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Additive balanced urns of some k-trees

[M., Flajolet, July 2010]



k − 1 2

k 1





d
dz H(x , z)

H(x , z)k (H(x , z)− x + 1)2
= 1

Singularity analysis,
Probabilistic results:

� Gaussian limit law +
rate of convergence

� local limit law
� large deviations
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Additive balanced urns with preferential growth


2α β
α α + β



 Ex:
�

2 1
1 2

�
x → x x y
y → x y y

�
z − x

−α − 1
α + β

− 1
2α + β

�
H(x , z)2α+β +

x
−α − 1
α + β

H(x , z)α +
1

2α + β
= 0

hn(x) =
σn+1

2iπ

�
ax(w)gx(w)n+1dw Multiple coalescing saddle-points

[M., LATIN2012]
pn(x) = hn(x)

hn(1) ∼ exp
“

ασ
α+β

√
nx̃ − α3σ

2(α+β)2 x̃2
”
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Urns with multiple draws:
the Bernoulli-Laplace process

Chamber A Chamber B

a white b white

b black a black

One urn

a white, b black

W B

WW

BW

BB




−1 1
0 0
1 −1





a + b = N

x
a
y

b G−→ a
2
x
−1

y
1
x

a
y

b + b
2
x

1
y
−1

x
a
y

b + 2ab x
0
y

0
x

a
y

b

Θu := u∂u (pick & replace a ball)

G := x
−1

y
1 Θ2

x + x
1
y
−1 Θ2

y + 2 x
0
y

0ΘxΘy

Hn(x , y) := Gn ◦ x
a0y

b0

P {(a0, b0) � (a, b)} =
1

N2n

�
x

a
y

b�
Hn(x , y)

[Flajolet, July 2010]
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Unbalanced urns:
the Knuth’s strings

K =

�
−1 1
0 1

�

(a0, b0) = (1000, 0)

ψn(x , y) :=
�

a,b

P [An = a,Bn = b]
x

a
y

b

a + b

(Θx + Θy ) ψn+1(x , y) =
�
x

α
y

β Θx + x
γ
y

δ Θy
�
ψn(x , y)

Ψ(x , y , z) =
�

n ψn(x , y)zn satisfies the PDE

�
(1− z x

α
y

β)Θx + (1− z x
γ
y

δ)Θy
�
◦Ψ = x

a0y
b0

[M., Flajolet, January 2011]

5/6



Balanced urns with random entries:
isomorphism theorem strikes again

�
1− B B
B 1− B

�
, with B ∼ Ber(p)

�
0 1
1 0

�
with proba p

�
1 0
0 1

�
with proba 1− p

Again, H(x , y , z) = X (x , y , z)a0 Y (x , y , z)b0 , with
�

Ẋ = p X Y + (1− p) X
2

Ẏ = p X Y + (1− p) Y
2

Probability to have a black balls and b white balls after n draws:

pn,a,b =
[xa

y
b
z

n]H(x , y , z)

[zn]H(1, 1, z)
.

True for any balanced urn
� A σ−A

σ−B B
�
, with σ constant, and A,B

random variables on a finite state space {−1, 0, 1, . . . , σ}.
[M., Mahmoud, since July 2011]
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