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Beginning

Wentsun Wu:On the Decision Problem and the Mechanization of Theorem-Proving in Ele-
mentary Geometry, Scientia Sinica (1978), 159-172.

Re-published imutomated Theorem Proving, after 25 years, AMS (1984)



Key steps

Theorem = hypotheses + conclusion

. Translate the hypotheses to a systEnof polynomial equations, and the conclusion to a
polynomialg.

2. Decomposé&V/ (H) into irreducible components
V(H)=WiU---UV,

where eaclV; is represented by a sét of polynomials in triangular form.
3. Find the irreducible components corresponding to degenerating conditions.
. Decide ifg vanishes on the irreducible components that do not correspond to degeneratir
conditions.

Note: The algorithm used in step 2 is calldee Ritt-\Wuor the characteristic set method.



Mathematics Mechanization
From the preface a¥lathematics Mechanization by Wu:

The subject tries to deal with mathematics in a constructive and algorithmic manner
so that the reasonings become mechanical, automated, and
as much as possible to be intelligence-lacking, with

the results of lessening the painstaking heavy brain-labor.
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Projects related to differential and difference equations

1. Extending the characteristic set method to difference algebra
(Gao and Yuan in collaboration with J. van der Hoeven)

2. Finding algebraic solutions of first-order nonlinear ODE’s with constant coefficients
(Feng and Gao in collaboration with J. Cano)

3. Decomposing linear partial differential and difference systems
(Li and Wang in collaboration with M. Singer and M. Wu)

4. Symbolic integration, decomposition of ODE'’s, rational solutions &ff) etc



Fully integrable systems and Ore modules

e Converting an integrable system to a fully integrable system
e Computing hyperexponential solutions of a fully integrable system

e Factoring reflexive Ore modules



Fully integrable systems
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Linear ordinary difference equations

F =C(k), o:k— k+1automorphism

Linear ordinary difference equation over

L(z) = 0™(2) + ap_10" " (2) + -+ a10(2) +a0=0, a;€F
e dimcsol(L) =n <= ag#0

e whenay = 0

reducing the order of equation
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Matrix forms

F =C(k), o:k~ k+1automorphism,
o(z) = Az, withz = (zy,...,2,)" andA € F™™,

e dimcsol(o(z) = Az) =n <= Aisinvertible

e WhenA is singular: :
linear dep. among the row vectors_ 4f

Jo(z)=Az
linear relations inr(z1), .. .,0(z,)
Jo!
linear relations iy, . .., 2, €.9.(za41, .- ., 20)! = Q(z1,. .., za)t,
substitute these relations inidz) = Az
______________ AU_______________

(AEOROR
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Example

F=C(k), o:k—Ek+1,

Consider the system

21 7 0 0 21
g Z9 = % 0 0 29
k1 k k
3 N % TR 1/ \ ™3
A
k+1
_ 22\ _ 0 22
21 = 22, o =\ 1 k
<3 N TEGE-T) -1/ \ A3

|B| # 0 = the solution space of(z) = Az has dimension 2.



Partial case

F =C(k1,ke), o1: k1— k1 +1, ko — kyandos : k1 — ky, ko — ko + 1.
A first-order systen :
01(z) = A1z, 09(z) = Asz withz = (2. ... ,zn)T, Ay, Ay € F™",
IS
e integrableif o1(A2)A; = 09(A1)As  (derived fromo0y(z) = 0901(2))

e fully integrableif it is integrable and4,, A, are invertible.

Note: If A is fully integrable, then its solution space has dimensiaverC.



From integrable to fully integrable

ldea: Let {o;(z) = A;z};—1 2 be an integrable system whede € F"*"
(1) If someA; is singular, then

Zd+1 <1
solve (yi,...,yn)A; =0 = linear relationsiry,, ..., z,, e.9.| : =Q1 ).
(2) Reduce{o;(z) = A;z};—1 2 to get

<1 <1 <1
0; : = B; : , R; : =0, =12
Zd Zd Zd

— ... Stop the reduction until botk; are invertible and botlk; = 0.

Lemma: The difference systefv;(y) = B,y }i—1.2 isintegrablef R, = Ry = 0.



