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1. Continued fra
tions [1980�℄

2. A storage allo
ation s
heme [1986℄

3. A pa
king problem [1998℄, with Co�mann, Flatto and Hofri
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Two papers

1. Basi
 analyti
 
ombinatori
s of dire
ted latti
e paths (with C. Banderier,2002)2. The enumeration of prudent polygons by area and its unusual asymptoti
s(with N. Beaton and T. Guttmann, 2011)

general solutionsspe
i�
 problems



I. Basi
 analyti
 
ombinatori
sof dire
ted latti
e paths

(with C. Banderier, 2002)



The problem

• Let S ⊂ Z be a �nite subset of steps.Consider walks on Z, starting from 0, that taketheir steps in S.



The problem

• Let S ⊂ Z be a �nite subsets of steps.Consider walks on Z, starting from 0, that taketheir steps in S.
• What is the generating fun
tion of...general walks? bridges? ex
ursions? meanders?
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W (z, u) B(z) E(z) M(z, u)

z: the number of steps, or length; u: the height of the �nal point



Results

1. Exa
t expressions of the series [Gessel 80℄+ [MBM-Petkov²ek 00℄, [Banderier, MBM, Denise, Flajolet, Gardy, Gouyou-Beau
hamps 02℄2. Uniform asymptoti
 results2. Uniform limit laws

general walks bridges ex
ursions meanders
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W (z, u) B(z) E(z) M(z, u)



Exa
t expressions of the series: general walks and bridgesLet −m = minS and M = maxS, and let

P(u) =
∑

i∈S
ωiu

i =
M
∑

i=−m

ωiu
i

be the generating polynomial of (possibly weighted) steps.

• The generating fun
tion of general walks is

W (z, u) =
1

1− zP(u)
.



Exa
t expressions of the series: general walks and bridgesLet −m = minS and M = maxS, and let

P(u) =
∑

i∈S
ωiu

i =
M
∑

i=−m

ωiu
i

be the generating polynomial of (possibly weighted) steps.

• The generating fun
tion of general walks is

W (z, u) =
1

1− zP(u)
.

• The 
oe�
ient of u0 in W (z, u) 
ounts bridges. It 
an be obtained from apartial fra
tion expansion in u:
B(z) = z

m
∑

i=1

U ′
i(z)

Ui(z)
,where U1(z), . . . , Um(z) are the m solutions of 1− zP(U) = 0 that are �nite at

z = 0.



Exa
t expressions of the series: ex
ursions and meanders

• The generating fun
tion of ex
ursions is

E(z) =
(−1)m−1

zω−m

m
∏

i=1

Ui(z)where U1(z), . . . , Um(z) are the m solutions of 1− zP(U) = 0 that are �nite at

z = 0.

• More generally, the generating fun
tion of meanders is

M(z, u) =

∏m
i=1(u− Ui(z))

um(1− zP(u))
.



Proof: a fun
tional equation and the kernel method

• Step-by-step 
onstru
tion of meanders: If S = {−2,3}, then

M(z, u) = 1 + z(u3 + u−2)M(z, u) − z
(

M0(z)u
−2 +M1(z)u

−1
)

add an arbitrary step...one should not add a down step... but if the �nal level is 0 or 1



Proof: a fun
tional equation and the kernel methodEquivalently,
u2

(

1− z(u3 + u−2)
)

M(z, u) = u2 − zM0(z)− zM1(z)u

• The left-hand side vanishes when u = U1(z) and u = U2(z), where U1 and U2are the two roots of
1− z(u3 + u−2) = 0that are �nite when z = 0.

• The right-hand side is a polynomial in u of degree 2, leading 
oe�
ient 1,that 
an
els when u = U1(z) and u = U2(z). Hen
e
u2

(

1− z(u3 + u−2)
)

M(z, u) = (u− U1(z))(u− U2(z))and the expression

M(z, u) =
(u− U1(z))(u− U2(z))

u2(1− z(u3 + u−2))follows.



Two stowaways

• A bije
tion shows that
B(z) = 1+ z

E′(z)
E(z)

.Hen
e

B(z) = z
m
∑

i=1

U ′
i(z)

Ui(z)
⇒ E(z) =


st

z

m
∏

i=1

Ui(z).(The 
onstant is the easily determined using E(0) = 1.)



Two stowaways

• A bije
tion shows that
B(z) = 1+ z

E′(z)
E(z)

.Hen
e

B(z) = z
m
∑

i=1

U ′
i(z)

Ui(z)
⇒ E(z) =


st

z

m
∏

i=1

Ui(z).(The 
onstant is the easily determined using E(0) = 1.)

