translate the hypotheses to a systemH of polynomial equations, and the conclusion to a
polynomialg.

2. DecomposeV(H) into irreducible components

V(H) = V1 ∪ · · · ∪ Vr,

where eachVi is represented by a setTi of polynomials in triangular form.

3. Find the irreducible components corresponding to degenerating conditions.

4. Decide ifg vanishes on the irreducible components that do not correspond to degenerating
conditions.

Note: The algorithm used in step 2 is calledthe Ritt-Wuor the characteristic set method.



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Mathematics Mechanization

From the preface ofMathematics Mechanization by Wu:

The subject tries to deal with mathematics in a constructive and algorithmic manner

so that the reasonings become mechanical, automated, and

as much as possible to be intelligence-lacking, with

the results of lessening the painstaking heavy brain-labor.
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Projects related to differential and difference equations

1. Extending the characteristic set method to difference algebra
(Gao and Yuan in collaboration with J. van der Hoeven)

2. Finding algebraic solutions of first-order nonlinear ODE’s with constant coefficients
(Feng and Gao in collaboration with J. Cano)

3. Decomposing linear partial differential and difference systems
(Li and Wang in collaboration with M. Singer and M. Wu)

4. Symbolic integration, decomposition of ODE’s, rational solutions of O∆E, etc
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Fully integrable systems and Ore modules

• Converting an integrable system to a fully integrable system

• Computing hyperexponential solutions of a fully integrable system

• Factoring reflexive Ore modules
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Fully integrable systems
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Linear ordinary difference equations

F = C(k), σ : k 7→ k + 1 automorphism

Linear ordinary difference equation overF :

L(z) = σn(z) + an−1σ
n−1(z) + · · ·+ a1σ(z) + a0 = 0, ai ∈ F

• dimC sol(L) = n ⇐⇒ a0 6= 0

• whena0 = 0

L(z) = σ(

L̃(z)︷ ︸︸ ︷
σn−1(z) + σ−1(an−1)σ

n−2(z) + · · ·+ σ−1(a1) ) = 0

⇓
L̃(z) = 0

⇓
reducing the order of equation

⇓
...
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Matrix forms

F = C(k), σ : k 7→ k + 1 automorphism,

σ(z) = A z, with z = (z1, . . . , zn)
T andA ∈ F n×n.

• dimC sol(σ(z) = Az) = n ⇐⇒ A is invertible.

• whenA is singular:
linear dep. among the row vectors ofA

⇓ σ(z) = A z

linear relations inσ(z1), . . . , σ(zn)

⇓ σ−1

linear relations inz1, . . . , zn, e.g.(zd+1, . . . , zn)
T = Q(z1, . . . , zd)

T ,
substitute these relations intoσ(z) = A z

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−⇓

σ

 z1
...
zd

 = B

 z1
...
zd

 , R

 z1
...
zd

 = 0

⇓
...
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Example

F = C(k), σ : k 7→ k + 1,

Consider the system

σ

 z1
z2
z3

 =

 k+1
k 0 0

k+1
k 0 0

k+1
k − k

k−1
k

k−1


︸ ︷︷ ︸

A

 z1
z2
z3



|A| = 0 =⇒

z1 = z2, σ

(
z2
z3

)
=

( k+1
k 0

− 1
k(k−1)

k
k−1

)
︸ ︷︷ ︸

B

(
z2
z3

)

|B| 6= 0 =⇒ the solution space ofσ(z) = A z has dimension 2.
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Partial case

F = C(k1, k2), σ1 : k1 7→ k1 + 1, k2 7→ k2 andσ2 : k1 7→ k1, k2 7→ k2 + 1.

A first-order systemA :

σ1(z) = A1z, σ2(z) = A2z with z = (z1. . . . , zn)
T , A1, A2 ∈ F n×n,

is

• integrableif σ1(A2)A1 = σ2(A1)A2 (derived fromσ1σ2(z) = σ2σ1(z))

• fully integrableif it is integrable andA1, A2 are invertible.

Note: If A is fully integrable, then its solution space has dimensionn overC.
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From integrable to fully integrable

Idea: Let {σi(z) = Aiz}i=1,2 be an integrable system whereAi ∈ F n×n

(1) If someAj is singular, then

solve (y1, . . . , yn)Aj = 0 =⇒ linear relations inz1, . . . , zn, e.g.

zd+1
...
zn

 = Q

z1
...
zd

.

