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T
h
e

E
u
c
lid

A
lg

o
r
ith

m
.

O
n

th
e

in
p
u
t

(u
,v

),
it

com
p
u
tes

th
e

gcd
of

u
an

d
v
,

togeth
er

w
ith

th
e

C
on

tin
u
ed

F
raction

E
x
p
an

sion
of

u
/v

.
v
0

:=
v
;

v
1

:=
u
;v

0 ≥
v
1



v
0

=
m

1 v
1

+
v
2

0
≤

v
2

<
v
1

v
1

=
m

2 v
2

+
v
3

0
≤

v
3

<
v
2

...
=

...
+

v
p
−

2
=

m
p
−

1 v
p
−

1
+

v
p

0
≤

v
p

<
v

p
−

1

v
p
−

1
=

m
p v

p
+

0
v

p
+

1
=

0



v
p

is
th

e
gcd

of
u

an
d

v
.

(m
1 ,m

2 ,...,m
p )

are
th

e
d
igits.

C
F
E

of
uv

:
uv

=
1

m
1

+
1

m
2

+
1

...
+

1m
p

,
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V
a
r
ia

n
ts

o
f
th

e
E
u
c
lid

e
a
n

A
lg

o
r
ith

m
s.

A
E

u
clid

ean
algorith

m
:=

A
n
y

algorith
m

w
h
ich

p
erform

s

a
seq

u
en

ce
of

d
iv

ision
s

v
=

m
u

+
r.

V
ariou

s
p
ossib

le
d
iv

ision
s,

accord
in

g
to

•
th

e
p
osition

of
th

e
rem

ain
d
er

r

(D
iv

ision
B

y
–D

efau
lt,

B
y

E
x
cess,

C
en

tered
)

•
th

e
p
arity

of
th

e
q
u
otien

t
m

(O
d
d

d
iv

ision
s,

E
ven

d
iv

ision
s)

•
A

seq
u
en

ce
of

m
su

b
traction

s
m

ay
rep

lace
th

e
d
iv

ision
w

ith
q
u
o-

tien
t

m
.

A
d
iv

ision
v

=
m

u
+

r
can

b
e
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laced

b
y

a
p
seu

d
o-d

iv
ision

w
h
ere

p
ow

ers
of

2
are

rem
oved
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th

e
rem

ain
d
er

r,
v

=
m

u
+

2
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s
o
d
d
.
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A
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m

,
H
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d
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ision
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C
o
st

o
f
a
n

e
x
e
c
u
tio

n
.

G
iven

a
step

–cost
c

:
N

?7→
R

+
w

h
ich

d
ep

en
d
s

on
ly

on
th

e
d
igit,

th
e

total
cost

C
is

ad
d
itive

C
(u

,v
)

:=

p
∑i=

1

c(m
i )

H
ere,

step
–cost

c
of

m
o
d
e
ra

te
g
ro

w
th

,
i.e.,

c(m
)

=
O

(log
m

)

M
a
in

c
o
sts

o
f
m

o
d
e
ra

te
g
ro

w
th

.

•
if

c≡
1,

th
en

C
=

P
is

th
e

n
u
m

b
er

of
iteration

s

•
if

c
=

c
m

ch
aracteristic

fn
of

a
given

d
igit

m
,

th
en

C
is

th
e

n
u
m

b
er

of
o
ccu

rren
ces

of
m

in
th

e
C

F
.

•
if

c
=

`(m
),

th
e

b
in

ary
len

gth
of

d
igit

m
,
th

en
C

is
th

e
en

co
d
in

g

len
gth

of
th

e
C

F
.

Im
p
o
rta

n
t

Q
u
e
stio

n
:

C
om

p
are

th
e

b
eh

av
iou

r
of

th
ese

variou
s

E
u
clid

ean
algorith

m
s

w
ith

resp
ect

to
d
iff

eren
t

costs.

4



P
re

v
io

u
s

re
su

lts
o
n

th
e

A
v
e
ra

g
e
-C

a
se

A
n
a
ly

sis

S
et

of
p
ossib

le
in

p
u
ts

Ω
N

:=
{(u

,v
);gcd

(u
,v

)
=

1,0
≤

uv
≤

1,v
≤

N
}.

F
irst

resu
lts

ob
tain

ed
on

ly
for

C
=

P
an

d
for

p
articu

lar
algorith

m
s,

D
u
e

to
H

eilb
ron

n
,
D

ix
on

,
R

ieger
(70),

for
S
tan

d
ard

,
C

en
tered

A
lg.

H
eu

ristic
resu

lts
b
y

B
ren

t
(78)

for
th

e
B

in
ary

A
lg.

T
h
en

a
C

om
p
lete

C
lassifi

cation
in

to
tw

o
classes

[V
a

1998].