• An algorithm, based on symmetri
 fun
tions ma-nipulations, 
omputes an algebrai
 equation for theex
ursion generating fun
tion
E(z) =

(−1)m−1

z

m
∏

i=1

Ui(z)In plethysti
 notation, it expresses the symmetri
 fun
-tions ej[em] in terms of the ei's. The platypus algorithm



Asymptoti
s for bridges and ex
ursionsTheorem. Let τ > 0 be the unique solution of P ′(τ) = 0, where P is thegenerating polynomial of steps.Then the numbers of bridges and ex
ursions of length n behave asymptoti
allyas

Bn = P(τ)n n−1/2
(

b0 +
b1
n

+ · · ·
)

En = P(τ)n n−3/2
(

e0 +
e1
n

+ · · ·
)

Proof: the saddle-point method for bridges, sin
e
Bn =

1

2iπ

∫

C
P(u)n

du

uAs a by-produ
t, this di
tates the singular behaviour of the series Ui(z), fromwhi
h one derives the singular behaviour of E(z).



Asymptoti
s for general walks and meandersTheorem. Let τ > 0 be the unique solution of P ′(τ) = 0, where P is thegenerating polynomial of steps.

• The numbers of walks is
Wn = P(1)n

• The asymptoti
 behaviour of the number of meanders (= non-negative walks)depends on the drift
δ = P ′(1)

⋆ If δ > 0, a positive fra
tion of walks are meanders:

Mn = κP(1)n + P(τ)nn−3/2
(

m0 +
m1

n
+ · · ·

)

⋆ If δ < 0,

Mn = P(τ)nn−3/2
(

m0 +
m1

n
+ · · ·

)

⋆ If δ = 0,

Mn = P(τ)nn−1/2
(

m0 +
m1

n
+ · · ·

)



Limit laws for basi
 parameters

• The number of 
onta
ts of an ex
ursion with the x-axis (dis
rete limit law)

• The position Yn of the endpoint of a meander

⋆ If δ > 0,
Yn − µn√

n
→ Gaussian

⋆ If δ < 0, dis
rete limit law
⋆ If δ = 0,

Yn√
n

→ Rayleigh



II. The enumeration of prudent polygons by area,and its unusual asymptoti
s

(with N. Beaton and T. Guttmann, 2011)



Self-avoiding polygons



Self-avoiding polygons

• Awfully hard to 
ount

• Conje
tured asymptoti
s: for polygons of area n,
pn ∼ κµnn0,where the exponent depends only on the dimension



An easier family: 3-sided prudent polygons

Prudent walks: a step never points towards a vertex it has already visited

Prudent walk Prudent polygon[Turban-Debierre 86℄, [Préa 97℄, [Santra-Seitz-Klein 01℄, [Du
hi 05℄, [De-thridge, Guttmann, Jensen 07℄, [mbm 08℄, [Be�ara, Friedli, Velenik 10℄...



An easier family: 3-sided prudent polygons

Prudent walks: a step never points towards a vertex it has already visited

Prudent polygon



An easier family: 3-sided prudent polygons

Prudent walks: a step never points towards a vertex it has already visited

Prudent polygon Three-sided prudent polygon



An easier family: 3-sided prudent polygonsThree-sided prudent polygons de
ompose into bars, bargraphs, and separating
ells [...℄ and their area generating fun
tion is

P(q) =
2q(3− 10q +9q2 − q3)

(1− 2q)2(1− q)
+

2q3(1− q)2

(1− 2q)2

∑

m≥1

(−1)m+1q2m

(1− 2q)m(1− q − qm+1)

m−1
∏

k=1

1− q − qk + qk+1 − qk+2

1− q − qk+1



Asymptoti
s

• The series:
P(q) =

2q(3− 10q +9q2 − q3)

(1− 2q)2(1− q)
+

2q3(1− q)2

(1− 2q)2

∑

m≥1

(−1)m+1q2m

(1− 2q)m(1− q − qm+1)

m−1
∏

k=1

1− q − qk + qk+1 − qk+2

1− q − qk+1

• A beautiful singularity analysis yields a very unusual asymptoti
 behaviour inthe study of latti
e models:
Pn = (κ0 + κ(log2 n))2

nnγ +O(logn2nnγ−1)where the exponent γ is irrational
γ = log2 3and κ(x) is a (small) periodi
 fun
tion of x.Remark. Similar to (but more 
omplex than) the analysis of the expe
tedlongest run in a random binary sequen
e, where the key series is

(1− q)
∑

k≥0

qk

1− 2q + qk+1
.




