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Walks in the quarter plane

How many walks are there of length n, ending at (¢, 7), with
steps from Y € {N,NW W, ... NE}?
Define: complete generating series Qy(x, y;t):

Qy(z,y;t) = Zz‘,j,n Cij (n)x'y’t
where c;;(n)=# walks ending at (i, j), of length n
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Walks in the quarter plane

How many walks are there of length n, ending at (¢, 7), with
steps from Y € {N,NW W, ... NE}?
Define: complete generating series Qy(x, y;t):

Qy(z,y;t) = Zz‘,j,n Cij (n)x'y’t
where c;;(n)= # walks ending at (¢, j), of length n

Goal: Classify Y according to nature of Qv (x,y;1?)
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Results

Classification when || = 3

Rational
Algebraic
D-finite
Not D-finite

M /
X

X X
X X
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The functional equation approach

Functional equation: A walk is a walk plus a step.
Y = {S,W,NE} =" |

-
i
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The functional equation approach

Functional equation: A walk is a walk plus a step.
Y = {S,W,NE} =" |

ax -

Rewrite:
(1 -ty +2+2y)Qz,y;t) =1 — LQo(z;t) — 1 Qo(y; )

(zy — t(x +y + 2°y°))Q(z,y;t) = xy — toQo(z;t) — tQo(y; 1)
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Classification of DOWET Series

Rational
Algebraic
D-finite

Differentiably algebraic
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Alge]oraic functions

F(x,y, z) satisfies P(F(x,y,z2),x,y,z) = 0 for some
polynomial P.
Useful properties:

1 Singularities and coeff asymptotics:
singularity: (z — ()~ coeff: n® (™"

1 The Hadamard product of two rational series Is
algebraic.
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D—ﬁnite functions

f(x1, 2o, ...,x,) Is Differentiably finite (D-finite) with respect to
X =x1,...,x, If
[J For1 <j <n, f satisfies n linear differential equation s with
polynomial coefficients:

D0(X)f(X) + 61 (X) 22 + .+ (X)L =0
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D—ﬁnite functions

f(x1, 2o, ...,x,) Is Differentiably finite (D-finite) with respect to
X =x1,...,x, If
[J For1 <j <n, f satisfies n linear differential equation s with
polynomial coefficients:

D0(X)f(X) + 61 (X) 22 + .+ (X)L =0

Useful properties:

[ The Hadamard product wrt any subset of variables is
D-finite; O froz™ X Y gux™ =D fngnz™)

[] algebraic substitution — still D-finite
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Context of our study

[1 1-Dimensional Lattice Paths
- Flajolet, Banderier (2002)
- Always algebraic
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Context of our Study

[1 1-Dimensional Lattice Paths
- Flajolet, Banderier (2002)
- Always algebraic

[1 Walks in the quarter plane
- Enumeration/ GF approach: Kreweras, Bousquet-Mélou,
Gessel, Gouyou-Beauchamps, Petkovsek
- Prob: Fayolle, lasnogorodski, Malyshev (FIM) (1999)
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Context of our Study

[1 1-Dimensional Lattice Paths
- Flajolet, Banderier (2002)
- Always algebraic

[1 Walks in the quarter plane
- Enumeration/ GF approach: Kreweras, Bousquet-Mélou,
Gessel, Gouyou-Beauchamps, Petkovsek
- Prob: Fayolle, lasnogorodski, Malyshev (FIM) (1999)

[] Walks in the Slit-Plane
-GF approach: Bousquet-Melou, Schaeffer (2002)
-small height variations= Algebraic
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When |y| =3
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When |y| =3
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When |y| =3
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When |y| =3
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nore | denti cal
pairs...