F
ast

C
lass

=
{S

tan
d
ard

,
C

en
tered

,
O

d
d
,
B

in
ary}

E
N

[P
]
=

A
log

N

S
low

C
lass

=
{B

y
-E

x
cess,

E
ven

,
S
u
b
tractive}

E
N

[P
]
=

B
log

2
N

A
n
d

an
an

aly
sis

of
a

b
road

class
of

costs

[N
ot

on
ly

ad
d
itive

costs
relative

to
step

–costs
of

m
o
d
erate

grow
th

],

am
on

gst
th

em
:

th
e

B
it–C

om
p
lex

ity
[A

k
h
av

i,
V

a,
2000]

In
sta

n
ces

o
f
a

D
y
n
a
m

ica
l
A

n
a
ly

sis=

A
n
a
ly

sis
o
f
A

lg
o
rith

m
s

+
D

y
n
a
m

ica
l
S
y
stem

s

5



H
e
re

:
D

istrib
u
tio

n
a
l
a
n
a
ly

sis
o
f
c
o
st

C
o
n

Ω
N

related
to

a
step

-cost
c

ofM
G

for
th

ree
A

lgorith
m

s
of

th
e

F
ast

C
lass

M
a
in

re
su

lt
:

T
h
e

c
o
st

C
is

a
sy

m
p
to

tic
a
lly

G
a
u
ssia

n

F
irst

a
C

L
T

T
h
e
o
re

m
:

P
N

[

C
(u

,v
)−

µ
(c)

log
N

δ(c) √
log

N
≤

x

]

=
1

√
2π

∫

x

−
∞

e
t
2
/
2d

t
+

O
(

1
√

log
N

)

A
lso

a
L
L
T

T
h
e
o
re

m

for
cost

C
w

ith
a

lattice
step

–cost
c

[
Im

(c)⊂
L
N

w
ith

L
>

0],

P
N

[C
(u

,v
)∼

µ
(c)

log
N

+
x
δ(c)

√

log
N

]
=

e
−

x
2
/
2

δ(c) √
2π

log
N

+
O

(
1

log
N

)

O
p
tim

a
l
sp

e
e
d

o
f
c
o
n
v
e
rg

e
n
c
e

in
b
oth

cases
(L

L
T

an
d

C
L
T

)

A
m

a
jor

im
p
rovem

en
t

of
p
rev

iou
s

resu
lts

d
u
e

to
H

en
sley

(94):
ou

r

p
ro

of
is

m
ore

n
atu

ral,
ou

r
resu

lt
is

m
ore

gen
eral

an
d

m
ore

p
recise.
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E
x
p
re

ssio
n
s

o
f
c
o
n
sta

n
ts

µ
(c)

a
n
d

δ(c)
a
s

m
a
th

e
m

a
tic

a
l
fu

n
c
tio

n
s

C
en

tral
rôle

p
layed

b
y

th
e

P
ressu

re
F
on

ction
Λ

(s,w
)

:=
log

λ
(s,w

),

w
h
ere

λ
(s,w

)
is

th
e

d
om

in
an

t
eigen

valu
e

of
a

w
eigh

ted
tran

sfer

op
erator

H
s
,w

asso
ciated

to
th

e
E

u
clid

ean
D

y
n
am

ical
S
y
stem

.

C
on

stan
ts

µ
(c)

an
d

δ(c)
are

ex
p
ressed

w
ith

th
e

fi
rst

fi
ve

p
artial

d
erivatives

of
(s,w

)−→
Λ

(s,w
)

at
(s,w

)
=

(1,0).

F
iv

e
m

a
in

to
o
ls

in
v
o
lv

e
d

in
th

e
p
ro

o
fs

•
T

h
e

d
y
n
am

ical
sy

stem
an

d
its

w
eigh

ted
tran

sfer
op

erator
H

s
,w

•
T

h
e

Q
u
asi-P

ow
ers

T
h
eorem

on
th

e
m

om
en

t
gen

eratin
g

fu
n
ction

•
P
erron

’s
form

u
la

•
D

olgop
yat’s

resu
lts

•
A

n
in

term
ed

iary
p
rob

ab
ilistic

m
o
d
el,

called
a

sm
o
oth

ed
m

o
d
el
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T
h
e

E
u
c
lid

e
a
n

d
y
n
a
m

ic
a
l
S
y
ste

m
(I).

T
h
e

trace
of

th
e

ex
ecu

tion
of

th
e

E
u
clid

A
lgorith

m
on

(v
1 ,v

0 )
is:

(v
1 ,v

0 )→
(v

2 ,v
1 )→

(v
3 ,v

2 )→
...→

(v
p
−

1 ,v
p )→

(v
p
+

1 ,v
p )

=
(0,v

p )

R
ep

lace
th

e
in

teger
p
air

(v
i ,v

i−
1 )

b
y

th
e

ration
al

x
i
:=

v
i

v
i−

1
.

T
h
e

d
iv

ision
v

i−
1

=
m

i v
i
+

v
i+

1
is

th
en

w
ritten

as

x
i+

1
=

1x
i −

⌊

1x
i

⌋

or
x

i+
1

=
T

(x
i ),

w
h
ere

T
:
[0,1]−→

[0,1],
T

(x
)

:=
1x
−
⌊

1x

⌋

for
x
6=

0,
T

(0)
=

0

A
n

ex
ecu

tion
of

th
e

E
u
clid

ean
A

lgorith
m

=
A

ration
al

tra
jectory

of
th

e
D

y
n
am

ical
S
y
stem

([0,1],T
)

th
at

reach
es

0.
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T
h
e

E
u
c
lid

e
a
n

d
y
n
a
m

ic
a
l
S
y
ste

m
(II).

