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AYQ)

type btree = epsilon |
product(o, btree, btree);
o = atom(1);

procedure pathlength(t: btree):

begin
case t of

0 - nil;

o(u,v) : begin 2 /D
size(u); size(V); av_tau_pathlength_n = Pi n + 0(n)
pathlength(u);
pathlength(v); :

end: average distance to the root & vn

end;
end;

-



Combinatorial &ictionarg (=81)

* Structures = Gen. Fcns:

[wRS this moming]

AUB A(z) + B(z)

AxB A(z) x B(z)

SEQ(C)

Cyc(C) log

SET(C)

1

1 —C(z)
1

1 - C(z)

exp(C(z))
&0

> Algoritlﬁms —> Gen. Fcns:
[ JMS a moment ago]

R(ac A) : %
P(a); Q(a);

P(a e A,be B) :
Q(a);

Clearlg symbolic comPutation



Then, Maple

The history of Maple and Inria were quite
Intertwined at the very beginning. This was due to
my sabbatical year which | took in Inria
Rocquencourt. | spent from

there. This was the time that | was working almost
100% on Maple, and of course | took Maple with
me. [...] At the time we were analyzing the
expected behaviour of some tries and we were
using (and developing) Maple as we go. So
Philippe was a user and developer of Maple from
that time. He made all sorts of contributions.

Gaston Gonnet (sorry he couldr’t come),

mail from this Monclag.

I\ 1 /1_.
\ MAPLE /

Ist Public version (3.3):
March 85
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June 1986: SC course

* PF, Marc Giusti, Jean-Marc Steyaert
* |got hooked!

* AYQ started in 87-88 with P. Zimmermann.
- Aug. 88: my Ist triP to Waterloo.



AYQ = combstruct toclag

bintree:={B=Union (Epsilon,Prod(Z,B,B)) }:

PathLength:={pl (B)=Union (0,Prod(0,size (B)+pl (B) ,size(B)+pl(B))) }:
sys:=combstruct[agfegns] (bintree,PathlLength,unlabelled,z, [[u,pl]])
R [B(Z, = bR u)2,Z(Z, u) =zu]

combstruct[agfmomentsolve] (sys,0) ;

oz £ I B Bl
[B(Z):—S 22 x ,Z(Z):Z}

V"V"VI

V"

B(z,u) = Z 6], P1(b)

V"

equivalent (subs (%,B(z)) ,z,n); beB
(])3/2( _n)—zhuz)
— e 5/2 '
% 1 She S i) %,
i b
e ollG) @) SBew| =T aws
u =ik beB

combstruct[agfmomentsolve] (sys,1) :
equivalent (subs (%,B[2] (z)) ,z,n) ;

(aﬂamux+o[/%_®w)ammj h@ﬁermomemﬁ

5 accessible too
' | > asympt (%/%%%,n) ;

V"V"

T_ Mishna 200A3. Attribute grammars and automatic complexity analgsis._



Il. PI’s Complex Analgsis
1S ngbolic Computation
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Cauchg’s residue theorem

An in’cegral is evaluated ]:)9:

5 IocatingsingularitiGS;
2 movingthe contour;

3. local analgsis

(= )

Under technical conditions
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[w AO tomorrow]
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Example I singularitg analgsis

X @\ X
Bl 1 —+/1—-14z

[w AO tomorrow]

 [861PF & A. Qc“g_zkc_) (1990).



Example I singularitg analgsis

! B(z) = 5 V212_4Z — Ty e

[w AO tomorrow]

 [861PF & A. Qc“g_zkc_) (1990).



Example I singularitg analgsis

E=B(2) = ir 212_42 e R RO e A A e A

[w AO tomorrow]

[861PF & A. odlg_zkc_a (1990).
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ol QLM /(C) Pt 2 e - (ePD oo
. 30 A
Kebog o X Bt
X—B—RD—P/—-X—X—X—%
e @ ©

flz) ~0 > Res.a(f*(s))e°
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Example 2. Mellin transtorm

1
Hii e / PRt e b o
©

i

\

-

® @® @ X
— X —— BT

A X X

Flo) coS R Ren e (e o T i N R ()
o pole of f~* o pole of f~*

L + technical conditions ¢

ngbolic ComPutation again



Variant: summatory formulae

A

X 14 A A A A"

~Resa—olr(3)6() = 3 Ress=n(r(5)9(3))  + technical conditions

L 2 neN*
E:xamplcs:
H,

o 7(s) = 1/5% ¢(s) = ((=s5) +7)° = D —5 =) [Euleri742]

n>1
B =7 ;

o 7(s)=1/5% ¢(s) = (Y(=s) +7)° = Z ( n2) — ZC(4) [Borwein et al.1995]

n>1

[143] PF & BS. Eul_er Semssi998). " &5



Variant: summatorg formulae

A

X 14 A A A A"

~Resa—olr(3)6() = 3 Ress=n(r(5)9(3))  + technical conditions

| _ ncN*
Examples:
H,
) g 7“(8) — 1/82, gb(S) = (@D(—S) -+ 7)2 - Z ? = 2<(3) [Eulert742]
n>1
) 7 ,
o 7(s)=1/5% ¢(s) = (Y(=s) +7)° = Z ( n2) = 1ZC(ZL) [Borwein et al.1995]
n>1
Where . : %S
oo el H S Yl DT R T
K=,

[43]PF & BS. r—:ul_er Sums (1998).



