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DE-POISSONIZATION
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ANALYTIC DE-POISSONIZATION
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DE-POISSONIZATION: IDEAS

Poisson GF: f̃ (z) := e−z ∑
n>0 anzn/n!

If an doesn’t grow too fast and doesn’t vary too
violently, then

Poisson heuristic: an ≈ f̃ (n).

Widely used in diverse problems
Useful in Borel summability, Tauberian theorems,
stochastic processes, statistics, statistical physics,
analysis of algorithms, . . .

Dated back to at least Ramanujan’s Notebooks (P1)
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A USEFUL OBSERVATION: A CHARLIER EXPANSION

Series expansion + term-by-term coeff

an = n![zn]ez f̃ (z)

=
∑
j>0

f̃ (j)(n)

j!
n![zn](z − n)jez︸ ︷︷ ︸

=:τj (n)

=
∑
j>0

f̃ (j)(n)

j!
τj(n) .

Charlierj(λ,n) := n!λ−j [zn](z − λ)jez

deg τj(n) = bj/2c and {τj(n)}j>0 =

{1,0,−n,2n,3n(n−2),−4n(5n−6),−5n(3n2−26n+24), . . . }
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CHARLIER EXPANSION

An identity: If f̃ is entire, then

an =
∑
j>0

f̃ (j)(n)

j!
τj(n).

Nothing to do with growth order or variation or
smoothness of f̃ (z) at infinity.
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CHARLIER EXPANSION

An example: f̃ (z) = e−2z

(−1)n = e−2n
∑
j>0

(−2)j

j!
τj(n).

But (−1)n 6∼ e−2n.

Another example: f̃ (z) = ez

2n = en
∑
j>0

τj(n)

j!
.

But 2n 6∼ en.

Major difficulty: prove the asymptotic nature
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DE-POISSONIZATION VIA SADDLE-POINT METHOD

Hsien-Kuei Hwang (joint with Vytas Zacharovas) DE-POISSONIZATION VIA SINGULARITY ANALYSIS



ANALYTIC DE-POISSONIZATION: IDEAS

Analytic justification: Cauchy + saddle-point method

|f̃ (z)| � e|z|
1
2−ε

|ez f̃ (z)| � e(1−ε)|z|

n

an =
n!

2πi

∮
|z|=n

z−n−1ez f̃ (z)dz

∮
|z|=n

=

∫
|z|=n
|θ|6ε

+

∫
|z|=n
ε6|θ|6π

Then an ∼ f̃ (n).
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HAYMAN ADMISSIBLE FUNCTIONS

Hayman (1956): A generalization of Stirling’s formula
Analytic functions f (z) =

∑
n anzn/n! for which the

saddle-point method applies and (rf ′(r)/f (r) = n)

an

n!
∼ r−nf (r)√

2πσ2(r)
, σ2(r) :=

rf ′(r)

f (r)
+

r 2f ′′(r)

f (r)
−
(

rf ′(r)

f (r)

)2

.

Poisson admissible functions

Specialized to f (z) = ez f̃ (z) so that (r = n)

an ∼ n!
n−nen f̃ (n)√

2πn
∼ f̃ (n).
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JACQUET-SZPANKOWSKI ADMISSIBLE FUNCTIONS

Similar to Wyman- and Harris-Schoenfeld-admissibility

an =
n!

2πi

∮
|z|=n

z−n−1ez f̃ (z)︸︷︷︸
Expand at z=n

dz

=
∑

06j6m

f̃ (j)(n)

j!
n!

2πi

∮
|z|=n

z−n−1ez(z − n)jdz︸ ︷︷ ︸
=τj (n)

+
n!

2πi

∮
|z|=n

z−n−1ez(z − n)m+1Taylor remainder(z)dz

=
∑

06j6m

f̃ (j)(n)

j!
τj(n) + O

(
n(m+1)/2f̃ (m+1)(n)

)
.

|̃f (z)| � e|z|
1
2−ε

|ez f̃ (z)| � e(1−ε)|z|

z = neiθ

Widely used
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DE-POISSONIZATION VIA MELLIN TRANSFORM
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DE-POISSONIZATION VIA MELLIN TRANSFORM

Represent an as a Mellin inversion integral

an =
n!

2πi

∮
|z|=n

z−n−1ez f̃ (z)dz

=
n!

2πi

∮
|z|=n

z−n−1ez 1
2πi

∫
(↑)

M (s)z−sds︸ ︷︷ ︸
=f̃ (z)

dz

=
1

2πi

∫
(↑)

M (s)
Γ(n + 1)

Γ(n + 1 + s)
ds.

More general than Rice, but less explored so far
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THE POISSON-MELLIN-NEWTON CYCLE
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THE POISSON-MELLIN-NEWTON CYCLE

The Mellin transform is itself a Newton series

M (s) :=

∫ ∞
0

f̃ (x)xs−1dx

=
∑
j>0

aj

j!
Γ(j + s)

= Γ(s)
∑
j>0

aj

(
j + s − 1

j

)
.

an as a finite difference
By taking successive difference

an =
∑

06j6n

(
n
j

)
(−1)j M (−j)

Γ(−j)
.
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DE-POISSONIZATION VIA MELLIN TRANSFORM

The formal expansion

an =
1

2πi

∫
(↑)

M (s)
Γ(n + 1)

Γ(n + 1 + s)︸ ︷︷ ︸ds

?
=
∑
j>0

τj(n)

j!
(−1)j

2πi

∫
(↑)

M (s)s · · · (s + j − 1)n−s−jds

?
=
∑
j>0

f̃ (j)(n)

j!
τj(n)

since f̃ (j)(n) =
(−1)j

2πi

∫
(↑)

M (s)s · · · (s + j − 1)n−s−jds.