A
d
y
n
am

icalsy
stem

w
ith

a
d
en

u
m

erab
le

sy
stem

of
b
ran

ch
es

(T
[m

] )
m
≥

1 ,

T
[m

]
:]

1

m
+

1
,

1m
[−→

]0,1[,
T

[m
] (x

)
:=

1x
−

m

T
h
e

setH
of

th
e

in
verse

b
ran

ch
es

of
T

is

H
:=
{

h
[m

]
:]0,1[−→

]
1

m
+

1
,

1m
[;

h
[m

] (x
)

:=
1

m
+

x }

T
h
e

setH
b
u
ild

s
on

e
step

of
th

e
C

F
’s.

T
h
e

set H
n

is
th

e
set

of
th

e
in

verse
b
ran

ch
es

of
T

n
;

it
b
u
ild

s
C

F
’s

of
d
ep

th
n
.

T
h
e

setH
?

:=
⋃

H
n

b
u
ild

s
all

th
e

(fi
n
ite)

C
F
’s.
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T
h
e

d
e
n
sity

tra
n
sfo

rm
e
r

H
ex

p
resses

th
e

n
ew

d
en

sity
f
1

as
a

fu
n
ction

of
th

e
old

d
en

sity
f
0 ,

as
f
1

=
H

[f
0 ].

It
in

volves
th

e
setH

H
[f

](x
)
:=
∑

h
∈
H

|h
′(x

)|·f
◦

h
(x

)

W
ith

a
cost

c
:H

→
R

+
d
efi

n
ed

b
y

c(h
[m

] )
:=

c(m
),

it
ex

ten
d
s

to

th
e

w
eigh

ted
tran

sfer
op

erator
H

s
,w

H
s
,w

[f
](x

)
:=
∑

h
∈
H

ex
p
[w

c(h
)]·|h

′(x
)| s·f

◦
h
(x

)



M
u
ltip

licative
p
rop

erties
of

th
e

d
erivative

A
d
d
itive

p
rop

erties
of

th
e

cost



=⇒

H
ns
,w

[f
](x

)
:=

∑

h
∈
H

n

ex
p
[w

c(h
)]·|h

′(x
)| s·f

◦
h
(x

)

T
h
e

n
–th

iterate
of

H
s
,w

gen
erates

th
e

C
F
s

of
d
ep

th
n
.

T
h
e

q
u
a
si

in
v
e
rse

(I−
H

s
,w

)
−

1
=
∑

n
≥

0
H

ns
,w

gen
erates

a
ll

th
e

fi
n
ite

C
F
s.

1
0



O
th

e
r

E
u
c
lid

e
a
n

D
y
n
a
m

ic
a
l
S
y
ste

m
s.

A
con

tin
u
ou

s
d
y
n
am

ical
sy

stem
can

b
e

asso
ciated

to
each

d
iscrete

d
iv

ision
:

R
ep

lace
th

e
ration

al
u
/v

b
y

a
gen

eric
real

x
ofI

.

T
h
e

D
S

relative
to

a
“tru

e”
d
iv

ision
is

d
eterm

in
istic.

T
h
e

D
S

relative
to

a
p
seu

d
o–d

iv
ision

is
ran

d
om

:
T

h
e

2-ad
ic

valu
ation

b
b
ecom

es
a

ran
d
om

variab
le

B
w

ith
P
[B

=
b]

=
1/2

b
for

b≥
1.

K
ey

P
rop

erty
:

E
x
p
an

siven
ess

of
b
ran

ch
es

|T
′(x

)|≥
ρ

>
1

for
all

x
in
I

W
h
en

tru
e,

th
is

im
p
lies

a
ch

aotic
b
eh

av
iou

r
for

tra
jectories

an
d

go
o
d

p
rop

erties
for

th
e

d
en

sity
tran

sform
er

w
h
en

it
acts

on
C

1(I
).

T
h
e

asso
ciated

algorith
m

s
are

F
ast

an
d

b
elon

g
to

th
e

G
o
o
d

C
lass

W
h
en

th
is

con
d
ition

is
v
iolated

at
on

ly
on

e
fi
x
ed

p
oin

t,
th

is
lead

s
to

in
term

itten
cy

p
h
en

om
en

a
.

T
h
e

asso
ciated

algorith
m

s
are

S
low

.

1
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M
a
in

A
n
a
ly

tic
a
l
P

ro
p
e
rtie

s
o
f
H

s
,w

for
an

algorith
m

of
th

e
G

o
o
d

C
lass

an
d

a
d
igit-cost

c
of

m
o
d
erate

grow
th

.

H
s
,w

acts
on

C
1(I

);

T
h
e

m
ap

(s,w
)7→

H
s
,w

is
an

aly
tic

n
ear

th
e

referen
ce

p
oin

t
(1,0)

F
or

s
an

d
w

real
:

P
rop

erty
U

D
E

:
U

n
iq

u
e

d
om

in
an

t
eigen

valu
e

λ
(s,w

),

P
rop

erty
S
G

:
E

x
isten

ce
of

a
sp

ectral
gap

.

W
ith

p
ertu

rb
ation

th
eory,

th
ese

p
rop

erties
rem

ain
tru

e
w

h
en

(s,w
)

is
n
ear

(1,0),
λ
(s,w

)
is

an
aly

tic
w

.r.t.
s

an
d

w
.