Variant: melel 5t mtegrals
F(z)zifcﬂs)zS e

271 SIN TS

A

i s e f e e £

thppe%‘
> g(n)(—2)" =F0E) = = > o(- " 4 stuff

n>0 n>0

+ technical conditions

[122]1PF & G. Labelle & L. Laforest & B. Salvg (1995). [wCM tornorr_ow]



Variant: Lindelot integrals

1 T

o Ei /C L

271 SIN TS

A

e e e o

thppe%‘
D slnlGeit= EOIEE SO

n>0 n>0

+ technical conditions

[122]1PF & G. Labelle & L. Laforest & B. Salvg (1995). [wCM tornorr_ow]



1. Philippe’s results in
ngbolic Computation



Platgpus algorithm

o FEnumeration of lattice Patlﬁs

[ = MBM tomorrow]

* From Q(u)=]] (1 2 3) (Q known, not its roots), compute

8

H (1_041;’)

oo

I Compute Newton sums (Q’/Q is their gF)

«

7 Multiplg coeficient 59 coeticient (and acljust).

| Extend to fast algorlthms for various resultants. }i

IH = —_— = = —— _— i ———— p——

| [168]C. Banderier &PF (ZOOZ}
[185]A. Bostan & PF & BS & E. Sc_hc_)_st. _(ZOQ_é) A i



Holonomg

Algo Seminar 91-92

Ist version of g]CUﬂ in 92
(BS & P. Zimmermann)



Main Properties

~ Solutions of linear differential /recurrence equations

closed under various olzx-:rations - algorithms

o [ (DT N e R TV generating functions.



]
PR WP AP [ LR i

TWO exercises

> P:=(14x)” (4*N) * (1+x+x*2) ~ (2*N) * (1+x+x*2+x*3+x*4) *N;
2N N
P?=(Lhw4N(1+x+fq (1+x+x2££+mﬁ)
> deq:=gfun:-holexprtodiffeq(P,y (X)) :
| > rec:=gfun:-diffeqtorec(deq,y(x) ,u(n)):

;> gfun:-rectoproc (eval (rec,N=10000) ,u(n)) (60000) :
> length (%) ,time () ;

285 ix 36,093

- —— ——— | ——— i e e



Two exercises

S

m=0

Gt i R Ve s R T R R S e

> P:=(1+x)*(4*N) * (1+x+x*2) * (2*N) * (1+x+x*2+x*3+x*4) *N;
2N N
}%=(1+fo(1+x+fq (1+x+f”m§+f”
> deq:=gfun:-holexprtodiffeq(P,y (X)) :
| > rec:=gfun:-diffeqtorec(deq,y(x) ,u(n)):

;> gfun:-rectoproc (eval (rec,N=10000) ,u(n)) (60000) :
> length (%) ,time () ;

285 ix 36,093

i T e e I L S—— e S - g e ey e p—— T e T Ry oy g e W



B I T e RS e W

TWO exercises

> binomial (-1/4,n);
1
binomial( - TR n)

> rec:={numer (u(n+l) /u(n) -expand (subs (n=n+1,%) /%)) ,u(0)=1};
n (_1/4>2(_1/4>2 E ReCr—=d uillr 1y n s dul a1 Y oRu () 4= daegofe 1 (0 =18
> rec2:=gfun:-poltorec(u(n)”*2, [rec],[u(n)],u(n));
rec2:={(-1—8n—16n") u(n) + (160> +32n+16) u(n+ 1), u(0)=1}
> collect (gfun:-cauchyproduct (rec2,rec2,u(n)) ,u,factor);
l2n+1)Yum)—8m+1)Yum+1),u0)=1}

> convert(rsolve(%$,u(n)) ,binomial) ;

m n—m

m=0

JEBNIR |

. Sl el
bmomla(n 7 2)

Gt i R Ve s R T R R S e
(> P:=(1+x) " (4*N) * (1+x+x*2) ~ (2*N) * (1+x+x*2+x*3+x*4) *N;
2N N
R (1+x)4N(1+x+x2) (1+x+x2+x3+x4)
> deq:=gfun:-holexprtodiffeq(P,y (x)) :
| > rec:=gfun:-diffeqtorec(deq,y(x) ,u(n)):
| > gfun:-rectoproc (eval (rec,N=10000) ,u(n)) (60000) :

