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Origin of the problem (1)

The following integers are involved in Apery’s proof of the irrationality of ¢(3)
and are called Apery numbers

=50 ()
=S ECF)5E0)

- Schmidt (1992) through Legendre transform

We have

proved by

- Strehl (1993) in 6 ways, among which combinatorics, hypergeometry or
automatic verification by computer.



Origin of the problem (2)

The numbers a, satisfy :
(n4+1)2ani1 — (n+1)+n* +42n+1)*)an + n’an-1=0

which is hard to prove!
This relation is a crucial ingredient in Apery's proof of the irrationality of ¢(3).

n

3
Strehl calls the f, = Z <n> Franel numbers, as Franel found (1895) :

j=0
(n+ 1)2fn+1 - (7n2 +7n+2)f, — 8n’fy_1 =0

The previous identity is

which asserts that (a»)» and ((3")f,)n are inverses under Legendre transform.



Zudilin's result
Zudilin proved the following generalization, raised by Schmidt :

Theorem (Zudilin, 2004)

For any integer r > 2, define a sequence of numbers (c,(('))kzo independant of
n, by
" (n n+k\ _ “(n n+k\ n
k=0 k=0
Tools

- Legendre transform (also necessary for proving the existence of the c,(('))
- the g = 1 specialization of a multiple series transformation due to G. Andrews

then cir) €N.

Special cases :

« 3
= Z(f) (Schmidt, Strehl)

k 2/ \2 .
C/((3) — <k> <21> <k21 > (Strehl, computer proof)
= \i) \J J



Zudilin's question

Is it possible to find and prove a g-analogue of the previous theorem 7

g-shifted factorial : (a)o =1 and

(a) _ (1—a)(1—aq)---(1—aq"71)7 n:1721---7
T (@—ag (1 -ag ) (1 —ag") T n=—1,-2,....
compact notations :
(a1,---yam)n = (a1)n - (am)n, (a1, -53m)oo := lim (a1,...,am)n.

n—oo

g-binomial coefficients

nl_nl — (@
M = H = @l <

Sinceﬁ:Oifn<0,wehave [[] =0if k>nork<0.

Note that



A solution

Theorem (Guo-J-Zeng, 2007)

For any integer r > 1, define rational fractions ck (q) of the variable q,
independent of n, by writing

; g'("2)ra=n(3) [k

Then ¢\”(q) € N[q].

n+k
k

n+k B
a(q).

Z( ){Z

The r =1 case is trivial : we suppose that r > 2.

Tools
- g-Legendre transform
- Andrews' multiple extension of Bailey's lemma



g-Legendre transform

e UL
an a > n—k

k=0

_ n ek 1— q2k+1 2n
AE PO
Special case of Carlitz's g-Gould-Hsu inverse formula (1973).

Generalized in a matrix inversion by Krattenthaler (1996).

As [7] ["*k] = [2"} ["*k], this inversion gives

KLk kJln—k
2 -1 , 2 r
r r— n r
c(q) = q' 1()[ ] {J} t(q),
n — | J
J
where
2k+1 "
(a0 — kl—q 2n | (k47| (9)—rik
tn,j(q) - q )Z 1) _ n+k+1 |:n— k| |k —j q(2) "

Theorem (Guo-J-Zeng, 2007)

-1
For r > 2 we have q(’_l)(;) [QJJ] [2:] tf,'j)(q) € Nq].



Bailey's lemma

(cn, Bn) is a Bailey pair related to a if

_ - Ak
Bn - ; (q),._k(aq) Y n > 0.

n+k

Theorem (Bailey’s lemma)

If (an, Ba) is a Bailey pair related to a, then (o, 3;) is also a Bailey pair
related to a, where

r_ (b7 C)" n
% = (ag/b,aq/c), 29/ bV om

n

;o (b, C)k(aq/bc)n_k .
" kZ:o (a)n—x(aq/b, aq/c)n(QQ/bC) B

Iterating gives the Bailey chain (Andrews) :

(etn; Bn) — (@, Bn) — (0, B) — -+



Some consequences

One Bailey pair = infinitely many identities.

Most famous Bailey pair :

_ n ; 1- aqzn (a)" —
Qn = (_1) q( ) 1_23 (q)n7 ﬁn = 5n,0-

Two iterations of Bailey's lemma give Watson's transformation formula, a six
parameter finite extension of the Rogers-Ramanujan identities :

S8l

- 4. A5 ’

= (q)« (9,9% q°)o
K24k 1




Andrews' consequence of the Bailey chain

Theorem (Andrews, 1975, 1986)
For every integers m>1 and N > 0 :

Z (avq\/57_q\/5, bl,Cl,...,bm,Cm7q_N)k ( amqm+N )k

k>0 (qa \/77 7\/57 aq/bla aq/cl, AR aq/bma aq/Cm7 an+1)k b1C1 e mem

_ (ag,aq/bmecm)n 5 (ag/bicr)y -+ (aq/bm-1¢m—1)i,, 4
(a9/bm,aq/cm)n | 4~ (@i (D_s

(b27 C2)11 s (bm7 Cm)’1+"'+,m71
(aq/b1,aq/c1) - (2q/bm—1,2q/Cm—1)h+ i,
» (qu)th..AHm_l (aq)/m—2+"'+(m*2)/1 gt Him—a
(bmcmq@™N /@)ttty (b2C2)n -+ (bm—1Cm_1)t FIm—2"

Special cases :
- for m =1, Jackson’s finite summation formula
- for m = 2, Watson'’s finite transformation formula



Application to our problem (1)

For r = 2, apply Andrews'’s formula with m =1, a = g @Y N=pn—j
by =g " and ¢ci = g9, This gives
2 .
12 (q) = (@2nla)i  2(79)-(3),

(@)n(9)2i(q)2j-n(9)5_;
thus

[Q'J] H e@)e)q) = { : }‘72("2") € Nlg].

