UNIFORM RANDOM SAMPLING OF PLANAR GRAPHS
IN LINEAR TIME

ERIC FUSY

Abstract.  This article introduces new algorithms for the uniform rand om gen-
eration of labelled planar graphs. Its principles rely on Bo ltzmann samplers, as
recently developed by Duchon, Flajolet, Louchard, and Schae er. It combines
the Boltzmann framework, a suitable use of rejection, a new combinatorial bi-
jection found by Fusy, Poulalhon and Schae er, as well as a precise analytic
description of the generating functions counting planar gr aphs, which was re-
cently obtained by Gimenez and Noy. This gives rise to an ext remely e cient
algorithm for the random generation of planar graphs. There is a preprocessing
step of some xed small cost; and the expected time complexity of generation
is quadratic for exact-size uniform sampling and linear for approximate-size
sampling. This greatly improves on the best previously know n time complexity
for exact-size uniform sampling of planar graphs with n vertices, which was a
little over O(n”).

This is the extended and revised journal version of a conference paper with
the title \Quadratic exact-size and linear approximate-si ze random generation
of planar graphs", which appeared in the Proceedings of the hternational Con-
ference on Analysis of Algorithms (AofA'05), 6-10 June 2005 , Barcelona.

1. Introduction

A graph is said to be planar if it can be embedded in the plane sdhat no two edges
cross each other. In this article, we consider planar graphshat are labelled i.e., the n
vertices bear distinct labels in [2:n], and simple, i.e., with no loop nor multiple edges.
Statistical properties of planar graphs have been intensigly studied [6, 19, 20]. Very
recently, Gimenez and Noy [20] have solvedexactly the di cult problem of the asymptotic
enumeration of labelled planar graphs. They also provide exct analytic expressions for
the asymptotic probability distribution of parameters such as the number of edges and
the number of connected components. However many other statics on random planar
graphs remain analytically and combinatorially intractable. Thus, it is an important
issue to design e cient random samplers in order to observe lhe (asymptotic) behaviour
of such parameters on random planar graphs. Moreover, rando generation is useful
to test the correctness and e ciency of algorithms on planar graphs, such as planarity
testing, embedding algorithms, procedures for nding geonetric cuts, and so on.

Denise, Vasconcellos, and Welsh have proposed a rst algahim for the random gen-
eration of planar graphs [8], by de ning a Markov chain on the set G, of labelled planar
graphs with n vertices. At each step, two di erent vertices v and v° are chosen at ran-
dom. If they are adjacent, the edge ¢;VvY) is deleted. If they are not adjacent and if the
operation of adding (v;v% does not break planarity, then the edge ¢;Vv% is added. By
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Aux. mem. Preproc. time Time per generation
Markov chains O(log n) O(log n) unknown  fexact sizeg
Recursive method  O(n®logn) O n’ o(n®) f exact sizey
Boltzmann sampler  O((log n)¥)  O((log n)¥) O(n?) fexact sizeg

Oo(n=) f approx. sizeg

Figure 1. Complexities of the random samplers of planar graphs @
stands for a big O taken up to logarithmic factors).

symmetry of the transition matrix of the Markov chain, the pr obability distribution con-
verges to the uniform distribution on G,. This algorithm is very easy to describe but more
di cult to implement, as there exists no simple linear-time planarity testing algorithm.
More importantly, the rate of convergence to the uniform distribution is unknown.

A second approach for uniform random generation is thaecursive methodintroduced
by Nijenhuis and Wilf [25] and formalised by Flajolet, Van Cutsem and Zimmermann [15].
The recursive method is a general framework for the random geeration of combinatorial
classes admitting a recursive decomposition. For such class, producing an object of the
class uniformly at random boils down to producing the decomposition tree corresponding
to its recursive decomposition. Then, the branching probaliities that produce the de-
composition tree with suitable (uniform) probability are ¢ omputed using the coe cients
counting the objects involved in the decomposition. As a cosequence, this method re-
quires a preprocessing step where large tables of large coeients are calculated using the
recursive relations they satisfy.