(2) Reduce{σi(z) = Aiz}i=1,2 to get

σi

 z1
...
zd

 = Bi

 z1
...
zd

 , Ri

 z1
...
zd

 = 0, i = 1, 2.

=⇒ · · · Stop the reduction until bothBi are invertible and bothRi = 0.
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Lemma: The difference system{σi(y) = Biy}i=1,2 is integrableif R1 = R2 = 0.
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Example

Let F = C(n, k), σn : n 7→ n + 1, σk : k 7→ k + 1,

{σn(z) = Anz, σk(z) = Akz}

wherez = (z1, z2, z3, z4)
T and

An =


0 1 0 0

0 −k−n−2
k2+k−1−2n−n2 0 −k2+3n+2+n2

k2+k−1−2n−n2

0 0 0 1

0 −k2+n2−2k+1+3n
k2+k−1−2n−n2 0 −k+n+1

k2+k−1−2n−n2

 ,

Ak =


0 0 1 0

0 0 0 1
k2+3k+2−n2

−n2+k2+k 0 − 2n
−n2+k2+k 0

0 k2−n2+3k+1−2n
k2+k−1−2n−n2 0 −2n−2

k2+k−1−2n−n2


integrable, An singular =⇒ not fully integrable.
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Example (cont.)

Singularity ofAn =⇒

z1 = −−n2+k2+k
k+n+1 z2 − k2−n−n2

k+n+1 z3, z4 = 2k−n+1+k2−n2

k+n+1 z2 + k2+k−1−2n−n2

k+n+1 z3

Apply linear reduction to get

σn(z2, z3)
T = Bn(z2, z3)

T , σk(z2, z3)
T = Bk(z2, z3)

T

where

Bn =

(
−k−n−2

k2+k−1−2n−n2 + (−k2+3n+2+n2)(2k−n+1+k2−n2)
(k2+k−1−2n−n2)(k+n+1)

−k2+3n+2+n2

k+n+1
2k−n+1+k2−n2

k+n+1
k2+k−1−2n−n2

k+n+1

)

Bk =

(
2k−n+1+k2−n2

k+n+1
k2+k−1−2n−n2

k+n+1

−k2+3k+2−n2

k+n+1 −(k2+3k+2−n2)(k2−n−n2)
(−n2+k2+k)(k+n+1) −

2n
−n2+k2+k

)

BothBn andBk are invertible. So the original system has a 2-dim solution space.
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General setting

Let F be a field of characteristic zero.

Have

• δ1, . . . , δ` derivations onF

• σ`+1, . . . , σm automorphisms ofF .

Write ∆ = {δ1, . . . , δ`, σ`+1, . . . , σm}

Assumption: All the maps in∆ commute pairwise.
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Fully integrable systems
Consider a systemA :

δi(z) = Aiz, i = 1, . . . , ` and σj(z) = Ajz, j = ` + 1, . . . m,

whereAi, Aj ∈ F n×n. The systemA is integrableif

1. δi(Aj) = δj(Ai) (1 ≤ i < j ≤ `)

2. σi(Aj)Ai = σj(Ai)Aj (` + 1 ≤ i < j ≤ m)

3. AjAi + δi(Aj) = σj(Ai)Aj (1 ≤ i ≤ `, ` + 1 ≤ j ≤ m)

The systemA is fully integrableif it is integrable andA`+1, . . . , Am are invertible

Note: Can transform an integrable system to a fully integrable one in the same way.
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Ore algebras

∆ = {δ1, . . . , δ`, σ`+1, . . . , σm}.

LetO = F [∂1, . . . , ∂`, ∂`+1, . . . , ∂m] with commutation rules

1. ∂i∂j = ∂j∂i for all i, j ∈ {1, . . . ,m}
2. ∂if = f∂i + δi(f) for all f ∈ F andi ∈ {1, . . . , `}
3. ∂jf = σj(f)∂j for all f ∈ F andj ∈ {` + 1, . . . ,m}
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From fully integrable systems toO-modules

System:a fully integrable systemA :

δi(z) = Aiz, i = 1, . . . , ` and σj(z) = Ajz j = ` + 1, . . . m,

whereAi, Aj ∈ F n×n.

