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Abstract

In this talk simple examples are presented to illustrate some aspects of random walks on
groups from the point of view of probability theory, statistical physics, ergodic theory,
harmonic analysis, and group theory.

1. Shuffling Cards

A deck of cards is described by J = (a1, ..., a,), where a; indicates the position of the ith card in
the deck. The cards are shuffled so that the state of the deck of cards is (o(a1),...,0(a,)), where
o € ¥ is some permutation on J. Another shuffle would give the deck (7(c(a1)),...,7(c(a))),
and so on. Of course, the permutation is likely to be different from one shuffle to another, but
the habits of a given player will be such that he will choose at random among a given set A of
permutations. For a € A, the permutation « is chosen with probability p(a) > 0. After a shuffle,
the next permutation is chosen independently of the past. The position of the ith card is j after
the first shuffle with probability

Y pla),

acA:af(a;)=j
after two shuffles the probability will be
> p(a)p(B).
(a,8)€ A:B(c(ai))=]
If p™ denotes the nth convolution of p,
p"(o) = > plan)p(an 1) -+ pla),
a;€A: apoay_10--001 =0
the distribution of the position of the ith card after the nth shuffle is given by
//‘;iz = an(o')(sa(ai),
oEY

where ¢, is the Kronecker symbol at z: d;(z) =1 and ;(y) = 0 when y # z. A natural question
in this setting is: provided that the set A is rich enough, is the position of the card a; uniformly
distributed on {1,...,7r} when n gets large?

The distribution p,, on 3 of the configuration of the deck of cards after n shuffles is given by

Mn = an(o')étn

oeX
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with this notation p?(j) = pn(c : o(i) = j). Does the distribution u, on ¥ converges to the
uniform distribution on the group of permutations as n gets large? The answer to both questions is
positive if the probability p satisfies some assumptions. It can then be shown that the convergence
to the uniform distribution is exponentially fast with n (see Diaconis [2]).

This simple problem gives an illustration of the ergodic principle introduced in statistical physics
after the work of Boltzmann and Gibbs:

— the limit is independent of the initial state;

— the limit is independent of the particular choice of the probability p;

— the limit is the most disordered distribution m on ¥, i.e., the distribution with the maximal
entropy H(m), with

H(m) =) —m(o) log(m()).

oEY

2. Random Walks in Z¢

This random walk is defined as follows: starting from z € Z¢, it jumps to z + e; with probability
1/2d, where e; is the ith unit vector. If S,, denotes the position after n steps it is well known that
when d < 2, the sequence (S;,) almost surely visits the origin infinitely often; the random walk is
then said to be recurrent. When d > 3 the random walks visits 0 only a finite number of times;
the random walk is transient. These results can be expressed in terms of electrical networks: each
edge of Z% is assumed to have resistance 1, Ry is the effective resistance of Z¢ when the potential
at 0 is 1 and 0 at infinity. It turns out that for d < 2, R, is infinite and Ry is finite when d > 3.

The Laplacian A of the random walk is given by

d
A(f)(z) = % (Z(f($+€i) + f(z — ez’))) - f(z),

=1

where f is some function on Z¢ The potential function v(z) for the electrical network should
satisfy A(v) =0 with v(0) =1 and lim,_, 1 v(z) = 0.

3. Polymer Dynamics in the Plane

A simplified model of a polymer in the plane is given by a broken line AyA4; ... A, where each
segment A;A;+1 has length 1 and the angle between A; 14; and A;A;41 is *a € [0,27) with
probability 1/2. If Ay = (0,0) and 4; = (1,0), the vector Z, = AypAy, can be represented in the
complex plane as

n
Zn =1+ Zems’“,
k=1

where S, = €1 + -+ - + ¢, and the ¢; are independent Bernoulli random variables with P(¢; = 1) =
P(e; = —1) = 1/2; (Sy) is the simple random walk on Z. The average quadratic length of the
polymer with N segments is given by

I, = VE (22).

It has been shown by Eyring that I, /+/n converges to a constant as n tends to infinity. The average
length is conjectured to grow like n¢ with & > 1/2.
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4. Random Rotations on the Sphere

This problem has been considered by Arnold and Krylov [1]. The action of two rotations a and b
of R® on the unit sphere S? centered at 0 is analyzed. If A\(a,b) is a product of n such rotations,
one writes |\| = n. For p € S2, the distribution u, of A(a,b)(p) is given by

1
Hn = D Ox@h)-
[Al=n

The problem is to determine when j,, converges to the uniform distribution on S§? and, if it occurs,
the rate of convergence. The answer to the first point is positive under mild assumptions. The
question concerning the speed is, for the moment, unsolved. This example is in some sense, a
continuous analogue of the example of card shuffling.

5. Random Walks on the Free Group

The free group with two generators a and b is denoted by I'. An element 7 is a string of letters
a, a~t, b and b—! where a letter cannot be the inverse of the previous letter or the next letter in
the string (otherwise the two letters cancel). The distance d(v,7’) is given by the length of the
string y~1'. The group T can be compactified by adding the set 0T of infinite strings. If ¢ is such
a string and vy € T', it is easily seen that, if (z,) is a sequence of I" and e is the empty string (the
neutral element of the group), the quantity

ﬁ(’}'a 6) = mljr_rgg(d(’% .’En) - d(ea :L‘n))

is well defined.

The random walk considered here just adds a, a=!, b or b~! at the end of the string, with the
convention that the inverse of the last letter suppresses this letter. This random walk is equivalent
to a random walk on a homogeneous tree with degree 4. In particular it is transient and the length
of the string almost surely converges to infinity. The Laplacian A of this random walk is given by

M) = 3(F00) + Fra™) + 1) + F™) — (),

for v € T and f a function on I'. For & € 9T, he(y) = (1/3)#(4) is harmonic with respect to
this Laplacian, i.e., A(h¢) = 0. Dynkin and Malyutov [4] have shown that every positive harmonic
function f can be expressed as an integral of the elementary functions h¢, £ € 9T, i.e.,

f(9) = /6 el v(de),

where v is a positive measure on JI'.

This situation has to be compared with the case of the random walks on Z? with d > 3 which
are also transient but without non-constant positive harmonic functions. Similarly, in a continuous
setting, there does not exist any non-constant positive harmonic function f on R%, i.e., such that

PLE!

5 =0.

— ox;

But restricted to the unit disc of R?, such functions exist and can be represented as
1 2

o/, P(z,0)v(d),



130  Introduction to Random Walks on Groups

where v is some finite measure on [0,27) and P is the Poisson kernel
1— |z
et — 2|2

One can check that z — P(z,6) is harmonic: it is the equivalent of the function k¢ for the unit disc.

P(z,0) =
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