Example

Let ' =C(n,k),0n :n—n+1,0p:k— k+1,
{on(2) = Az, or(z) = Arz}

wherez = (21, 22, 23, 24)" and

0 1 0 0
O —k—n—2 O —k243n+2+n?
A = k24+k—1—2n—n?2 k24+k—1—2n—n?2
" 0 0 0 1 ’
0 —k?+n?—2k+1+3n 0 —k+n+1
k24+k—1—2n—n?2 k24+k—1—2n—n?
0 0 1 0
0 0 0 1
A = k%4+3k+2—n? 0 __ 2n 0
—n2+k2+k —n2+k2+k
0 k2—n?243k+1—2n 0 —2n—2

k24+k—1—2n—n? k24+k—1—2n—n?

integrable, A,, singular = not fully integrable.



Example (cont.)

Singularity ofA,, —

—n2+k>+k k2—n—n? _ 2k—n+14+k2—n? k24k—1—2n—n?
—— e TS NIEIR = 29 +

NS ktntl <27 kintl 3 A4 k+n+1 k+n+1

<3
Apply linear reduction to get

RN — B.(2,23)", oz, ) = Brle

where

Shen2 (—k24+3n+2+4n?)(2k—n+1+k?—n?) k243042402

o k2+k—1—2n—n? (k2+k—1—2n—n?)(k+n+1) k+n+1
By = 2NN 2 2
2k—n+1+k*—n k+k—1-2n—n

Rl k4+n+1

2k—n+1+k%—n? k*+k—1-2n—n?
B, — k+n+1 tn+l
E=\  Baskion?  (BP43k2-nd)(k®—n-—n?) 2n
k4+n+1 (—n?+k2+k) (k+n+1) —n2+k>+k

Both B,, and B;. are invertible. So the original system has a 2-dim solution space.



General setting

Let F' be a field of characteristic zero.

Have
® 01,...,0, derivations on¥’
®0y1,...,0, automorphisms of'.

Write A = {51, e ,5g, Of4+1y--- 7O'm}

Assumption: All the maps inA commute pairwise.



Fully integrable systems
Consider a system :
0i(z) =Aiz,i=1,...,0 and o,(z)=Az, j=0+1,...m,
whereA;, A; € F"*". The systen is integrableif
3. A]AZ aF (52(14]) = O'j(A@')Aj (1 <i</Y, I+1< 7 < m)

The systemA is fully integrableif it is integrable and4,. ¢, ..., A,, are invertible

Note: Can transform an integrable system to a fully integrable one in the same way.



Ore algebras

A:{él,...,ég, O'g_H,...,O'm}.

LetO = F[0y,...,00, 011, - - ., Op] With commutation rules

1.0,0; = 0;0; foralli,je{1,...,m}
2.0;f = fo; +0;(f) forall f € Fandi € {1,...,(}
3.0jf:0j(f)8j foraIIfeFandj€{€+1,...,m}



From fully integrable systems to®-modules

System:a fully integrable systemt :
0i(z) =Aiz,i=1,...,0 and oj(z)=Az j=(+1,...m,

whereA;, A; € F™*".

Module: Letey, ...,e, be the canonical basis éf". Letting
€1 €1 €1 €1

ol i | =-AT| i |i=1....¢ and & : | =& [:]|i=¢+1,...
e, e, e, e,

Relation:

(21,...2,)" € F™is a solution of4

)
{8@(2161+"'—|—Z7len)0 Z.Il,...,g,

8j(z1e1+---+znen):z1e1+---+znen, ]:€+1,,m



O-modules associated with fully integrable systems

Let M be an®O-module.

e A submoduleN of M is reflexiveif
oveN = veN

wherel/ +1 < j < mandv € M.

e An O-module is said to be=flexivelf all its submodules are reflexive.

Proposition:

fully finite-dim
integrable | «—— | reflexive
systems O-modules




A-extensions
Let ' be a field and\ = {63, ..., o7, i1, -+, Om}
Let £/ be a commutativé'-algebra. Extend the maps iafrom F' to E:
derivations: §,: E — FE i1=1,.../,
automorphismsio;: E — E j=/(+1,...,m.

(£, A) is called aA-extensiorof F if the extended maps commute pairwise.



Fundamental matrices

Definition: Let A be a fully integrable system of size An n x n matrix U over some
A-extension ofF' is afundamental matrifor A if

(i) U is invertible

(i) Every column ofU is a solution ofA.

Proposition: There exists a fundamental matrix fdr



Correspondences

Assume

Fully integrable systems A | B
Associated modules | M 4 | Mz
Fundamental matrices Uy | Ugp

Definition: A andB areequivalentdenoted byAd ~ B, if

Ja square matrix) overF', Uy = UgQ.