Module: Let e1, . . . ,en be the canonical basis ofF n. Letting

∂i

e1
...
en

 = −AT
i

e1
...
en

 i = 1, . . . , ` and ∂j

e1
...
en

 =
(
A−1

j

)T e1
...
en

 j = ` + 1, . . . m.

Relation:
(z1, . . . zn)

T ∈ F n is a solution ofA

m ∂i(z1e1 + · · ·+ znen) = 0 i = 1, . . . , `,

∂j(z1e1 + · · ·+ znen) = z1e1 + · · ·+ znen, j = ` + 1, . . . ,m
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O-modules associated with fully integrable systems

Let M be anO-module.

• A submoduleN of M is reflexiveif

∂jv ∈ N =⇒ v ∈ N

where` + 1 ≤ j ≤ m andv ∈M .

• An O-module is said to bereflexiveif all its submodules are reflexive.

Proposition:

fully
integrable
systems

←→
finite-dim
reflexive
O-modules
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∆-extensions

Let F be a field and∆ = {δ1, . . . , δ`, σ`+1, . . . , σm}

Let E be a commutativeF -algebra. Extend the maps in∆ from F to E:

derivations: δi : E −→ E i = 1, . . . `,

automorphisms:σj : E −→ E j = ` + 1, . . . ,m.

(E, ∆) is called a∆-extensionof F if the extended maps commute pairwise.
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Fundamental matrices

Definition: Let A be a fully integrable system of sizen. An n × n matrix U over some
∆-extension ofF is afundamental matrixfor A if

(i) U is invertible

(ii) Every column ofU is a solution ofA.

Proposition: There exists a fundamental matrix forA.
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Correspondences

Assume

Fully integrable systems A B
Associated modules MA MB

Fundamental matrices UA UB

Definition: A andB areequivalent, denoted byA ∼ B, if

∃a square matrixQ overF , UA = UBQ.

Propersition:

MA ∼= MB ⇔ A ∼ B

0 6= N & MA ⇔ A ∼ B with eachBi =

(
� �
0 �

)
MA = N1 ⊕N2 ⇔ A ∼ B with eachBi =

(
� 0
0 �

)
whereN, N1, N2 are submodules ofMA.
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Hyperexponential solutions of fully integrable systems
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Hyperexponential elements

∆ = {δ1, . . . , δ`, σ`+1, . . . , σm}, (F, ∆) a∆-field, (E, ∆) a∆-ring extension ofF

Definition: 0 6= h ∈ E is hyperexponential overF if the δi(h) andσj(h) are all linearly
dependent onh overF .

Example:

base field rational radical transcendental

Partial differential C(x, y) x−y
x4y

2y+x2
√

xy ex3−y2

Partial difference C(m, n) 1
m+n (

√
−1)m(−1)n

(
m
n

)
Differential-difference C(x, n) n + 1

x (−1)n
√

x xn

Definition: A nonzero vectorh ∈ En is hyperexpif

h = hv, whereh ∈ E is hyperexp. andv ∈ F n
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Problem and result

Problem: Given a fully integrable system, compute all its hyperexp sols.

Result: A method, which is recursive on the set∆ = {δ1, . . . , δ`, σ`+1, . . . , σm}.

Note: The method becomes an algorithm when

1. F = Q̄(x1, . . . , x`, x`+1, . . . , xm)

2. δi = ∂
∂xi

andσj : xj 7→ xj + 1.
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Structure of hyperexp sols

Proposition:

All hyperexp sols of a fully integrable system can be partitioned into

{h1V1d1} ∪ · · · ∪ {hsVsds},

where

• hi is hyperexp;

• Vi is a matrix overF ;

• di is an arbitrary nonzero vector overCF .
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Extensible hyperexponential elements

Let ∆1, ∆2 ⊂ ∆ be nonempty and disjoint. LetE1 be a∆1-extension ofF .
Let h1 ∈ E1 be hyperexponential w.r.t.∆1.

Definition: We say thath1 is extensible with respect to∆2 if there exist

• a (∆1 ∪∆2)-extensionE2 of F , and

• an elementh2 ∈ E2, which is hyperexponential w.r.t.(∆1 ∪∆2)

such that

θ1(h2)

h2
=

θ1(h1)

h1
for all θ1 ∈ ∆1.
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Example

Let F = C(x, y) and∆ = { ∂
∂x, ∂

∂y}.