[ [ [ [ [ [ [ [ [ [
Classifying walks in the quarter plane — p.9/32



del et ed!
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When |y| =3
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When |y| =3
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When Y| =3

K/%
A 1 Final

K contenders!
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Easy CaSES

©)\

0 Rational: Only one, unrestricted case
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Easy CaSES

i

0 Rational: Only one, unrestricted case

1 “Easy algebraic”: Only one true condition.
1 Reduces to half plane condition = algebraic

1 One condition = can be recognized by a
pushdown automaton (CFL)

Via+b>c H:b>c H — V
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Easy CaSES

i

0 Rational: Only one, unrestricted case

1 “Easy algebraic”: Only one true condition.
1 Reduces to half plane condition = algebraic

1 One condition = can be recognized by a
pushdown automaton (CFL)

Via+b>c H:b>c H — V
Later, we will call these cases singular
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The novelty of Kreweras' model

\

1 Well studied: Kreweras (60s) — MBM(04)
1 NOT "easy algebraic" (Not context-free!)
1 Algebraic, with explicit description of GF



Alge]oraic Kernel Method

Recall a general form of the equation satisfied by Q(x, y; )
Rational Kernel: K,
The coefficient of Q(z, y;t): K, =1—1); iy 7Y
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Alge]oraic Kernel Method

Recall a general form of the equation satisfied by Q(x, y; )
Rational Kernel: K,
The coefficient of Q(z, y;t): K, =1—1); iy 7Y

Kernel: K
Clear the denominator of K,
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Alge]oraic Kernel Method

Recall a general form of the equation satisfied by Q(x, y; )
Rational Kernel: K,
The coefficient of Q(z, y;t): K, =1—1); iy 7Y

Kernel: K
Clear the denominator of K,

The group of the walk: G

Write K as a function of y : K = a(x,t)y? + b(x,t)y + c(x,t) =
roots: Yy, Y;. Define 7, : (z,y) — (x, YoY1/y) and similarly 7, .
The group of the walk G()):= The group generated by 7., 7,.
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Alge]oraic Kernel Method

Recall a general form of the equation satisfied by Q(x, y; )
Rational Kernel: K,
The coefficient of Q(z, y;t): K, =1—1); iy 7Y

Kernel: K
Clear the denominator of K,

The group of the walk: G

Write K as a function of y : K = a(x,t)y? + b(x,t)y + c(x,t) =
roots: Yy, Y;. Define 7, : (z,y) — (x, YoY1/y) and similarly 7, .
The group of the walk G()):= The group generated by 7., 7,.

Lemma: K, (z,y) = K,.(p(x,y)) for p € G())
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RGVGTS@ KTGWGI’&S W&H(S

/ K.=1—-tlx+y+zy) YoYi=1/z=2



RGVGTS@ KTGWGI’&S W&H(S

/ K.=1—-tlx+y+zy) YoYi=1/z=2



RGVGTS@ KTGW@I’&S Walks

]_(7" F= Kr(jay_) — Kr(ja ZEg) — Kr(xyag)
Apply to fundamental equation

(1) ZgK,Q(z,7;t) = zy— tQo(ZT) — tQo(7) + tQoo(?)
(2) yK.Q(Z,zy;t) =y —tQo(Z) — tQo(zy) + tQoo(t)
(3) zK,Q(zy,7;t) =z —tQo(zy) — tQo(Y) + tQoo(t)



RGVGTS@ KTGW@I’&S Walks

]_(7" F= Kr(jay_) — Kr(ja ZEg) — Kr(xyag)
Apply to fundamental equation

(1) ZgK,Q(z,7;t) = zy— tQo(ZT) — tQo(7) + tQoo(?)
(2) yK.Q(Z,zy;t) =y —tQo(Z) — tQo(zy) + tQoo(t)
(3) zK,Q(zy,7;t) =z —tQo(zy) — tQo(Y) + tQoo(t)

New equation: (1)+(2)-(3)

yQ(Z, y;t) + yQ(Z, zy; t) — 2Q(zy, 7; t)

_ [_% (Y +y —x —2tQo(Z) + tQuo(t))



RGVGTS@ KTGWQI’&S Walks
New equation: (1)+(2)-(3)

yQ(z,7;t) + yQ(z, xy; t) — 2Q(xy, y; t)

_ KL (3G +y — & — 2tQo(Z) + tQuo(t))

r

K|

Extract constant term wrt y:

rQu(w) = —= (2% — 7 — 2tQo(7) + Qoo 1))

)/O _ 1—tz—v/A

2tx
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RGVGTS@ KTGW@I’&S Walks
New equation: (1)+(2)-(3)

yQ(z,7;t) + yQ(z, xy; t) — 2Q(xy, y; t)

_ KL (3G +y — & — 2tQo(Z) + tQuo(t))

r

K|

Extract constant term wrt y:

rQu(w) = —= (2% — 7 — 2tQo(7) + Qoo 1))

5/0 _ 1—tz—v/A

Canonical factorization of f € Clz, Z][[t]] into f*(x,t)f(t)f(Z,1).

