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Outline

•Presentassumptionsandbasictechniques.

•Definepatterns.

•Findrepresentationsascombinatorialobjects.

•Converttocorrespondinggeneratingfunctions.

•Computeasymptotics.
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1.Basics

Labelleduniverse

Countingofcombinatoricalstructuresbyexponentialgenerating

functions

p(z)=
∑

pn
zn

n!

Firstmodel:Alltreesofsizenhaveequalprobability.
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RootedTrees

Construction(rooted):

PSfragreplacements

r r r r r r r r r r

...

Treefunction:

p(z)=z

(

1+p(z)+
p(z)2

2!
+

p(z)3

3!
+...

)

=ze
p(z)

Explicitnumberofrootedtreesofsizenviae.g.Lagrangein-
versionformula

pn=n
n−1
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PlantedRootedTrees

Sometimeshelpful:plantedrootedtrees.

Nodedegreedoesnotchangeduringconstruction.

PSfragreplacements

p p p p p p p p p p

...

Resultsinsamefunctionp(z).

Firstorderasymptotics

p(z)=1−
√

2
√

1−ez+O(z)
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BivariateGeneratingFunctions

Markspecialpropertieswithasecondvariableu

E.g.:Nodeswithparticulardegreek+1

p=ze
p
−

pk

k!
+u

pk

k!
=ze

p
+(u−1)

pk

k!

Possibletofindlimitdistributionandcomputeparameters.In

thiscase[DrmotaandGittenberger1997]:asymptoticallyGaus-

sianwithmeanµknandvarianceσ2
kn,wheremk=

1
ek!und

σk=−
1+(k−2)2

e2(k−1)!2+
1

e(k−1)!
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2.Patterns

Whatisapattern?

Inourcase,connectedsub-treeM.

Easyexample:
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HowtoMarkaPattern?

Moredifficultthanwithsinglenodes.

Splitinparts:

PSfragreplacements
t1t2 t3t4

Aim:Describepatternsbygeneratingfunctionsforeachpart

→systemoffunctionalequations.
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Proposition(PlantedRootedTrees)

LetMbeapattern.ThenthereexistLauxiliaryfunctions

aj(x,u)(1≤j≤L)with

p(x,u)=
L∑

j=1

aj(x,u)

andpolynomialsPj(y1,...,yL,u)(1≤j≤L−1)withnon-

negativecoefficientssuchthat

a1(x,u)=x·P1(a1(x,u),...,aL(x,u),u)
...

aL−1(x,u)=x·PL−1(a1(x,u),...,aL(x,u),u)(1)

aL(x,u)=xe
a1(x,u)+···+aL(x,u)

−x
L−1 ∑

j=1

Pj(a1(x,u),...,aL(x,u),1).
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NotationtoDescribePatterns

◦isa(planted)rootnode,×theCartesianproduct,∩theinter-

section,∪theunion,and
.
∪thedisjunctunion.

×bindsstrongerthaneitherof∩,∪,and
.
∪.

Note:noimmediateone-to-onecorrespondancetothegenerat-

ingfunctions(relativeprobabilities,u).
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PSfragreplacements

t1

t1

t2

t2t3t4

p p p p p p p p p

t1={◦}×p×p×p×p,

t2={◦}×p×p×p,

t3={◦}×t2×p,

t4={◦}×t1×p.
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3.ConverttoFunctions

•Standardise:noduplicatedescriptionsofthesamestructure

•Findcoefficients

•Sprinklewithu
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StandardForm

Eachtreeajrepresentedasdisjointunionoftreesofthekind

{◦}×al1×···×ald,(2)

(d=degreeoftherootofaj).
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StandardisingtheFunctions

Buildintersections(symbolically):

x1={◦}×x1,1×···×x1,l

x2={◦}×x2,1×···×x2,l

x1∩x2=
⋃

{m1,...,ml}={1,...,l}
{n1,...,nl}={1,...,l}

{◦}×(x1,m1∩x2,n1)×···×(x1,ml∩x2,nl)

x1∪x2=x1
.
∪x2\(x1∩x2)
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IntersectionExample

t1={◦}×p×p×p×p,

t2={◦}×p×p×p,

t3={◦}×t2×p,

t4={◦}×t1×p.