An asymptotic theory can be developed
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DE-POISSONIZATION VIA LAPLACE TRANSFORM
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DE-POISSONIZATION VIA LAPLACE TRANSFORM

The Laplace transform of f̃ (z)

L (s) :=

∫ ∞
0

f̃ (x)e−xsdx

=
∑
j>0

aj(1 + s)−j−1

=
1

1 + s
F
(

1
1 + s

)
,

where F (z) :=
∑

j>0 ajz j denotes the OGF.

Laplace = OGF + Euler transform (Flajolet-Richmond, 1992)
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THE MAPPING z = 1/(1 + s)

0−2 −1

s

z = 1
1+s

z

0 1

Hsien-Kuei Hwang (joint with Vytas Zacharovas) DE-POISSONIZATION VIA SINGULARITY ANALYSIS



THE MAPPING z = 1/(1 + s)

−1

1

s = 1−z
z

−1 0 1

−1

1
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DE-POISSONIZATION VIA LAPLACE TRANSFORM

an represented as a Laplace inversion integral
The change of variables z 7→ 1/(1 + s)

an =
1

2πi

∮
|z|=r<1

F (z)z−n−1dz

=
1

2πi

∮
|z|=R>1

F
(

1
1 + s

)
(1 + s)n−1ds

=
1

2πi

∮
|s|=R

L (s) (1 + s)n ds.

Laplace inversion for f̃ (n)

f̃ (n) =
1

2πi

∫
(↑)

L (s)ensds =
1

2πi

∮
|s|=R>1

L (s) ens ds.
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DE-POISSONIZATION VIA LAPLACE TRANSFORM

The formal expansion
An identity:

j![sj ](1 + s)nens = n![zn](z − n)jez = τj(n).

Thus (1 + s)n = ens∑
j>0 τj(n)sj/j! and formally

an =
∑
j>0

τj(n)

j!
1

2πi

∮
|s|=R

L (s)sjensds =
∑
j>0

f̃ (j)(n)

j!
τj(n)

since f̃ (j)(n) =
1

2πi

∮
|s|=R

L (s)sjensds.
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DE-POISSONIZATION VIA SINGULARITY ANALYSIS
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DE-POISSONIZATION VIA SINGULARITY ANALYSIS

Connection between PGF and OGF

f̃ (n) =
1

2πi

∮
|z|=r

F (z)

z
en(1−z)/zdz.

Now use the expansion

z−n =

(
1 +

1− z
z

)n

= en(1−z)/z
∑
j>0

τj(n)

j!

(
1− z

z

)j

and obtain

an =
1

2πi

∮
|z|=r

F (z)

z
z−ndz

=
∑
j>0

f̃ (j)(n)

j!
τj(n).
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DE-POISSONIZATION VIA SINGULARITY ANALYSIS

A simple application to “large functions”
If F (z) = O(|1− z|−α) for |z| < 1, where α > 1, then

an = f̃ (n) +

 O(n(α−1)/2), α ∈ (1,3)
O(n log n), α = 3
O(nα−2), α > 3.

Flajolet-Odlyzko (1990): an = O(nα−1).
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DE-POISSONIZATION VIA SINGULARITY ANALYSIS

Flajolet-Odlyzko-admissible functions:

FO-admissibility =⇒ JS-admissibility
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A SUMMARY AND COMPARISONS∫
-representations for an

an =
1

2πi

∮
|z|=n

ez n!

zn+1 f̃ (z) dz

=
1

2πi

∫
↑
M (s)

Γ(n + 1)

Γ(n + 1 + s)
ds

=
1

2πi

∮
|s+1|=R>1

L (s) (1 + s)n ds

=
1

2πi

∮
|z|=r<1

F (z)

z
z−n dz

∫
-representations for f̃ (n)

f̃ (n) =
∑
j>0

e−n nj

j!
aj

=
1

2πi

∫
↑
M (s) n−s ds

=
1

2πi

∮
|s+1|=R>1

L (s) ens ds

=
1

2πi

∮
|z|=r<1

F (z)

z
en(1−z)/z dz

Finite domain vs infinite domain; polynomial growth
vs exponential growth; saddle-point method vs
singularity analysis, identity vs asymptotic,
connections between admissibilities, closure
properties, . . .
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TWO APPLICATIONS

Cost of exhaustive search for MIS in Gn,p

Banderier, H., Ravelomanana and Zacharovas (2008+):

f̃ ′(z) = f̃ (qz) + e−z .

Use Laplace or singularity analysis (Mellin fails since
log f̃ (x) � (log x)2).

Variance of TPL of random unbiased b-DST
Fuchs, H., Zacharovas (2008+): Much simpler
expressions for the average value of the periodic
function ∑

06j6b

(
b
j

)
f̃ (j)(z) = 2f̃ (z/2) + g̃(z).
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