A
sp

ectral
d
ecom

p
osition

H
s
,w

=
λ
(s,w

)·
P

s
,w

+
N

s
,w

.

P
s
,w

is
th

e
p
ro

jector
on

th
e

d
om

in
an

t
eigen

su
b
sp

ace.

N
s
,w

is
th

e
op

erator
relative

to
th

e
rem

ain
d
er

of
th

e
sp

ectru
m

,

w
h
ose

sp
ectral

rad
iu

s
ρ

s
,w

satisfi
es

ρ
s
,w
≤

θλ
(s,w

)
w

ith
θ

<
1.

.....w
h
ich

ex
ten

d
s

to
all

n
≥

1,
H

ns
,w

=
λ

n
(s,w

)·P
s
,w

+
N

ns
,w

.
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T
h
en

,
if
∫

I
f
(t)d

t
>

0,
a

Q
u
asi–P

ow
er-p

rop
erty

H
ns
,w

[f
]
=

λ
n
(s,w

)·P
s
,w

[f
]·[1

+
O

(θ
n
)]

an
d
,
a

d
ecom

p
osition

for
th

e
q
u
asi–in

verse

(I−
H

s
,w

)
−

1
=

λ
(s,w

)
P

s
,w

1−
λ
(s,w

)
+

(I−
N

s
,w

)
−

1

S
in

ce
H

1
,0

is
a

d
en

sity
tran

sform
er,

on
e

h
as

λ
(1,0)

=
1
.

“D
om

in
an

t”
(p

olar)
sin

gu
larities

of
(I−

H
s
,w

)
−

1
n
ear

th
e

p
oin

t
(1,0):

alon
g

a
cu

rve
s

=
σ
(w

)
on

w
h
ich

th
e

d
om

in
an

t
eigen

valu
e

satisfi
es

λ
(σ

(w
),w

)
=

1

1
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H
o
w

to
p
ro

v
e

a
n

a
sy

m
p
to

tic
g
a
u
ssia

n
la

w
?

W
ith

th
e

m
om

en
t

gen
eratin

g
fn

E
N

[ex
p
(w

C
N

)]
of

cost
C

N
:=

C
|Ω

N
.

Q
u
a
si–

P
o
w

e
rs

T
h
e
o
re

m
.

If
E

N
[ex

p
(w

C
N

)]
is

a
u
n
iform

q
u
asi-

p
ow

er
w

h
en

w
is

n
ear

0,
th

en
C

N
is

asy
m

p
totically

gau
ssian

on
Ω

N
.

If
E

N
[ex

p
(w

C
N

)]
=

ex
p
[β

N
U

(w
)
+

V
(w

)]·
[

1
+

O

(

1κ
N

)
]

w
ith

a
O

-term
u
n
ifo

rm
w

h
en

w
is

n
ea

r
0
,

U
,V

a
n
a
ly

tic,
U
′′(0)6=

0
,
a
n
d

β
N

,κ
N
→
∞

,

T
h
en

:
(i)

C
N
−

U
′(0)·β

N
√

U
′′(0)β

N

is
a
sy

m
p
to

tica
lly

G
a
u
ssia

n
,

w
ith

a
sp

eed
o
f
co

n
v
erg

en
ce

O
(κ
−

1
N

+
β
−

1
/
2

N
)

1
4



(ii)
P

recise
estim

a
tes

h
o
ld

fo
r

th
e

ex
p
ecta

tio
n

E
N

[C
N

]
a
n
d

th
e

v
a
ria

n
ce

V
N

[C
N

]

E
N

[C
N

]
=

β
N

U
′(0)

+
V
′(0)

+
O

(κ
−

1
N

)
,

V
N

[C
N

]
=

β
N

U
′′(0)

+
V
′′(0)

+
O

(κ
−

1
N

)
.

(iii)
a
n
d

fo
r

a
ll

m
o
m

en
ts

o
f
o
rd

er
k

E
N

[C
kN

]
=

P
k (β

N
)

+
O

(

β
k
−

1
Nκ
N

)

w
ith

a
a

p
o
ly

n
o
m

ia
l

P
k

o
f

d
eg

ree
a
t

m
o
st

k
,

w
ith

co
effi

cien
ts

d
e-

p
en

d
in

g
o
n

th
e

d
eriv

a
tiv

es
o
f
o
rd

er
a
t

m
o
st

k
a
t

0
o
f
U

a
n
d

V
.

1
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D
istrib

u
tio

n
o
f
re

a
l
tru

n
c
a
te

d
tra

je
c
to

rie
s.

(I)
M

e
th

o
d
s

E
n
d
ow

th
e

in
tervalI

w
ith

d
en

sity
f
,

an
d

con
sid

er,
for

an
y

real
x
,

th
e

cost
C

n
relative

to
th

e
n

fi
rst

d
igits

C
n
(x

)
:=

n
∑i=

1

c(m
i )

L
im

it
d
istrib

u
tion

of
C

n
w

h
en

n
→
∞

?