Onlyonenon-emptyintersection:

t3∩t4={◦}×(t1∩t2)×p∪{◦}×t1×t2=

={◦}×t1×t2.
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ExampleinStandardisedForm

a1=t3\(t3∩t4)={◦}×a5×(a1∪a2∪a3∪a5∪a6),

a2=t4\(t3∩t4)={◦}×a4×(a1∪a2∪a3∪a4∪a6),

a3=t3∩t4={◦}×a4×a5,

a4=t1={◦}×
6⋃

i=1

ai×
6⋃

i=1

ai×
6⋃

i=1

ai×
6⋃

i=1

ai,

a5=t2={◦}×
6⋃

i=1

ai×
6⋃

i=1

ai×
6⋃

i=1

ai,

a6=p\(a1∪···∪a5)=

={◦}∪{◦}×
6⋃

i=1

ai∪{◦}×(a1∪a2∪a3∪a6)×(a1∪a2∪a3∪a6)∪

∪
∞⋃

n=5









{◦}×
6⋃

i=1

ai×
6⋃

i=1

ai×···×
6⋃

i=1

ai

︸︷︷︸
n









.
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Coefficients

Aj,l1,...,lL,k:=numberofpossibleconfigurationsoftype(2)

(lisub-treesoftypeai,knewoccurrencesofM)

Coefficientsarecomputedbysimplecombinatorics(kisimplicitly

givenbyli).
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ResultingFunctions

Pj(y1,...,yL,u)=
∑

l1,...,lL≥0

Aj,l1,...,lL,k

l1!···lL!
y

l1
1···y

lL
Lu

k
,1≤j≤L−1

PL(y1,...,yL)=e
y1+···+yL−

L−1 ∑

j=1

Pj(y1,...,yL,1).

aj(x,u)=x·Pj(a1(x,u),...,aL(x,u),u).

→proposedstructureofthesystemoffunctionalequations(1).
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HowtoFindk=k(l1,...,lL)

Newpatternsoccurwhenallnecessarysub-treesareattachedto

anodeofproperdegree.

Inexample,threecases:

1.Nodeofdegreethreewithat1andt2.

2.Nodeofdegreefourwithat4attached.Eacht4produces

anotherpattern.

3.Nodeofdegreefivewithat3attached.Eacht3produces

anotherpattern.
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CoefficientsinExample

P1=y5(y1+y2+y3+y6)+
1

2!
y
2
5,

P2=y4(y1+y2+y3+y6)+
1

2!
y
2
4,

P3=uy4y5,

P4=
(uy1+y2+uy3+y4+y5+y6)4

4!
,

P5=
(y1+uy2+uy3+y4+y5+y6)3

3!
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CoefficientsinExample(cont’d)

a1(x,u)=a1=xa5(a1+a2+a3+a6)+x
1

2!
a
2
5,

a2(x,u)=a2=xa4(a1+a2+a3+a6)+x
1

2!
a
2
4,

a3(x,u)=a3=xua4a5,

a4(x,u)=a4=x
(ua1+a2+ua3+a4+a5+a6)4

4!
,

a5(x,u)=a5=x
(a1+ua2+ua3+a4+a5+a6)3

3!
,

a6(x,u)=a6=x+x
6∑

i=1

ai+x
(a1+a2+a3+a6)2

2!
+

+x
∞∑

n=5

1

n!





6∑

i=1

ai





n

.
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StrongConnectivity

a6dependsonitselfandallothers(lastterm).

Eachaidependsona6eitherdirectly,orthroughachaintoa

leaf(seepattern).
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Proposition(RootedTrees)

Thereexistsananalyticfunction

G(x,u,a1,...,aL)

withnon-negativeTaylorcoefficientssuchthat

r(x,u)=G(x,u,a1(x,u),...,aL(x,u)).

wheretheaiweredefinedearlier.
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CountingPatternsinRootedTrees

Fortheexample:

r0:=xe
p
−

xp5

5!
−

xp4

4!
−

xp3

3!
.

(“uninteresting”sub-trees)

Marksinsub-treesalreadycountedcorrectly,onlyhavetodis-

tributemarksfornewlyappearingpatterns.
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NewlyAppearingPatterns

r=r(x,u)=r0+x
∑

∑
ei=5

ei≥0

u
e1+e3

∏
6
j=1a

ej
j

∏
ei!

+

+x
∑

∑
ei=3

ei≥0

ue4e5

∏
6
j=1a

ej
j

∏
ei!

+x
∑

∑
ei=4

ei≥0

ue2+e3

∏
6
j=1a

ej
j

∏
ei!
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PSfragreplacements

a

bc



UnrootedTrees

tn,m=rn,m/n
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4.Asymptotics

UseDrmota’sTheoremonsystemsoffunctionalequations.∗

Paraphrased:Undercertainconditionsforthesystemofequa-

tions,thecoefficientsasymptoticallyfollowaGaussiandistribu-

tionwithmeanandvarianceasymptoticallyproportionalton.

Oftenthedifficultpart:

Findingthesingularity

∗M.Drmota,SystemsofFunctionalEquations.RandomStructuresand
Algorithms10,103-124,1997.
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ForOurCase

Singularityknown:

1

e

Tofind:lefteigenvector(fortheeigenvalueone)ofthederivative

ofthefunctionalmatrixwithrespecttothefunctions

Applicationoftheoremthengivesexpectationforexamplesas

384e−19

12e(576e3+24e2−25)
=0.0026803...
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PossibleFutureExtensions

•Differentkindoftreesortreedistributions

•Logicaltermsusing∨,∧,¬,∀and∃describingmoregeneral

patterns.

•Doesa0-1-lawhold?
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