Extract non-positive powers of x to get Qy(7).
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RGVGTS@ KTGWGI’&S W&H(S

Theorem:
Let Y = {N, E,SW}. Then:

AT — T?

—2x T2 1
— |1 - — — U
—I_(Tt < 2x>+tx>\/7

t _9
+ 1—15:5——2 xt “.
T

T =t(2+T3),U=1—2T(1+T3/4) + 2>T?/4







An Interesting case

[ In bijection with Young tableaux of height 3
(#a > #b > #c) — explicit formula for complete

gf. (D-finite; non-algebraic)

1 Regev (1981) gives explicit form for counting gf:
algebraic!

0 Motzkin!






A D—finiteness criterion

Theorem. [Bousquet-Mélou (Petkovsek)]

Let Y be a finite subset of {£1,0} x Z \ {(0,0)} that is symmetric
with respect to the y-axis. Then the complete generating
function Q)(x, y; t) for walks that start from (0, 0), take their steps
In ) and stay in the first quadrant is D-finite.
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A D—finiteness criterion

Theorem. [Bousquet-Mélou (Petkovsek)]
Let Y be a finite subset of {£1,0} x Z \ {(0,0)} that is symmetric
with respect to the y-axis. Then the complete generating
function Q)(x, y; t) for walks that start from (0, 0), take their steps
In ) and stay in the first quadrant is D-finite.

’

Example:
0 O O O O O 0O 0O 0O O

Classifying walks in the quarter plane — p.19/32






Another D-finite example
Ex: Y ={N,E,S,W}



Another D-finite example
Ex: Y ={N,E,S,W}

it



Another D-finite example
Ex: Y ={N,E,S,W}

P L



Another D-finite example
Ex: Y ={N,E,S,W}

PR L

A walk = A pair of Dyck path prefixes implies

Q{N7E757W} (t) — Zm,nZO (m;n) (\_mn}/QJ) (I_n?QJ)tm—Fn
which iIs *not* algebraic, but *Is* D-finite.



A non-1-finite examp

A wa
= wa

Y\

(k=i )

v . ) o .\\X\+y:k

K10 (k _]7])
Ktox+y=k— 2+ step

+ Wwa

Kalongzx +y ==k

[]

[]

Classifying walks in the quarte
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A non-1-finite examp

A wal
= wal

+ wa

Y\

(k=i )

Y. O\
K10 (k _]7])
Ktox+y=k— 2+ step

kalongx+y =%

[]

[]

Classifying walks in the quarter

[]

plane

[]

—p.22/32
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Bounded Dycl{ paths

A Y
AN
‘\
A Y

pull!

Generating function:

HE (1) = - fit1Jk—it1 (i > )
2‘7 Jh42 -

Fibonacci polynomials:

fn+1:fn_t2fn—17 fQ:O, f1:1
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OGE for walks ending onx+y==~k
Sir.; := ogf walks that end at (k — 7, 7)
Bi(y) = >2j— Sy’



OGE for walks ending onx+y==~k
Sir.; := ogf walks that end at (k — 7, 7)

Bi(y) =37 Skj¥/’
Use:

k—2
1=0

to derive recurrence for By, := By.(y) |

1442



OGE for walks ending onx+y==~k
Sir.; := ogf walks that end at (k — 7, 7)

Bi(y) =37 Skj¥/’
Use:

k—2
k
Sk,j = E k0 H g
1=0

to derive recurrence for By, := By.(y) |

1442

c o EBa (@)W 4+ 1) — gy Bioa(y) (¥ + 1)
Bily) = P D ya =Dy -0 '
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These walks are not D-finite. ..

R(s,y,q) == Y Bi(y, q)s*
Lemma: Bj(y) is rational, with poles at ¢"*2 = —1 (¢ # 1)
Proof: Can show By(q) # 0 when ¢"t2 = —1 and ¢ # —1.
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These walks are not D-finite. ..