E
[ex

p
(w

C
n
)]

=
∑

h
∈
H

n

ex
p
[w

c(h
)]·
∫

h
(
I
)

f
(y

)
d
y
,
an

d
,
w

ith
y

=
f
(u

),

=

∫

I

∑

h
∈
H

n

ex
p
[w

c(h
)]·|h

′(u
)|·f

◦
h
(u

)
d
u

=

∫

I

H
n1
,w

[f
](u

)
d
u

.

W
ith

U
D

E
+

S
G

,

E
[ex

p
(w

C
n
)]

=

(

λ
(1,w

)
n

∫

I

P
1
,w

[f
](u

)
d
u

)

(1
+

O
(θ

n
))

,

A
u
n
iform

q
u
asi

p
ow

er
!

w
ith

U
(w

)
=

Λ
(1,w

).

1
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D
istrib

u
tio

n
o
f
re

a
l
tru

n
c
a
te

d
tra

je
c
to

rie
s.

(II)
R

e
su

lts

F
or

a
trip

le
(I

,T
,c)

ofGM
G

ty
p
e

w
ith

n
on

-con
stan

t
c

an
d

an
y

p
rob

-

ab
ility

P
r

on
I

w
ith

a
C

1
d
en

sity,
th

ere
is

A
n

asy
m

p
totic

G
au

ssian
law

for
C

n
:

P

[

x
∣∣

C
n
(x

)−
µ̂
(c)n

δ̂(c) √
n

≤
Y

]

=
1

√
2π

∫

Y

−
∞

e
−

y
2
/
2
d
y

+
O

(

1√n

)

.

w
ith

µ̂
(c)

=
Λ
′w
(1,0),

δ̂
2(c)

=
Λ
′′w

2 (1,0)

[C
on

vex
ity

p
rop

erties
of

Λ
(w

.r.t
w

)
p
rove

th
at

Λ
′′w

2 (1,0)6=
0

for
a

n
on

–con
stan

t
cost

c.]

F
or

an
y

θ
w

h
ich

satisfi
es

r
1

<
θ

<
1,

(w
ith

r
1

=
th

e
su

b
d
om

in
an

t

sp
ectral

rad
iu

s
of

th
e

d
en

sity
tran

sform
er

H
),

E
[C

n
]
=

µ̂
(c)·n

+
η̂
(c)

+
O

(θ
n
)
,

V
[C

n
]
=

δ̂
2(c)·n

+
δ̂
1 (c)

+
O

(θ
n
)
,

[A
n

easy
p
ro

of
for

a
q
u
ite

w
ell-k

n
ow

n
resu

lt
.]

1
7



R
a
tio

n
a
l
tra

je
c
to

rie
s:

T
h
e

D
irich

le
t

m
o
m

e
n
t

g
e
n
e
ra

tin
g

fu
n
c
tio

n
(I).

D
e
fi
n
itio

n
.

R
ep

lace
th

e
seq

u
en

ce
of

M
G

F
’s

E
N

[ex
p
(w

C
)]

b
y

a

u
n
iq

u
e

D
irich

let
m

om
en

t
gen

eratin
g

fu
n
ction

S
(s,w

);

T
w

o
p
aram

eters
s

an
d

w
:

s
m

ark
s

th
e

size,
an

d
w

m
ark

s
th

e
cost,

Ω
is

th
e

set
of

all
th

e
p
ossib

le
in

p
u
ts,

S
(s,w

)
:=

∑

(u
,v

)
∈

Ω

1v
s

ex
p
[w

C
(u

,v
)]

=
∑

n
≥

1

c
n
(w

)

n
s

w
ith

c
n
(w

)
:=

∑

(
u

,
v
)
∈
Ω

v
=

n

ex
p
[w

C
(u

,v
)]

T
h
e

p
lain

m
om

en
t

gen
eratin

g
fu

n
ction

E
N

[ex
p
(w

C
)]

is
ex

p
ressed

w
ith

co
effi

cien
ts

of
S

(s,w
)

E
N

[ex
p
(w

C
)]

=

∑

n
≤

N
c
n
(w

)
∑

n
≤

N
c
n
(0)

1
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T
h
e

D
irich

le
t

m
o
m

e
n
t

g
e
n
e
ra

tin
g

fu
n
c
tio

n
(II).

L
in

k
w

ith
th

e
tra

n
sfe

r
o
p
e
ra

to
r.

T
h
e

E
u
clid

A
lgorith

m
b
u
ild

s
a

b
ijection

b
etw

een
Ω

an
d
H

?:

(u
,v

)7→
h

w
ith

uv
=

h
(0).

T
h
en

,
1v

=
1

D
[h

](0)
=
|h
′(0)| 1

/
2,

C
(u

,v
)
=

c(h
),

an
d

th
e

D
irich

let
series

S
(s,w

)
:=

∑

(u
,v

)
∈

Ω

1v
s

ex
p
[w

C
(u

,v
)]

=
∑

h
∈
H

? |h
′(0)| s

/
2
ex

p
[w

c(h
)]

ad
m

its
an

altern
ative

ex
p
ression

w
ith

th
e

q
u
asi

in
verse

(I−
H

s
,w

)
−

1
of

th
e

w
eigh

ted
tran

sfer
op

erator
H

s
,w

,

S
(2s,w

)
=

(I−
H

s
,w

)
−

1[1](0)

1
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S
tu

d
y

o
f
th

e
m

o
m

e
n
ts

E
N

[C
k].