Bodirsky et al. have described in [5] the rst polynomial-time random sampler for
planar graphs. Their idea is to apply the recursive method ofsampling to a well known
combinatorial decomposition of planar graphs according tosuccessive levels of connectiv-
ity, which has been formalised by Tutte [33]. Precisely, thedecomposition yields some
recurrences satis ed by the coe cients counting planar graphs as well as subfamilies (con-
nected, 2-connected, 3-connected), which in turn yield anxglicit recursive way to generate
planar graphs uniformly at random. As the recurrences are ré¢her involved, the complex-
ity of the preprocessing step is large. Precisely, in orderd draw planar graphs with n
vertices (and possibly also a xed numberm of edges), the random generator described
in [5] requires a preprocessing time of ordeO n’(logn)?(loglogn) and an auxiliary
memory of sizeO(n®logn). Once the tables have been computed, the complexity of each
generation isO(n®). A more recent optimisation of the recursive method by Dense and
Zimmermann [9] |based on controlled real arithmetics| shou Id be applicable; it would
improve the time complexity somewhat, but the storage compéxity would still be large.

In this article, we introduce a new random generator for labdled planar graphs, which
relies on the same decomposition of planar graphs as the algthm of Bodirsky et al. The
main di erence is that we translate this decomposition into a random generator using the
framework of Boltzmann samplers, instead of the recursive rathod. Boltzmann samplers
have been recently developed by Duchon, Flajolet, Louchardand Schae er in [11] as a
powerful framework for the random generation of decomposédk combinatorial structures.
The idea of Boltzmann sampling is to gain e ciency by relaxin g the constraint of exact-size
sampling. As we will see, the gain is particularly signi cart in the case of planar graphs,
where the decomposition is more involved than for classicatlasses, such as trees. Given
a combinatorial class, aBoltzmann sampler draws an object of sizen with probability
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proportional to x" (or proportional to x"=n! for labelled objects), wherex is a certain
real parameter that can be appropriately tuned. Accordingly, the probability distribution
is spread over all the objects of the class, with the propertythat objects of the same
size have the same probability of occurring. In particular,the probability distribution is
uniform when restricted to a xed size. Like the recursive mehod, Boltzmann samplers
can be designed for any combinatorial class admitting a reasive decomposition, as there
are explicit sampling rules associated with each classic&onstruction (Sum, Product, Set,
Substitution). The branching probabilities used to produce the decomposition tree of a
random object are not based on thecoe cients as in the recursive method, but on the
values at x of the generating functions of the classes intervening in te decomposition.

In this article, we translate the decomposition of planar graphs into Boltzmann samplers
and obtain very e cient random generators that produce planar graphs with a xed
number of vertices or with xed numbers of vertices and edgesuniformly at random.
Furthermore, our samplers have an approximate-size versiowhere a small tolerance, say
a few percents, is allowed for the size of the output. For pratical purpose, approximate-
size random sampling often su ces. The approximate-size smplers we propose are very
e cient as they have linear time complexity.

Theorem 1 (Samplers with respect to number of vertices) Let n 2 N be a target size.
An exact-sizesampler A, can be designed so as to generate labelled planar graphs with
vertices uniformly at random. For any tolerance ratio > 0, an approximate-sizesampler
An. can be designed so as to generate planar graphs with their nber of vertices in[n(1
);n(d1+ )], and following the uniform distribution for each sizek 2 [n(1  );n(1+ )].

Under a real-arithmetics complexity model, Algorithm A, is of expected complexity
0O(n?), and Algorithm A, is of expected complexityO(n=).

Theorem 2 (Samplers with respect to the numbers of vertices and edges)etn 2 N be a
target size and 2 (1;3) be a parameter describing the ratio edges-vertices. Apxact-size
sampler A, can be designed so as to generate planar graphs withvertices andbn ¢
edges uniformly at random. For any tolerance-ratio > 0, an approximate-size sampler
A,.. can be designed so as to generate planar graphs with their nber of vertices in
[n(@ );n(@+ )] and their ratio edges/vertices in[ (1 ); (1+ )], and following the
uniform distribution for each xed pair (number of vertices, number of edges).

Under a real-arithmetics complexity model, for a xed 2 (1;3), Algorithm A, is of
expected complexityO (n57?). For xed constants 2 (1;3) and > 0, Algorithm A,..
is of expected complexityO (n=) (the bounding constants depend on).

