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Abstract

For some “irregular singular” problems coming from differential equations, there exist formal
power series solutions that are everywhere divergent. These power series turn out to make
sense as asymptotic expansions of actual solutions. The Borel summation technique is used
to recover convergent, representations for these actual functions solutions.

1. Resummation

Some “irregular singular” problems coming from differential equations have formal power series
solutions that are everywhere divergent. By resummation techniques, one can obtain convergent
solutions [7, 10]. We consider a power series, solution of a linear differential equation, that is
everywhere divergent, noted Z(z) = Y 7° 2,2~ ". We assume that it has Gevrey order equal to
one, which means that there exist constants A and ¢ such that |z,| < Ac"n!. For a function f(z),
holomorphic in an angular sector S extending to infinity and containing the real positive axis, we
say that Z(z) is the Gevrey expansion of order 1 of f(z) if there exist constants K and C such that

‘f(z) — Nzl_:l Tpz "

This function f is a resummation of Z, and it exists if the opening angle of S is smaller than .

The formal Borel transform of Z(z) is defined by y(z) = Y 7° %
We assume that the function y can be continued analytically along a line that does not meet a
singularity. In the particular case when z is a solution of a linear differential equation with rationnal
coefficients, so does y, as this property is stable under the Borel transform. Thus y has a finite
number of singularities and verifies the above hypothesis. Up to a possible linear change of variable,
we may assume that there is no singularity on the real axis, which implies that y can be continued
analytically on the positive real axis. If y satisfy the expected growth conditions at infinity, we
apply the Laplace transform. This transform is defined by

2(2) = L(y) = /0 ety () dt,

< CKNN!|z|™™ whenz € Sand N > 0.

. It converges for |z| < 1.

and is convergent for R(z%) greater than a certain positive constant, the constant a being made
precise later. The asymptotic expansion of z(z) when z — 07 is equal to Y.5° 2,2~ ". The function =
is a solution of the initial differential equation [2, §].
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2. Balser, Lutz, and Schafke’s Technique

The next step is to find a way to compute this function z quickly and in a large domain. For
this, Lutz et al. [1] reformulate z as a convergent series of the type z(z) = Y 7° dngn(z). This series
is obtained by introducing a mapping function ¢ that maps [0,1] onto [0,00], so as to write the
equation

_ o —zt o o —1 _ o fztoo —1 n
) x(z)—/o e tyo o (t)dt /0 Y O

where for the second equality we have used the re-expansion y o ¢(u) = > ¢° dyu™ in terms of the
sequence dy,. The sequence ¢, is thus determined by ¢, = fooo e #t¢~1(t)" dt, under the assumption
that the interversion of the integral and the sum holds, permitting termwise integration. We observe
that g, does not depend on z and on the initial problem, but only on the mapping function ¢. This
means that these coefficients can be precomputed. On the other hand the coefficients d,, correspond
to a composition of the function ¢ with the Borel transform y. This is formalized in the following
theorem.

Theorem 1 (Balser, Lutz and Schifke). Let z(z) = [;° e~y (t) dt where the function y is
holomorphic in the domain

D > {|Arg(1 +t/a)| < 7/2p}

and satisfies |y(t)|e*b|t‘ — 0 as [t| = oo in D. Choose ¢ holomorphic in A = {|7| < 1} so that
#(A) C D, ¢([0,1]) =[0,00], and (1—7)°¢(7) = A as 7 — 1 in A. Define (d,) by its generating
series y((1)) = D5 dut", and (gn) by

1
qn(z) = / e g () dr  for z such that |Arg(z)| < (14 ¢)/2.
0

Then for suitable positive constants (independent of n)

|dy| < Kb/ + and lgn(2)| < Ke™4"

o/ e+ DR(1/(+1))
o0

So we have z(z) = Zdnqn(z) for R (21/(<+V) Targe.
0

Proof. Starting from Equation (1), we obtain z(z) = [5° > oo e *'dn ¢~ (¢)" dt. The saddle-point

method gives upper bounds for d,, and ¢, that allows us to interchange the order of integrand

and summation in the equation above for §R(z1/ (CH)) large enough. This interchange yields the
oo

expected result z(z) = >°."( dngn(z). O

Some other classical conformal mappings can be found in [6]. Here is an example. The mapping

(2) T:]_—W with a € Rand p >1/2
takes the sectorial domain defined by |Arg(1+t/a)| < 7/(2p) onto the unit disk. The choice of the
conformal mapping ¢ is important because it has an effect on the speed of convergence and on the
area of convergence.