(I)
M

e
th

o
d
s.

U
ses

th
e

k
–th

d
erivative

of
S

(s,w
)

(w
ith

resp
ect

to
w

,
at

w
=

0)

=
A

D
irich

let
series

G
k (s)

w
h
ich

in
volves

k
o
ccu

rren
ces

of
(I−

H
s )
−

1

E
x
tra

c
tio

n
o
f
c
o
e
ffi

c
ie

n
ts

v
ia

T
a
u
b
e
ria

n
T

h
e
o
re

m
s.

F
or

a
D

irich
let

series
G

(s)
:=
∑

n
≥

1
a

n
n
−

s,
w

ith
a

n
≥

0

T
au

b
erian

T
h
eorem

p
rov

id
e

estim
ates

for
th

e
su

m
s
∑

n
≤

N
a

n

(b
u
t

w
ith

ou
t

rem
ain

d
er

term
s)

W
h
ich

p
rop

erties
of

H
s

are
u
sed

for
ap

p
ly

in
g

T
au

b
erian

T
h
eorem

s?

U
D

E
+

S
G

+
A

p
erio

d
icity

C
on

d
ition

:

1
6∈

S
p
H

s
on

th
e

vertical
lin

e
<

s
=

1,s6=
1

2
0



T
a
u
b
e
ria

n
T

h
e
o
re

m
.

[D
elan

ge]
S
u
p
p
ose

th
at

a
D

irich
let

series

G
(s)

:=
∑

n
≥

1
a

n
n
−

s,
w

ith
a

n
≥

0
con

verges
for<

(s)
>

σ
>

0
.

A
ssu

m
e

th
at

(i)
G

(s)
is

an
aly

tic
on

<
(s)

=
σ
,s6=

σ
,

(ii)
F
or

som
e

γ
>

0
,
w

h
en

s
is

n
ear

σ
,

G
(s)

=
A

(s)

(s−
σ
)
γ
+

1
+

C
(s)

w
ith

A
,C

an
aly

tic
at

s
=

σ
,
an

d
A

(σ
)6=

0

T
h
en

:

∑

n
≤

N

a
n

=
A

(σ
)

σ
Γ
(γ

+
1) ·N

σ
·
log

γ
N
·
[1

+
ε(N

)],
ε(N

)→
0.

2
1



S
tu

d
y

o
f
th

e
m

o
m

e
n
ts

E
N

[C
k].

(II)
R

e
su

lts.

F
or

an
algorith

m
of

th
e

G
o
o
d

C
lass

an
d

c
=

1,
E

N
[P

]∼
2

h
(S

)

F
or

an
algorith

m
of

th
e

G
o
o
d

C
lass

an
d

a
cost

c
of

m
o
d
erate

grow
th

,

E
N

[C
k]∼

(
E

N
[C

])
k

w
ith

E
N

[C
]∼

µ̂
(c)·

E
N

[P
]

w
h
ere

µ̂
(c)

=
th

e
average

of
c

alon
g

th
e

real
tra

jectories,

=
th

e
average

of
c

w
ith

resp
ect

to
th

e
station

ary
d
en

sity.

T
w

o
m

ain
resu

lts.

•
S
im

ilarity
b
etw

een
th

e
b
eh

av
iou

r
of

C
on

alm
ost

all
real

tra
jec-

tories
an

d
its

average
b
eh

av
iou

r
on

ration
al

tra
jectories.

•
T

h
e

d
istrib

u
tion

of
C

is
con

cen
trated

arou
n
d

its
m

ean
.

2
2



D
istrib

u
tio

n
stu

d
y
:

E
x
tra

c
tio

n
o
f
c
o
e
ffi

c
ie

n
ts

v
ia

th
e

P
e
rro

n
F
o
rm

u
la

:

T
h
e

P
erron

F
orm

u
la

of
ord

er
tw

o,

F
or

F
(s)

:=
∑n
≥

1

a
n

n
s
,

∑

n
≤

N

∑q
≤

n

a
q

=
12iπ

∫

D
+

i∞

D
−

i∞

F
(s)

N
s
+

1

s(s
+

1)
d
s

is
a

fi
rst

step
for

estim
atin

g
E

N
[ex

p
(w

C
)]..

u
n
iform

ly
in

w
.

P
erron

’s
form

u
la

relates
th

e
M

G
F

E
N

[ex
p
(w

C
)]

to

12iπ

∫

D
+

i∞

D
−

i∞

S
(2s,w

)
N

2
s
+

1

s(2s
+

1)
d
s

=
12iπ

∫

D
+

i∞

D
−

i∞

(I−
H

s
,w

)
−

1[1](0)
N

2
s
+

1

s(2s
+

1)
d
s

W
h
at

can
b
e

ex
p
ected

on
S

(2s,w
)

(closely
related

to
(I−

H
s
,w

)
−

1)

for
d
ealin

g
w

ith
th

e
P
erron

F
orm

u
la?

