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Abstract

Using properties of the Airy functions, we analyze the reflected Brownian bridge area W
conditioned on its local time b at the origin. We give a closed form expression of the Laplace
transform of W}, a recurrence equation for the moments, leading to an efficient computation
algorithm and an asymptotic form for the density f(z,b) of Wy for x — 0.

1. Introduction

Let us first introduce the standard Brownian motion denoted by z(t) and a few classical variants:
the reflected Brownian motion z*(t) = |z(t)|; the Brownian bridge B(t); the reflected Brownian
bridge B (t) on [0,1]; the Brownian excursion e(t).

The object of interest in this talk is W3 := fo BT (t) dt, the area of the reflected Brownian bridge
conditioned on having a local time at the origin equal to b. This random variable appeared in [4] as
the limit law for m =3/ 2Dm7m_b m,m—bym denotes the total displacement for a hash table
with m locations and b\/m empty locations, using linear probing. It also represents the limit law for
the total height of random forests with by/m trees and m nodes or leaves. The only description of
it was given by its moments, related to the classical Airy function Ai(z) := % 0+°° cos (%t?’ + zt) dt
(recall Ai"” = zAi) in the following way:

[Wb]:k.zk:< > Hwk> ,qgkﬂ(b)

Ktk >1, Shi=ki=1
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where the w;, are defined by the asymptotic expansion “Xi((;)) Pliod wk(l)z2—k, and

gr(b) := [y Zre~trm= /2 d.

We will provide a closed form expression for the Laplace transform of Wj, a better way to
compute its moments, and an asymptotic form for the density f(z,b) of W, when z — 0.
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2. Laplace Transform of W,

Computing the Laplace transform of W} essentially requires using Kac’s formula [3] and a few
technicalities. Eq. (30) in [5, p. 491] states that, if we denote by ¢* (¢, a) the local time of z(t) at a,

(1) /OooeatEO [exp(—/()tx+(u)du—6t+(t,0)) ()—o] dt —(5—M)_1,

\/% Ai(2*a)
where 2* := 2/3. From it we can derive the following theorem:
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Theorem 1. The Laplace transform ©(z,b) of Wy has the closed form expression

—Z1/3b%/2 )

O(z,8) = Ble W] = orp— | A (1 ) i) e du
Proof. Given [fg o (u) du|z(t) = 0] 2 B2y and t*(t,0) 2 Vittt(1,0) (scaling property), Eq. (1)
leads to o o

EO/ eat/ 67t3/2Wbbefb2/2676\/fbM — [(5 o Z*A(Oz)]il
V2rt
where A(a) := AX((% )) The change of variable v = v/tb and an inversion on § delivers
(2) /Oo o0 /2—a? P [e—vs/b?’Wb] 2db _ o2 Aa)
0 V2w
After setting b = \/QT,u = 2*q, differentiating with respect to u and using (%)' =u— (%’)2:
e~ uo \/503/2Wv/\/ﬂ —v2/(2%3¢ do _ 2% Ai'(u)/Ai(u) (A3t : !
T / E ] e ) o= = (AT (u) /Ai(w))'.

The inversion formula for Laplace transforms then writes-
(3) E [ —V253/2 W/\/QT] —02/(2%/30) /\/— 5 :t 2*Ai'(u)/Ai(u)(Ail(u)/Ai(u))leuo du.
T J—ico
Now set v = bv/2*0, z =/20%/2, O(z,b) = E[e *"¢]. Eq. (3) becomes
21/6@(,2,b)e_b2/2 —z1/3

— oo bz1/32% A¥ (u)/Ai(u) 1 uz?/3)2*
2y/m 2mi /_iooe (A (u)/Ai(u))'e du

which proves the theorem. O

3. Recurrence Formulae

Using Laplace transforms and inversions of Laplace transforms, we show here how to find an
algorithm to compute the moments v (b) := E[W}] by recurrence. We first need:

Lemma 1. Define G(n) := 2*A(a)/+/a and s = 1/b%; we have

it 2= (VI(Gl) = Go) )’

*° ds
4 —1/(2s) ,—ws _1)k 3/2k b — [k
( ) /0 e & ( ) S ¢k( )83/2 /_27T]€' [77 ] w3/2k zz:;

Proof. Set s :=1/b?, w = av?, and n = o %/2. Eq. (2) becomes

* —1/(2s) ,—ws —nuw3/253/2W, ds _ _VwG(n)
/0 e e E [e ] o e ,
Set Gy := G(0). Eq. (3) leads to

/ o 1/(28) -wsgg [emmrw ] _ 45 _ JwGl) _ ,uGo
0 $3/2\/2%

il

o) i §2 (van(Gn) - Go))i.

=1

!