The samplers are completely described in Section 6.1 and Semn 6.2. The expected
complexities will be proved in Section 8. For the sake of simlicity, we give big O bounds
that might depend on  and we do not care about quantifying the constant in the big O

in a precise way. However we strongly believe that a more cafel analysis would allow
us to have a uniform bounding constant (over 2 (1;3)) of reasonable magnitude. This
means that not only the theoretical complexity is good but also the practical one. (As
we review in Section 7, we have implemented the algorithm, with easily draws graphs of
sizes in the range of 18))

Complexity model. Let us comment on the model we adopt to state the complexitieof
the random samplers. We assume here that we are given aracle, which provides at unit
cost the exact evaluations of the generating functions intevening in the decomposition
of planar graphs. (For planar graphs, these generating funtions are those of families
of planar graphs of dierent connectivity degrees and pointd in di erent ways.) This
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assumption, called the \oracle assumption”, is by now clasgal to analyse the complexity
of Boltzmann samplers, see [11] for a more detailed discussi; it allows us to separate the
combinatorial complexity of the samplers from the complexity ofevaluating the generating
functions, which resorts to computer algebra and is a reseah project on its own. Once the
oracle assumption is done, the scenario of generation of a Bemann sampler is typically
similar to a branching process; the generation follows a segnce ofrandom choices |
typically coin ips biased by some generating function values| that determine the shape
of the object to be drawn. According to these choices, the olgct (in this article, a planar
graph) is built e ectively by a sequence of primitive operations such as vertex creation,
edge creation, merging two graphs at a common vertex... The&ombinatorial complexity
is precisely de ned as the sum of the number of coin ips and the number of primitive
operations performed to build the object. The (combinatorial) complexity of our algorithm
is compared to the complexities of the two preceding randomamplers in Figure 1.

Let us now comment on the preprocessing complexity. The imgmentation of A,. and
An, as well asKn;; and Kn; , requires the storage of a xed number of real constants,
which are special values of generating functions. The genating functions to be evaluated
are those of several families of planar graphs (connected,-&@nnected, 3-connected). A
crucial result, recently established by Ginenez and Noy [®], is that there exist exact ana-
lytic equations satis ed by these generating functions. Hece, their numerical evaluation
can be performed e ciently with the help of a computer algebra system; the complexity
we have observed in practice (doing the computations with Male) is of low polynomial
degreek in the number of digits that need to be computed. (However, there is not yet
a complete rigorous proof of the fact, as the Boltzmann parareter has to approach the
singularity in order to draw planar graphs of large size.) Todraw objects of sizen, the
precision needed to make the probability of failure small istypically of order log(n) dig-
its. Thus the preprocessing step to evaluate the generating fustions with a precision of
log(n) digits has a complexity of order log)¥ (again, this is yet to be proved rigorously).
The following informal statement summarizes the discussin; making a theorem of it is
the subject of ongoing research (see the recent article [26]

Fact. With high probability, the auxiliary memory necessary to gaerate planar graphs of
sizen is of order O(log(n)) and the preprocessing time complexity is of orde®(log(n)¥)
for some low integerk.

Implementation and experimental results. We have completely implemented the ran-
dom samplers stated in Theorem 1 and Theorem 2. Details are gén in Section 7, as well
as experimental results. Precisely, the evaluations of thegenerating functions of planar
graphs have been carried out with the computer algebra systa Maple, based on the an-
alytic expressions given by Gimenez and Noy [20]. Then, therandom generator has been
implemented in Java, with a precision of 64 bits for the values of generating functions
(\double" type). Using the approximate-size sampler, planar graphs with size of order
100,000 are generated in a few seconds with a machine clockad1GHz. In contrast, the
recursive method of Bodirskyet al is currently limited to sizes of about 100.

Having the random generator implemented, we have performedome simulations in or-
der to observe typical properties of random planar graphs. th particular we have observed
a sharp concentration for the proportion of vertices of a gien degreek in a random planar
graph of large size.