Propersition:
My = Mg s A~ B

0#£#N& My & A~ BwitheachB; =

My=N ®Ny & A~ BwitheachB; = <

whereN, Ny, N, are submodules af/ 4.



Hyperexponential solutions of fully integrable systems



Hyperexponential elements

A={01,...,00,0011,.--,0m}, (F,A)aA-field, (F,A)aA-ring extension of’

Definition: 0 # h € E is hyperexponential ovef’ if the §;(h) ando;(h) are all linearly
dependent on over F'.

Example:
base field rational radical transcendental
Partial differential | C(x,y) | L2 % er' v’
Partial difference | C(m,n) | —— | (v/—=1)"(=1)" (™)
Differential-difference C(z,n) | n+1 (=1)"/x "

Definition: A nonzero vectoh € E" is hyperexgf

h = hv, whereh € E'is hyperexp. and € "



Problem and result

Problem: Given a fully integrable system, compute all its hyperexp sols.
Result: A method, which is recursive on the s&t= {d1,...,d,, 0021, ..., 0m}-

Note: The method becomes an algorithm when

1. F =Q(z1,...,T0, Tos1,-- -, Tm)

25Z:%and0']$]|—>$]+1



Structure of hyperexp sols

Proposition:
All hyperexp sols of a fully integrable system can be partitioned into

{hVidi} U - U {hVid,},
where
e h; IS hyperexp;
e I IS a matrix overr

e d; is an arbitrary nonzero vector ovey.



Extensible hyperexponential elements

Let Ay, Ay C A be nonempty and disjoint. Léf; be aA;-extension off".
Let h; € E; be hyperexponential w.r.i\;.

Definition: We say that; is extensible with respect td, if there exist
e a(A; UAy)-extensionks of F', and
e an element; € E», which is hyperexponential w.r.tA; U A)
such that
01(h2)  601(hq)

= forall 6, € A;.
o ~ INSWAY]




Example

Let FF = C(z,y) andA = {7, 5}.
Then
h =exp (f(x,y)dx) wheref € F,
is extensible w.r.& iff
Y

0= _of

oxr Oy
has a solution irf.

If f =%, then% = % has no solution irf’, and so

h:exp</gdx):a:y
7

is not extensible w. r.t(%.



Computing hyperexp sols of{#(z)=Apz} g A

If |A] = 1: known methods. Otherwise partitidh = A; U Ao,
. Find hyperexp sols oft;(z)=A¢,z}s,cn,

{mVidi} U ... {hVeds} U {hsiaViads b U - U {hVide}
| ext. | ext. (1)
h1, c hs

3. Determine extensibility w.r.tA,.

. Substitutez = h;Vid;, i = 1,..., s, into {0:(z)=Ag,z}o,en,.
[Note: The substitution neither misses any hyperexp. sols nor introduces any coefficient
outsideF’ due to the replacement éf by A;]

. Transform new systems i to fully integ. system$92(y):B§?y}92€ A, Overconsta, (F),
where: =1, ..., s.

. Compute hyperexp sols eﬁﬁg(y):Béi)y}HQEAQ and combine with{1).



Example
F=Q(e)(z,y),o(x)=x+1,0 = a% + a%- Compute hyperexp sols of

1 4 T 2y—144y>
0 i —ze e+1 _05 _%/Tl (5) ;(2?11%
— 1 0
o(z) = ge ‘ _g 0 y16 z, 0(z)= 4y 0 dyz—2y+1 4y
z+1 x(2y—1) x(2y—1) z(2y—1)
0 0 —ze e+l 0 _% 0 2;131
|
Y
zi1 = 1- L0 “ UL s V) = 0 41 i
! 0 % C2 C2 - 2!/4*1 ngl C2 '
0 1

1
ye
o & 1 0 c1 subs s )= —1 211 c1
2" 0 -t Co Co —% Qz—tl Co
0

Note: ¢; andc, are free ofr.

Solutions:
2 i + 2 i + 2e 1+e
?i : o2y % ey S etV yle
T €T €T T
1 2 2¢ e



Determining submodules of finite-dimensional
reflexive Ore modules



Problem and result

Let M be a reflexive and finite-dimension@kmodule with anf’-basise;, . . ., e,, and.