R(s,y,q) == Y Bi(y, q)s*
Lemma: Bj(y) is rational, with poles at ¢"*2 = —1 (¢ # 1)
Proof: Can show By(q) # 0 when ¢"t2 = —1 and ¢ # —1.

Corollary: R(s,y,q) is not D-finite.

Proof: Fl(z,y) = ). x"c,(y) D-finite in x, with ¢, (y) rational. For
n > 0let S, = poles of ¢,(y), and let S = JS,,. Then

S has only a finite number of accumulation points.

In this case, set of poles — unit circle.
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These walks are not D-finite. ..

R(s,y,q) == Y Bi(y, q)s*
Lemma: Bj(y) is rational, with poles at ¢"*2 = —1 (¢ # 1)
Proof: Can show By(q) # 0 when ¢"t2 = —1 and ¢ # —1.

Corollary: R(s,y,q) is not D-finite.

Theorem: Q(x,y;t) is not D-finite.
Proof: Q(x,y;t) = R(x,y/x, 1_V21t_4t2) and
R(s,y,q) = Q(s,ys; 17-z).
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Results

Classification when || = 3

Rational
Algebraic
D-finite
Not D-finite

M /
X

X X
X X
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A conjectured criteria for D-finiteness

Conjecture 1.
If ()y IS transcendental, then @)y Is D-finite if and only
If at least one of the following holds

1 Y IS x— or y— axis symmetric;

rev()): each step of ) in reverse. e.g. rev(N) = S, rev(SE) = NW.
reflect())): reflect the stepset in x = y.
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A conjectured criteria for D-finiteness

Conjecture 1.
If ()y IS transcendental, then @)y Is D-finite if and only
If at least one of the following holds

1 Y IS x— or y— axis symmetric;
0 Y = rev()) (path reversibility);

rev()): each step of ) in reverse. e.g. rev(N) = S, rev(SE) = NW.
reflect())): reflect the stepset in x = y.



A conjectured criteria for D-finiteness

Conjecture 1.
If ()y IS transcendental, then @)y Is D-finite if and only
If at least one of the following holds

1 Y IS x— or y— axis symmetric;
0 Y = rev()) (path reversibility);
Y = reflect(rev())).

rev()): each step of ) in reverse. e.g. rev(N) = S, rev(SE) = NW.
reflect())): reflect the stepset in x = y.



[s the answer in the group?

Conjecture 2.

Suppose the step set group YV Is not singular. Then
()y I1s D-finite if and only if the group of its step set is
finite.

Singular Walks




[s the answer in the group?

Conjecture 2.

Suppose the step set group YV Is not singular. Then
()y I1s D-finite if and only if the group of its step set is
finite.

Possible route?? FIM: The group Is finite If there
exists an abelian integral of the third kind, having
logarithmic singularities at two points, and
represented as the logarithm of an algebraic function
¢, which belongs to ... .



Redueing one conj. to the other

Lemma:
In the case of restricted amplitude walks in the quarter plane,

suppose Y is not singular. Then G()) is finite if one of the
following

1. VIS x— or y— axis symmetric;
2. Y =rev());
3. Y = reflect(rev())))
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Redueing one conj. to the other

Lemma:
In the case of restricted amplitude walks in the quarter plane,

suppose Y is not singular. Then G()) is finite if one of the
following

1. VIS x— or y— axis symmetric;
2. Y =rev());
3. Y = reflect(rev())))

Proof:
(1) can be proved directly by applying FIM-Lemma 4.1.1., and is

Implied in MBMO3. The rest can be verified directly.
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Redueing one conj. to the other

Lemma:

In the case of restricted amplitude walks in the quarter plane,
suppose Y is not singular. Then G()) is finite if one of the
following

1. VIS x— or y— axis symmetric;
2. Y =rev());
3. Y = reflect(rev())))

Proof:
(1) can be proved directly by applying FIM-Lemma 4.1.1., and is
Implied in MBMO3. The rest can be verified directly.

Challenge: Generalize to non-restricted amplitude case!
0 O O 0O 0O 0O 0O O 0O
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Other related questions

1 Combinatorial actions that preserve either
algebraicity or D-finiteness. e.g. reversal?

1 Walks of greater amplitude. How generalizable
are these arguments?

1 General (automatic) asymptotics.



fin.
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