INotice that it is possible to achieve perfect uniformity by ¢ alling adaptive precision routines in case
of failure, see Denise and Zimmermann [9] for a detailed disc ussion on similar problems.
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2. Overview

The algorithm we describe relies mainly on two ingredients. The rst one is a recent
correspondence, called the closure-mapping, between binatrees and (edge-rooted) 3-
connected planar graphs [18], which makes it possible to obin a Boltzmann sampler for
3-connected planar graphs. The second one is a decompositidformalised by Tutte [33],
which ensures that any planar graph can be decomposed into 8ennected components,
via connected and 2-connected components. Taking advantagof Tutte's decompaosition,
we explain in Section 4 how to specify a Boltzmann sampler foplanar graphs, denoted

G(x;y), from the Boltzmann sampler for 3-connected planar graphs To do this, we have
to extend the collection of constructions for Boltzmann sanplers, as detailed in [11], and
develop new rejection techniques so as to suitably handle #hrooting/unrooting operations
that appear alongside Tutte's decomposition.

Even if the Boltzmann sampler G(x;y) already yields a polynomial-time uniform ran-
dom sampler for planar graphs, the expected time complexityto generate a graph of size
n (n vertices) is not good, due to the fact that the size distribution of G(x;y) is too
concentrated on objects of small size. To improve the size diribution, we point the ob-
jects, in a way inspired by [11], which corresponds to alerivation (di erentiation) of the
associated generating function. The precise singularity malysis of the generating func-
tions of planar graphs, which has been recently done in [20]indicates that we have to
take the second derivative of planar graphs in order to get a god size distribution. In
Section 5, we explain how the derivation operator can be injeted in the decomposition of
planar graphs. This yields a Boltzmann sampler G*{x;y) for \bi-derived" planar graphs.
Our random generators for planar graphs are nally obtained astargetted samplers which
call G’{x;y) (with suitably tuned values of x and y) until the generated graph has the
desired size. The time complexity of the targetted samplerss analysed in Section 8. This
eventually yields the complexity results stated in Theorens 1 and 2. The general scheme
of the planar graph generator is shown in Figure 2.

3. Boltzmann samplers

In this section, we de ne Boltzmann samplers and describe te main properties which
we will need to handle planar graphs. In particular, we have b extend the framework to
the case ofmixed classesmeaning that the objects have two types of atoms. Indeed the
decomposition of planar graphs involves both (labelled) vetices and (unlabelled) edges.
The constructions needed to formulate the decomposition oplanar graphs are classical
ones in combinatorics: Sum, Product, Set, Substitutions [314]. In Section 3.2, for each of
the constructions, we describe asampling rule, so that Boltzmann samplers can be assem-
bled for any class that admits a decomposition in terms of thee constructions. Moreover,
the decomposition of planar graphs involves rooting/unroding operations, which makes
it necessary to develop new rejection techniques, as desbgd in Section 3.4.3.

3.1. De nitions. A combinatorial class C is a family of labelled objects (structures),
that is, each object is made ofn atoms that bear distinct labels in [1::n]. In addition, the
number of objects in any xed sizen is nite; and any structure obtained by relabelling
a structure in Cis also in C. The exponential generating function of Cis de ned as

X il

C(X) = s
e ) 1
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planar graphs

T

connected V%%%’g&g‘éed
planar graphs ™ unpoint
by rejection planar graphs
vertex-
Tsubstltutlon
edge-rooted vertex-pointed
2-connected oo » 2-connected
lanar graphs unpoint eage lanar graphs
P grap +point vertex P grap
by rejection
edge-
substitution
edge-rooted bicolored
3-connected ™ bijection binary trees
planar graphs +rejection

Figure 2. The chain of constructions from binary trees to planar grapts.

wherej j is the size of an object 2 C (e.g., the number of vertices of a graph). The
radius of convergence ofC(x) is denoted by . A positive value x is called admissible if
x 2 (0; ) (hence the sum de ning C(x) converges ifx is admissible).

Boltzmann samplers, as introduced and developed by Duchoet al. in [11], constitute
a general and e cient framework to produce a random generateo for any decomposable
combinatorial classC. Instead of xing a particular size for the random generation, objects
are drawn under a probability distribution spread over the whole class. Precisely, given
an admissible value forC(x), the Boltzmann distribution assigns to each object of C a
weight

Notice that the distribution is uniform, i.e., two objects w ith the same size have the same
probability to be chosen. A Boltzmann sampler for the labelled classC is a procedure
C(x) that, for each xed admissible x, draws objects of C at random under the distri-
bution P«. The authors of [11] give sampling rules associated to clagsl combinatorial
constructions, such as Sum, Product, and Set. (For the unlablled setting, we refer to the

more recent article [12], and to [4] for the speci c case of @ne partitions.)