In the particular case where the differential equation is linear with polynomial coefficients, some
efficient computation can be done using recurrences. We also suppose now that the function ¢
is algebraic. The precomputation of the coefficients ¢, is based on the fact that they follow a

linear recurrence. We first note that the coefficients ¢, are equal to fol e 20()yn g (u) du as shown
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by a simple change of variable t = $(u). The function e ??() ¢’ (u) satisfies the first-order linear
differential equation

’ ")

® ¢/t~ (G - #0) 6.

If we note Z,iio pr(n)a(n + k) = 0 the linear recurrence satisfied by the Taylor coefficients at
the origin a(n) of a power series solution of the equation (3), then the integrals ¢,(z) satisfy the
recurrence y 15:0 Pr(—n)gn—k—1(2) = 0. Once we have the recurrence satisfied by the coefficients g,
and the initial conditions that are given by ¢, = fooo e ? ¢ L(t)" dt, all the g, can be computed
quickly. A problem is that we seek for numerical and not exact computations, and so we have,
on each example, to seek for numerical stability. This point uses a backward scheme which is
developped on an example below.

The computation of the coefficients d,, can be done efficiently by finding a recurrence for example
using the gfun package [9], because it is a composition of a known algebraic function ¢ and a
function y known by its differential equation. The initial conditions for the d,, derive directly from
the initial conditions of the differential equation satisfied by y and so from the initial conditions of
the differential equation satisfied by Z. This is illustrated by the example of the Heun equation.

3. Heun Equation

The Heun equation is the generic differential equation with four regular singular points located
at 0, 1, ¢, and oo; see [5]. The double confluent Heun equation is obtained by letting the singularity
located at c tend to the one located at oo, and the singularity located at 1 tend to 0. The equation
obtained then has two irregular singular points located at 0 and oco. The example we study [3] is
the confluent Heun equation in the form

(202?81 + az? + a?2 — 2y2 + 2081 — ) B

— 1 which maps from [0,1] onto [0, 00 ].

@) @)+ (2t e’ +a)f'(2) +
The acceleration is realised by the function ¢ = ﬁ
The recurrence satisfied by ¢, is thus

(5) q(n) = (=6+3n)g(n —1) + (—224+ 6 — 3n)g(n — 2) + (n — 2)g(n — 3).

n—2

The initial conditions, that are easily computed, using the definition of ¢, correspond to a dom-
inated solution, so any numerical error makes the dominating solution appear. A solution to this
problem is to compute the recurrence backwards, which exchanges the roles of dominating and
dominated regimes. The idea is to choose arbitrary values for gy_g, - .., gn Where d is the order of
the recurrence and N is a sufficiently large integer. All the values of ¢, for n < N are then com-
puted from these “final” values backwards. This technique is developped in [11]. The dominating
solution of Recurrence 5 disappears and so the initial values found differ only by a multiplicative
constant A\ from the actual initial values. The sequence ¢, thus found has to be multiplied by this
constant X\ to give the expected sequence g,,.

For the coefficients d,,, the recurrence is found easily using gfun. For parameters a = —1,

B.1=1/2, 1 =1/2,and y=1/3, it is
0 = (6n? + 3n%)a, + (—93n — 36 — 75n? — 18n3)an 1
+ (568n + 404 + 267n? + 42n3)an, 9 + (—1193n — 1176 — 411n% — 48n3)a, 13
+ (10420 + 1240 + 29102 4 27n3)ay 14 + (=78n2 — 336n — 480 — 6n>)ay 15
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with initial conditions ag =0, a; =1, ag =1/3, a3 = —23/108, and a4 = —2749/3888.

Now for each fixed z, we can compute the value of z(z) to arbitrary precision, by choosing the
number of terms we take into account. The backwards computation for the g, coefficients implies
that the number of computable terms is limited by the starting point. If it is too low, we have to
choose a larger starting point to get more terms. It is generally not possible to decide where a good
starting point for the computation of the backward computation would be. This can be done on
particular examples, but the starting point strongly depends on z.

4. Applications

Many problems related to differential equations yield formal power series of Gevrey order one.
Whenever the Borel-Laplace transform applies, the results of Section 2 also applies. A concrete
application coming from physics is the one-dimensional complex heat equation:

U’T(T’ Z) = U'ZZ(Ta z)v U(Oa Z) = ¢(Z)

The Cauchy data ¢(z) is assumed to be holomorphic near the origin. A formal solution is
- had 2 "
i(r,2) = 3 9 ()T
0

Lutz et al. have shown that either 4(7,z) is convergent, or the method of Section 2 applies. If
v(T, z) is the Borel transform of (7, z) with respect to 7, then applying the Laplace transform in
the variable 7 to v(7, z) for fixed z gives a convergent solution u(7, z) of the Cauchy problem. Better
knowledge on the function ¢ may easily lead to fast rate convergence possibly using the mapping
function (2). Another application is about convergent Liouville-Green expansions for second order
linear differential equations [4].
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