€1 €1
ol : | =8| : B;e F"™" i=1,....m
em em

Want: Determine all the submodules 6f.

Result: A generalization of Beke’s method for determining the submodulég of



Generalization

Let M be a reflexiveD-module of finite dimension over F'.
Proposition A: Letvy,--- , vy € M be F-linearly independent. Then

Fvi+-- -+ Fvgis asubmodules F(vy A --- A vy) is asubmodule of\?)M.

Proposition B: Leteq, ..., e, be anF-basis ofM and.A be the associated system. Let
w = fier+ -+ fae,
with f; € F. Then

F'w is a submodule= 3h hyperexponential h(f1, ..., f.)! solvesA.



Determine all d-dimensional submodules of\/

FormA?M and an associated systefn
Y
hyperexponential solutions of

| Prop B
1-dim submodules of M
|} Linear algebra

1-dim submodules of the forf (v, A -+ - A vy)
I Prop A

d-dim submodules of\/




Example
Let F = C(z, k), A ={L, o : k' k+ 1}, andO = F[9,, 0.

M is anO-module with anf’-basis{e;, es, e3, e, }.

0 1 0 0 e
o —23 22kt 20 takth2etk2+k3 2(@?—z—k?) 0 0 1
8 €2 — z2(—z+k) (z—k)x €2
X es3 0 0 0 1 es3
ey 0 0 —a3—a2kta243zk20+kZorak45k4+2+k3  2(—z®+aot+k24+2k+1) e
@2 (—a+k+1) (—a+k+Dx
and
e 0 0 1 0
e 0 0 0 1
Ok = _(@=h)a? 0 20(s—h-1) 7
€3 z—k—2 r—k—2
ey _ 2w(2®2xk—3z+k*+2k)  (z—k)a® 2@®2zk—4x+k*4+3k+2) 2x(z—k—1)
(x—k—2)2 x—k—2 (x—k—2)? r—k—2

Find all two-dimensional submodules of)M.

)

€1
€2
€3



N; = {alui,l -+ a2 | a1,0a2 € F}, 1= 1, 2,3,4.

For Vq,
u = ((261x2k + 1k + c4x® + 122 + 2c12* + cox’k — 2230k — 3x3c1k — 22 cqk

+x2cok? + Th3c) + xhen + cs23k? — 13 — 2047t — 30123 + cuxd + 2¢473k) /
(x(2c17 — c12% + 217k — 200k — cok? + K3cy + 2c0x — c2x? + 2k2cy — 21k
—c1k? + 2coxk — 2kcqx — 2k2cqx + kegx? + key — ¢ — 02)))e1
—((04553 + c12% — kegx? — cyx® — eyxk — cyx)(z — k) /
(21 — 122 + 2c1xk — 2c0k — cok? + k3cy + 2c9x — cox?
+2k%¢cy — 2¢1k — c1k? + 2cotk — 2kcgx — 2k% ey + kegx® + keyg — ¢ — cz))eg + e3,

Ujo = ((clx4 — 20172 + 4% + c1x — 2¢47% — 122 — cqxt + cox® — 20022

+2¢422 + 1k? + 2¢1K3 + c1k* — 20022k + 3c1k2x — 4c1 1%k + Skeax? + k2cux + coxk

+3c1zk — 4egxdk — 2c473k? — 201722 4 2c47k® + 3cyx®k? + ekt + coxk?)/

(z(2c12 — c12% + 2c17k — 2c0k — cok? + k3cq + 2cox — cox? + 2k2cy — 2¢1k — c1K?

+2cozk — 2kcyx — 2k%cyx + keyx® + keg — ¢ — 02)))e1

—((64:1:3 — %2 + keax? + caxk — 2%z + cox — 2xeq + crwk — dkeaw — ¢ — a1 k? — 2c1k)(z — k)/
((2c1z — 122 + 2c17k — 2c0k — cok? + k3cy + 2c1 — cox? + 2k%cy — 21k — c1 K2

+2cozk — 2kcyx — 2k%cyx + keyx® + keyg — ¢ — 02)))62 + ey,



Summary

(i) From integrable systems to fully integrable ones
e understand the algorithm from a module-theoretic viewpoint
(i) Hyperexponential solutions of fully integrable systems
e develop efficient algorithms for ordinary cases
(i) Factoring fully integrable systems (module-theoretic version)

e organize submodules with respect to isomorphisms