Then
h = exp (f(x, y) dx) wheref ∈ F ,

is extensible w.r.t∂∂y iff
∂z

∂x
=

∂f

∂y

has a solution inF .
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

If f = y
x, then∂z

∂x = 1
x has no solution inF , and so

h = exp

(∫
y

x
dx

)
= xy

is not extensible w.r.t.∂∂y .
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Computing hyperexp sols of{θ(z)=Aθz}θ∈∆

1. If |∆| = 1: known methods. Otherwise partition∆ = ∆1 ∪∆2.

2. Find hyperexp sols of{θ1(z)=Aθ1
z}θ1∈∆1

({h1V1d1} ∪ . . . , {hsVsds} ∪ {hs+1Vs+1ds+1} ∪ · · · ∪ {htVtdt}
↓ ext. ↓ ext.
h̄1, . . . , h̄s

(1)

3. Determine extensibility w.r.t.∆2.

4. Substitutez = h̄iVidi, i = 1, . . . , s, into {θ2(z)=Aθ2
z}θ2∈∆2

.

[Note: The substitution neither misses any hyperexp. sols nor introduces any coefficients
outsideF due to the replacement ofhi by h̄i]

5. Transform new systems indi to fully integ. systems{θ2(y)=B
(i)
θ2

y}θ2∈∆2
overconst∆1

(F ),
wherei = 1, . . . , s.

6. Compute hyperexp sols of{θ2(y)=B
(i)
θ2

y}θ2∈∆2
and combine with(1).



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Example
F = Q(e)(x, y), σ(x) = x + 1, δ = ∂

∂x + ∂
∂y . Compute hyperexp sols of

σ(z) =


0 1

y −x e e + 1

−y e e + 1 0 y e
0 0 0 1

x+1
0 0 −x e e + 1

 z, δ(z) =


−1

y − 4
2y−1

x
y

2y−1+4y2

y(2y−1)

0 0 0 1
− 4y

x(2y−1) 0 4yx−2y+1
x(2y−1)

4y
x(2y−1)

0 − 4
2y−1 0 4y

2y−1

 z.

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

z1 = 1·


1
y 1

1 0
0 1

x
0 1

( c1

c2

)
subs−→ δ

(
c1

c2

)
=

(
0 1

− 4
2y−1

4y
2y−1

)(
c1

c2

)
.

z2 = ex·


1

y e 1

1 0
0 1

x e
0 1

( c1

c2

)
subs−→ δ

(
c1

c2

)
=

(
−1 1
− 4

2y−1
2y+1
2y−1

)(
c1

c2

)

Note: c1 andc2 are free ofx.
Solutions:  2

y
1
x
1

 , e2y


1
y + 2

1
2
x
2

 , ex+y


1
y + 2e

e
2
x
2e

 , ex−y

 1 + e
ye
1
x
e

 .
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Determining submodules of finite-dimensional
reflexive Ore modules
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Problem and result

Let M be a reflexive and finite-dimensionalO-module with anF -basise1, . . . , en, and.

∂i

e1
...

em

 = Bi

e1
...

em

 Bi ∈ F n×n, i = 1, . . . ,m

Want: Determine all the submodules ofM .

Result: A generalization of Beke’s method for determining the submodules ofM .
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Generalization

Let M be a reflexiveO-module of finite dimensionn overF .

Proposition A: Let v1, · · · ,vd ∈M beF -linearly independent. Then

Fv1 + · · ·+ Fvd is a submodule⇔ F (v1 ∧ · · · ∧ vd) is a submodule of∧dM.

Proposition B: Let e1, . . . , en be anF -basis ofM andA be the associated system. Let

w = f1e1 + · · ·+ fnen

with fi ∈ F . Then

Fw is a submodule⇔ ∃h hyperexponential h(f1, . . . , fn)
T solvesA.
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Determine all d-dimensional submodules ofM

Form∧dM and an associated systemA

⇓

hyperexponential solutions ofA

⇓ Prop B

1-dim submodules of∧dM

⇓ Linear algebra

1-dim submodules of the formF (v1 ∧ · · · ∧ vd)

⇓ Prop A

d-dim submodules ofM
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Example
Let F = C(x, k), ∆ = { d

dx, σk : k 7→ k + 1}, andO = F [∂x, ∂k].