> length (%) ,time () ;
28571, 36.093

g SeS e iy e — [ — —— e I _ -, i



o T — P - PF = T ——— i _— S, el

Two exercises

[> binomial (-1/4,n) ;
1
binomial( 0 n)
> rec:={numer (u(n+l) /u(n) -expand (subs (n=n+1,%) /%)) ,u(0)=1};

n _1/4 2 _1/4 2 ReCr—=d uillr 1y n s dul a1 Y oRu () 4= daegofe 1 (0 =18
( ) ( ) => rec2:=gfun:-poltorec(u(n)*2, [rec],[u(n)],u(n));
m n—m rec2:={(-1—8n—16n") u(n) + (160> +32n+16) u(n+ 1), u(0)=1}

=> collect (gfun:-cauchyproduct (rec2,rec2,u(n)) ,u, factor)

TR {en+1)Yum)y—8m+1)  u(n+1),u0)=1}

m=0

=> convert (rsolve (%,u(n)) ,binomial) ;

1 1
. Sl el
bmomla(n 7 2)

Gt i R Ve s R T R R S e

> P:=(1+x)*(4*N) * (1+x+x*2) * (2*N) * (1+x+x*2+x*3+x*4) *N;
2N N
}%=(1+fo(1+x+f” (1+x+fum§+f”
> deq:=gfun:-holexprtodiffeq(P,y (X)) :
| > rec:=gfun:-diffeqtorec(deq,y(x) ,u(n)):

;> gfun:-rectoproc (eval (rec,N=10000) ,u(n)) (60000) :
> length (%) ,time () ;

285 ix 36,093

[109] Ptz & BS(199%)

pam s RS e e — [ — —— e I _ -, i



TWO exercises

> binomial (-1/4,n);

it

1nom1a( 4,n)
> rec:={numer (u(n+l) /u(n) -expand (subs (n=n+1,%) /%)) ,u(0)=1};
n (_1/4>2(_1/4>2 £ ReCh—aid st P nse dia Ca L R (= e s v (O 18

> rec2:=gfun:-poltorec(u(n)”*2, [rec],[u(n)],u(n));
n—m rec2:={(-1—8n—16n") u(n) + (160> +32n+16) u(n+ 1), u(0)=1}

i> collect (gfun:-cauchyproduct (rec2,rec2,u(n)) ,u, factor)

TR {en+1)Yum)y—8m+1)  u(n+1),u0)=1}

=> convert (rsolve (%,u(n)) ,binomial) ;

1 1
. s el
bmomla(n 7 2)

o e e e e e e e e R S
> P:=(14x)” (4*N) * (1+x+x*2) ~ (2*N) * (1+x+x*2+x*3+x*4) *N;
Y N
}%=(1+fo(1+x+fq (1+x+f”m§+f”

;> deq:=gfun:-holexprtodiffeq(P,y(x)): F?)rlgngggfﬂj

| > rec:=gfun:-diffeqtorec(deq,y(x) ,u(n)):

> gfun:-rectoproc (eval (rec,N=10000) ,u(n)) (60000) : exPanding 1s not
> length (%) ,time() ;

28571, 36.093 Possible.

[109]PF @ BS (1995) [156] PF @ 55 (l997)

N e == e e — e



Non~holonom3 of simple sequences

1
lOg Uz \/ﬁapna H_a nn) eﬁv el/n’ F(n\/i)a o

do not satisgg linear recurrences with Polgnomial coetficients.

- [184,2071PF & S. Gerhold & BS (2005 & 2010).



Non~holonom3 of simple sequences

1
lOg Uz \/ﬁapna H_7 nn, 6\/ﬁa el/n’ F(n\/i)a o

do not satisgg linear recurrences with Polgnomial coetficients.

. Proof bg Lindelot mtegrals Fiz 1 /C P(s)z° i R

2m SIN 7S
A

XXk .

* (Jse |<nown Possible * Coml:)ute the
asgmptotic behaviours asymptotics of these
for solutions of L DEs. iﬂtegrals.

- [184,2071PF & S. Gerhold & BS (2005 & 2010).
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* Not quite
[wall the other talks]

* PBut sti”J more than 3ou’cl
have thouglﬂt.



Conclusion
Was Phihppe doing onlg sgmbolic comPutation? . ~

P~ e — Al . et e e
| |
P I | .
‘ ! | p :
A , .
| e ]
§ ~ 4
|
‘ | l' 3
| | \
| /
» = M
> o
>N A < " :
’ ]
L

* Not quite
[wall the other talks]

+ But still, more than 3ou’cl Q = ‘
have thought. | | ) | \

Thank you, Philippe.

B s e I L I T e N Gy g S R e