Upon expanding both sides of (5) with respect to 7, this gives the desired formula. O
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To invert the Laplace transforms of the form e~ V2w /w(j+1)/ 2. we will use the following lemmas:

Lemma 2. Set ¢(V)(z) := ¢(z) := m I e~ /2 dt (classical Gaussian distribution function) and
QU (z) := [7_ ¢ (u)du. Then
. (23)(g+1)/ e~ V2w _
ws _ —
/ ) . ds_iw(jﬂ)/? ji>1, where b = 1/+/s.

Sketch of proof. Ones proves the lemma by induction and uses an integration by part and an inte-
gration with respect to w to prove it at rank k£ + 1 from rank k. [l

Lemma 3. The ¢U)(z) can be expressed in the form:
99 (2) = pi(k, 2)9(2) + pa(k, 2)e* /2 [V 2,
where p1(k, z) is of degree k — 1, pa(k,z) is of degree k — 2.
Using integration by parts on f_zoo 27 ¢(z) dr and identification of coefficients, it is possible to
prove the following proposition, enabling us to compute nice expressions of the qS(j)(:c):

Proposition 1. Define, for k > 1, j > 0, Pi[k,j] := [2/]p1(k,2), and Pk, j] := [2/]p2(k, 2).
Then the sequences (Pi[k, j])y>1 ;>0 and (P1 [k i) j>0 are defined by the initial values P1[1,0] =1,
Py)(1,0] =0, Pi[1,j] = P;[1,7] =0 for j > 1, and the recurrence relations, for k > 1:

Pilk+1,5] =Pk, j—1]/4, j=1,...,k,

[(k—1-3) /2]
Plk+1,4]:== Y  Plkj+2/G+2A+1)([+2+1)
=0
[(k—3—5)/2]
- Y PBlkj+2A+10G+2A+1), j=0,... k-1,
=0
Plk+1,00:= — Y PAENI+DI+Dgrne+ Y, Plk00):
1=1,3,....k—1 1=0,2,....k—2

Determining a recurrence relation for the moments ¢ (b) hence amounts to determining a recur-
rence relation for the Z; defined by (see (4)):

z, 1 & (veem-6o)
]" _[ ]w3/21' P 7! '

(172

. (- . .
Indeed, along the mechanical transfer rule —ins — ¢bl(+1b)622(l+1)/2, 1;(b) is equivalent to

Zj e’ /2 /b3_ To get a recurrence formula giving Zj, in function of the Z;,..., Z;, we introduce
k k k ! 30 \\? .
-0 (@) Cvm
Jb 3] 3]/2 B . Zl_l( ) (dl Cl) 53/2 ( 2111)
n 77 k 3 l jl ’
J:l S (=Dl (ﬁ)

where the coefficients ¢; and d; are defined in [1, Eq. (10.4.59) and (10.4.61)] by asymptotic expan-
sions of Ai and Ai for |2 large, |arg(z)| < m

o0

. 1 v _ : _
Ai(z) ~ ﬁz /4e CZ(—l)kckC ko Al(z) ~ 1/46 CZ Yedp ¢,
k=0
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with ¢ = 2 23/2. More explicitly: ¢y = 1, ¢, = I'(3k + 1/2)/(T(k + 1/2) - 54%k!), dy = 1,

dp = —6’“—+lck The relation

k k Nk
> (~1)ib 3] w32y (Z(—l)lq (;%) )

7j=1 =0

FovzY k N7/ k N
W”Z( ﬁ) %(Z(—nl(dz—cn (;’—7)) (zm)lcz (;’—7))

j=1 1=1 1=0

provides an algorithm that can easily be implemented in Maple and proves more tractable than the
general expressions of the moments given by Janson.

4. Asymptotic Form of Density

4.1. Asymptotics of f(z,b) as b — co. Using E[W,] ~ % and Var[W,] ~ ﬁ as b — oo, already
mentioned in [4], asymptotics of (log Ai)’ and (log Ai)’, and a saddle point method, we recover the
fact that we obtain a density of a Gaussian distribution when b — oc.

4.2. Asymptotics of ©(z,b) as |z| — co. Using a saddle point again, setting z = x5

1/2,.3/2 b1/421/6 1
N N3N1 —oc1n4/2* 2 K aq
O~ efHe ( 73/t + 12 + 0 (—ﬂ?’/?) .

4.3. Asymptotics of f(z,b) as z — 0. The formula f(z,b) = 2m§h‘:fc+w° e”0(z,b)dz, ¢ >0,
the former asymptotics and a saddle point method lead to:

V2 (37 gt BT+ 16ed) | 1
Nz 9x11/4b3/4 T 39/4p1/4 3:7/4(1:1,/4 75/4

, we obtain

f(z,b)

5. Open Questions

It remains to find an asymptotic form for the density f(z,b) as z — oco—this not even known
for the classical Airy density—and an explicit form for the density f(z,b). Are also missing an
analysis of the local time t*(¢,a) of BT (t) at a, conditioned on its local time b at the origin, and
some analytic variations on W (see [2] for the classical Airy distribution).
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