M is anO-module with anF -basis{e1, e2, e3, e4}.

∂x

(
e1

e2

e3

e4

)
=

(
0 1 0 0

−x3−x2k+2x2+xk+k2x+k2+k3

x2(−x+k)

2(x2−x−k2)
(x−k)x

0 0

0 0 0 1

0 0 −x3−x2k+x2+3xk+2x+k2x+4k2+5k+2+k3

x2(−x+k+1)
− 2(−x2+x+k2+2k+1)

(−x+k+1)x

)(
e1

e2

e3

e4

)
and

∂k


e1
e2
e3
e4

 =


0 0 1 0
0 0 0 1

−(x−k)x2

x−k−2 0 2x(x−k−1)
x−k−2 0

−2x(x2−2xk−3x+k2+2k)
(x−k−2)2 −(x−k)x2

x−k−2
2(x2−2xk−4x+k2+3k+2)

(x−k−2)2
2x(x−k−1)

x−k−2




e1
e2
e3
e4

.

Find all two-dimensional submodules ofM .
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Ni = {a1ui,1 + a2ui,2 | a1, a2 ∈ F} , i = 1, 2, 3, 4.

ForN1,

u1,1 = ((2c1x
2k + c1k

2x + c4x
5 + c1x

2 + 2c1x
4 + c2x

2k − 2x3c2k − 3x3c1k − 2x4c4k
+x2c2k

2 + xk3c1 + x4c2 + c4x
3k2 − c2x

3 − 2c4x
4 − 3c1x

3 + c4x
3 + 2c4x

3k)/
(x(2c1x− c1x

2 + 2c1xk − 2c2k − c2k
2 + k3c4 + 2c2x− c2x

2 + 2k2c4 − 2c1k

−c1k
2 + 2c2xk − 2kc4x− 2k2c4x + kc4x

2 + kc4 − c1 − c2)))e1

−((c4x
3 + c1x

2 − kc4x
2 − c4x

2 − c1xk − c1x)(x− k)/
(2c1x− c1x

2 + 2c1xk − 2c2k − c2k
2 + k3c4 + 2c2x− c2x

2

+2k2c4 − 2c1k − c1k
2 + 2c2xk − 2kc4x− 2k2c4x + kc4x

2 + kc4 − c1 − c2))e2 + e3,

u1,2 = ((c1x
4 − 2c1x

2 + c4x
5 + c1x− 2c4x

3 − c1x
3 − c4x

4 + c2x
3 − 2c2x

2

+2c4x
2 + c1k

2 + 2c1k
3 + c1k

4 − 2c2x
2k + 3c1k

2x− 4c1x
2k + 5kc4x

2 + k2c4x + c2xk
+3c1xk − 4c4x

3k − 2c4x
3k2 − 2c1x

2k2 + 2c4xk3 + 3c4x
2k2 + c4xk4 + c2xk2)/

(x(2c1x− c1x
2 + 2c1xk − 2c2k − c2k

2 + k3c4 + 2c2x− c2x
2 + 2k2c4 − 2c1k − c1k

2

+2c2xk − 2kc4x− 2k2c4x + kc4x
2 + kc4 − c1 − c2)))e1

−((c4x
3 − c2x

2 + kc4x
2 + c2xk − 2k2c4x + c2x− 2xc4 + c1xk − 4kc4x− c1 − c1k

2 − 2c1k)(x− k)/
((2c1x− c1x

2 + 2c1xk − 2c2k − c2k
2 + k3c4 + 2c2x− c2x

2 + 2k2c4 − 2c1k − c1k
2

+2c2xk − 2kc4x− 2k2c4x + kc4x
2 + kc4 − c1 − c2)))e2 + e4,
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Summary

(i) From integrable systems to fully integrable ones

• understand the algorithm from a module-theoretic viewpoint

(ii) Hyperexponential solutions of fully integrable systems

• develop efficient algorithms for ordinary cases

(iii) Factoring fully integrable systems (module-theoretic version)

• organize submodules with respect to isomorphisms