2
3



P
ro

p
e
rty

U
S

P
ro

p
e
rty

U
S

.
T

h
ere

ex
ists

a
strip

S
:=

{s;|<
(s)−

1|
<

α}
su

ch

th
a
t,

u
n
ifo

rm
ly

w
.r.t.

w
w

h
en

w
is

n
ea

r
0
,

(i)
[S

tron
g

ap
erio

d
icity

]
S

(2s,w
)

h
a
s

a
u
n
iq

u
e

p
o
le

in
sid

e
S

;
it

is

lo
ca

ted
a
t

s
=

σ
(w

)

(ii)
[U

n
iform

estim
ates]

O
n

th
e

left
lin

e
<

s
=

1−
α
:

S
(2s,w

)
=

O
(|=

s| β
)

w
ith

β
<

1

R
em

ark
.

P
rop

erty
U

S
is

n
ot

alw
ay

s
tru

e;
F
or

in
stan

ce,
P

rop
erty

(i)
is

false
for

D
y
n
am

ical
S
y
stem

s
w

ith
affi

n
e

b
ran

ch
es.

T
h
ree

m
ain

facts.

(1)
T

h
ere

ex
ists

a
C

on
d
ition

,
th

e
C

on
d
ition

U
N

I,
th

at
ex

p
resses

th
at

th
e

d
y
n
am

ical
sy

stem
is

q
u
ite

d
iff

eren
t

from
a

p
iecew

ise
affi

n
e

m
ap

.

(2)
T

h
e

C
on

d
ition

U
N

I
is

su
ffi

cien
t

to
im

p
ly

th
e

P
rop

erty
U

S
.

(3)
T

h
e

C
on

d
ition

U
N

I
is

tru
e

in
ou

r
E

u
clid

ean
con

tex
t.

2
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C
o
n
d
itio

n
U

N
I.

W
ith

a
“d

istan
ce”

∆
b
etw

een
tw

o
in

verse
b
ran

ch
es

h
an

d
k

∆
h

,h
:=

in
f

x
∈
I
Ψ
′h

,k (x
),

w
ith

Ψ
h

,k (x
)

:=
log

|h
′(x

)]

|k
′(x

)| ,

C
on

d
ition

U
N

I
say

s:
T

h
e

in
verse

b
ran

ch
es

of
sam

e
d
ep

th
are

n
ot

to
o

often
to

o
close

w
.r.t.

∆
.

C
on

d
ition

U
N

I
is

n
ever

tru
e

for
D

S
w

ith
affi

n
e

b
ran

ch
es

(∆
≡

0),

b
u
t

th
e

U
N

I
C

on
d
ition

is
tru

e
in

ou
r

E
u
clid

ean
con

tex
t.

(Item
3)

D
olgop

yat
(98)

p
roves

th
e

Item
2

b
u
t

on
ly

for

•
D

y
n
am

ical
S
y
stem

s
w

ith
a

fi
n
ite

n
u
m

b
er

of
b
ran

ch
es

•
P

lain
tran

sfer
op

erators
(n

ot
w

eigh
ted

)

W
e

ad
ap

t
h
is

argu
m

en
ts

to
gen

eralize
th

is
resu

lt
to

ou
r

fram
ew

ork

an
d

p
rove

(2).

2
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C
o
m

in
g

b
a
ck

to
th

e
p
ro

o
f
o
f
th

e
a
sy

m
p
to

tic
g
a
u
ssia

n
la

w
.

S
tep

1.
In

tro
d
u
ce

th
e

sm
o
oth

ed
m

o
d
el

Ω
N

.
C

h
o
ose

fi
rst

N
;

th
en

d
raw

u
n
iform

y
q

b
etw

een
N

an
d
bN

−
N

1
−

γc;
fi
n
ally

d
raw

u
n
iform

ly

(u
,v

)∈
Ω

q

T
h
e

P
erron

F
orm

u
la

w
ith

th
e

U
S

P
rop

erty
en

tail
a

u
n
iform

q
u
asi-

p
ow

er
b
eh

av
iou

r
for

th
e

M
G

F
of

th
e

sm
o
oth

ed
version

of
cost

C
,

E
N

[ex
p
(w

C
)]

=
(1

+
O

(N
−

γ
)
)

ex
p

(2[σ
(w

)−
σ
(0)]log

N
+

A
(w

))

w
ith

a
O

–term
u
n
iform

in
w

.

S
tep

2.
T

h
e

Q
u
asi-P

ow
er

T
h
eorem

p
roves:

th
e

C
ost

C
N

follow
s

asy
m

p
totically

a
G

au
ssian

L
aw

in
th

e
sm

o
oth

ed
m

o
d
el.

S
tep

3.
T

h
e

tw
o

d
istrib

u
tion

s
of

C
[on

Ω
N

an
d

on
Ω

N
]
are

O
(N

−
γ
)-

close
an

d
,
fi
n
ally,

th
e

C
ost

C
follow

s
asy

m
p
totically

a
G

au
ssian

L
aw

in
th

e
p
lain

m
o
d
el .
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A
sy

m
p
to

tic
G

a
u
ssia

n
L
a
w

:
th

e
C

e
n
tra

l
L
im

it
T

h
e
o
re

m

P
N

[

C
(u

,v
)−

µ
(c)

log
N

δ(c) √
log

N
≤

x

]

=
1

√
2π

∫

x

−
∞

e
−

t
2
/
2d

t
+

O
(

1
√

log
N

)

T
h
e

con
stan

ts
µ
(c)

an
d

δ(c)
are

ex
p
ressed

w
ith

th
e

fi
rst

an
d

secon
d

d
erivatives

of
th

e
fu

n
ction

w
7→

σ
(w

)
d
efi

n
ed

b
y

Λ
(σ

(w
),w

)
=

0
.