J n n_j>n_j72j_n

n . 2 .
We have more : ¢?(q) = |:21:| |:7:| qQ(";l)_

j=0

They are g-analogues of Franel numbers :

5= (¥ [(7) Zs= () _
ro-50)0) -%0) -+



Application to our problem (2)

For r = 3, apply Andrews's formula with m=1, a = g @) N =n —Jj and

bi=c=q "9

@)(q) = (@an_ 3(";)-2(3)
toj (a) (q)3j7n(q)?17i 7 7

which shows that
H m e = B } LQL-] ¢*('+") e N[q).

Treat similarly the cases r =2s > 4 and r = 2s + 1 > 5 by specializing
Andrews’ formula.



A result of Calkin

Calkin (1998) proved by arithmetical techniques that for m > 1 :

cm(n) = <2n”> Z(—1)k<n2+”k> €z

k=—n
By the binomial theorem, ¢1(n) = 0.

By Kummer's formula, c2(n) = 1.
., 3n

By Dixon’s formula, c3(n) = ( >
n

De Bruijn (1981) had shown by asymptotic techniques that for m > 4 there is
no closed form for ¢m(n).



Finite forms of the Rogers-Ramanujan identities (1)

As a consequence of Bailey's lemma :

Theorem (Guo-J-zeng, 2007)

If at least one of a, b and c is of the form q", n=1,2,... then :

? a,q/b,q/c,q/d,q/e _
Z (a/ q(/a bqé dqé)k a/e) (abedeq )
k:*ﬂ ) ) ’ )
(q7 ab/q7 bC/q, ac/q)oo - (q/a7 q/b7 Q/C, de/q)k qk

(a,b,c,abc/qz)oc (q7q3/abcad7e)k ’

k=0

2": (q/a,q/b,q/c, q/d,q/e)k(abcdeq_l)k

ke—n (aq> bqa cq, dq7 eq)k

— (qaabv bC7 aC)OO i (q/aa q/b,q/c, de)k k
(ag, bq, cq,abc/q)c <= (q,9?/abc, dq, eq)i *

These are finite extensions of the Rogers-Ramanujan identities, extending
recent work of Liu (2003).



Finite forms of the Rogers-Ramanujan identities (2)

As a consequence of the Bailey lattice from Agarwal, Andrews and Bressoud
(1987), we proved :

Theorem (Guo-J-zeng, 2007)
If at least one of a, b and c is of the form q", n=1,2,..., then :

< (q/a,q/b,q/c,q/d,q/e)«
k;n (a,b,c,d/q,e/q)«

_ (9,ab/q,bc/q,ac/q)x Z (q/a a/b,a/c,de/q* )k «
(a, b, c,abc/q?) oo ,q3/abc, d, e)k T

(abcdeq—3)*

- (q/a,q/bv q/ch/dv q/e)k
Z (a,b,c,d/q,e/q)k

_ (g.ab/q,bc/q,ac/q)x Z q/a q/b,q/c, de/q*) 2
(aa b) C7 abc/qz)oo k=0 q7 3/abc d e)

(abcdeq™*)*




Link with Calkin's result

Recall Calkin’s result :

cm(n) = <2n"> Z(—1)k<n2+"k> €z

k=—n

Specializing the first of the 4 previous finite forms of the Rogers-Ramanujan
identities we stumbled across :

o5 ()

" (3n—k\ [2n+k 2n :
“0-5 (7)) ()

Is there a g-analogue of Calkin's result, also implying cm(n) € N for m > 27



Extension

By specializing Andrews’ formula, we can prove :

Theorem (Guo-J-Zeng, 2007)

For m > 3 and all positive integers n1,...,Nm :
m
Z( 1) m1k2 (“)H n:+ni;—1
Ph—— el Ui
m—2
_|m + Nm Z H q)\'? Aic1| | niv1 + nig2 7
m ~ i Ai Nit1 — Ai

where nm+1 = Ao = n1 and the sum is over all sequences A = (A1, ..., Am—2)

of nonnegative integers such that Ao > A1 > -+ > Am_2.

Theorem (Guo-J-Zeng, 2007)

For all positive integers ni,...,Nm, Nmy1 =n and 0 <j<m-—1:

> (@ |

k=—ny i=1

n+ nm n; + n,+1

m

€ N[q].




Special cases

Setting g = 1 in the first theorem :

Corollary
For m > 3 and all positive integers ny,...,Nm :
ny m m—2
ni + nip1 m + Nm i1\ [ nit1 + nit2
-1 k i + _ ,
k:z—nl( : :1} ( ni + k M ; i\ N Mgt = Ai
where nm+1 = Ao = n1 and the sum is over all sequences A = (A1, ..., Am—2)

of nonnegative integers such that Ao > A1 > -+ > Apm—2.

Setting n1 = -+ = nm = n in the second theorem :

Corollary
For all positive m, n and 0 < j < m—1,

HipEra

k=—n

m

2n

n+k € Nlq]




Some conjectures

Based on computer experiments :

Conjecture

Let ged(ay, a2, . . .)=greatest common divisor of integers a1, az, . . ..
For all positive m and n, we have

ged (Z(_l)k<n2—:k> , r:m,m+1,...> = <2nn>.

Conjecture
For all positive r, s, t and n,

“ P 8n ’ 4n : 2n ‘
k;,,(_l) <4n+k> (2n+k> <n+k>

is divisible by 2(5").