µ
(c)

=
2σ
′(0)

=
−

2Λ
′w
(1,0)

Λ
′(1)

,

W
ith

L
(w

)
:=

Λ
(1

+
σ
′(0)w

,w
),

δ
2(c)

=
2σ
′′(0)

=
2

|Λ
′(1)| L

′′(0).

T
h
e

strict
p
ositiv

ity
of

L
′′(0)

is
related

to
th

e
U

N
I

P
rop

erty
.
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C
o
m

p
u
ta

tio
n

o
f
th

e
c
o
n
sta

n
ts.

E
x
am

p
le

of
th

e
S
tan

d
ard

C
ase.

M
ean

con
stan

ts
[related

to
th

e
fi
rst

d
erivatives

of
Λ

(s,w
)]

ad
m

it

altern
ative

ex
p
ression

s
w

h
ich

in
volve

th
e

station
ary

d
en

sity
f
1 .

T
h
e

en
trop

y
of

th
e

sy
stem

h
(S

)
=

Λ
′s (1,0)

=

∫

I

log|T
′(x

)|·
f
1 (x

)d
x

T
h
e

con
stan

ts
µ̂
(c)

=
Λ
′w
(1,0)

=
∑

h
∈
H

c(h
)·
∫

h
(
I
)

f
1 (t)d

t

S
in

ce
f
1 (x

)
=

1

log
2

1

1
+

x
,

th
e

en
trop

y
h
(S

)
=

π
2

6
log

2
,

µ̂
(c

m
)

=
1

log
2

log

(

1
+

1

m
(m

+
2)

)

[c
m

=
ch

aracteristic
fn

of
d
igit

m
]

µ̂
(`)

=
1

log
2

log
∞∏

k
=

0

(

1
+

12
k

)

[`=
th

e
b
in

ary
len

gth
of

th
e

d
igit]

N
ot

su
ch

ex
p
licit

ex
p
ression

s
for

varian
ce

con
stan

ts
δ(c);

h
ow

ever,

th
ey

are
p
oly

n
om

ial–tim
e

com
p
u
tab

le
[L

h
ote].
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A
sy

m
p
to

tic
G

a
u
ssia

n
L
a
w

:
th

e
L
o
c
a
l
L
im

it
T

h
e
o
re

m
fo

r
la

ttic
e

c
o
sts

It
is

su
ffi

cien
t

to
con

sid
er

in
teger

costs
in

th
e

sm
o
oth

ed
m

o
d
el.

Ē
N

[e
iτ

C
]
=
∑`
≥

0

P̄
N

[C
=

`]e
iτ

`
=⇒

P̄
N

[C
=

`]
=

12π

∫

π

−
π

e
−

iτ
`·

Ē
N

[e
iτ

C
]d

τ.

L
L
T

S
tu

d
y

=⇒
`

n
ear

q
x
(n

)
:=
bµ

(c)n
+

δ(c)x √
ne,

w
ith

n
:=

log
N

.

I
n

:=
2π
√

log
N
·P̄

N
[C

=
q
x
(log

N
)]

=
√

n

∫

+
π

−
π

ex
p
[−

iτ
q
x
(n

)]·
Ē

N
[e

iτ
C

]d
τ.

D
ecom

p
ose

[−
π
,+

π
]
in

to
[−

υ
,υ

]
an

d
its

com
p
lem

en
t,

so
th

at

I
n

=
I
(0

)
n

+
I
(1

)
n

.

F
or

I
(0

)
n

,
w

ith
th

e
sad

d
le–p

oin
t
m

eth
o
d
,

I
(0

)
n

=
√

2π
e
−

x
2
/
2

δ(c)
+

O

(

1√n

)

.

F
or

I
(1

)
n

,
w

ith
th

e
U

N
I

P
rop

erty
for

lattice
costs,

|Ē
N

[ex
p
(iτ

C
)]|≤

Q
N
−

γ
0
,∀|τ|∈

[υ
,π

]
I
(1

)
n

=
O

(e
−

n
γ
).
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C
o
n
c
lu

sio
n

A
n

in
stan

ce
of

a
D

y
n
am

ical
A

n
aly

sis,

O
n
ly

p
rev

iou
sly

u
sed

for
A

verage–C
ase

A
n
aly

ses,

H
ere

u
sed

for
a

D
istrib

u
tion

al
A

n
aly

sis.

O
p
e
n

p
ro

b
le

m
s

S
tu

d
y

of
oth

er
algorith

m
s,

F
ast

on
es

(for
in

stan
ce

th
e

B
in

ary
A

lgorith
m

?)
or

S
low

on
es?

S
tu

d
y

of
oth

er
costs,

w
ith

n
on

m
o
d
erate

grow
th

?

n
on

ad
d
itive

[for
in

stan
ce

th
e

b
it–com

p
lex

ity
?]
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