In order to translate the combinatorial decomposition of planar graphs into a Boltz-
mann sampler, we need to extend the framework of Boltzmann gaplers to the bivariate
case ofmixed combinatorial classes. A mixed clas<C is a labelled combinatorial class
where one takes into account a second type of atoms, which anenlabelled. Precisely, an
object in C= [ n.m Gi:m hasn \labelled atoms" and m \unlabelled atoms", e.g., a graph
has n labelled vertices andm unlabelled edges. The labelled atoms are shortly called
L-atoms, and the unlabelled atoms are shortly called U-atons. For 2 C, we write j j for
the number of L-atoms of , called the L-size of , and jj jj for the number of U-atoms
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of , called the U-size of . The associated generating functionC(x;y) is de ned as
X xii .
Coay)= =yl I
L
For a xed real value y > 0, we denote by ¢ (y) the radius of convergence of the function
é 7' C(x;y). A pair (x;y) is said to be admissible if x 2 (0; c(y)), which implies that
c %yﬂ I converges and thatC(x;y) is well de ned. Given an admissible pair (x;y),
the mixed Boltzmann distribution is the probability distribution P, assigning to each
object 2 C the probability

L X i,

Cxy)j !

An important property of this distribution is that two objec ts with the same size-parameters
have the same probability of occurring. A mixed Boltzmann samplerat (x;y) |shortly
called Boltzmann sampler hereafter| is a procedure C(x;y) that draws objects of C at
random under the distribution Py, . Notice that the specialization y = 1 yields a classical
Boltzmann sampler for C.

Pxy( )=

3.2. Basic classes and constructions.  We describe here a collection of basic classes
and constructions that are used thereafter to formulate a deompaosition for the family of
planar graphs.

The basic classes we consider are:

The 1-class, made of a unique object of size 0 (both the L-sizend the U-size are
equal to 0), called the 0-atom. The corresponding mixed gemating function is
C(xy)=1.
The L-unit class, made of a unique object that is an L-atom; the corresponding
mixed generating function is C(x;y) = X.
The U-unit class, made of a unique object that is a U-atom; thecorresponding
mixed generating function isC(x;y) = v.
Let us now describe the ve constructions that are used to deompose planar graphs.
In particular, we need two speci ¢ substitution constructi ons, one at labelled atoms that
is called L-substitution, the other at unlabelled atoms that is called U-substitution.

Sum. The sumC:= A + B of two classes is meant as disjoint union, i.e., it is the union
of two distinct copies of A and B. The generating function of C satis es

C(xy) = A(Xy) + B(xy):

Product. The partitional product of two classes A and B is the classC:= A ?B of objects
that are obtained by taking a pair =( 12 A; > 2 B) and relabelling the L-atoms so
that bears distinct labels in [1:j j]. The generating function of C satis es

C(xy) = A(xy) B(xy):

Set 4. Ford 0 and a classB having no object of size 0, any object inC:= Set 4(B) is
a nite set of at least d objects of B, relabelled so that the atoms of bear distinct labels
in[1::j j]. For d =0, this corresponds to the classical constructionSet . The generating
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function of C satis es

X gk

C(x;y) =exp 4(B(xy)); where exp 4(z):= Mk
k d

L-substitution.  Given A and B two classes such thatB has no object of size 0, the class
C= A | B is the class of objects that are obtained as follows: take anhlject 2 A
called the core-object substitute each L-atom v of; by an object , 2 B, and relabel
the L-atoms of [ , , with distinct labels from 1to | j vj. The generating function of C
satis es

C(xy) = AB(XY);Y):

U-substitution. Given A and B two classes such thatB has no object of size 0, the
classC= A B is the class of objects that are obtained as follows: take anlgect 2 A
called the core-object substitute each U-atome of by an ,9bject e 2 B, and relabel the
L-atoms of [ ([ e e) with distinct labels from 1to j j+ . ¢j. We assume here that
the U-atoms of an object of A are distinguishable In particular, this property is satis ed

if A is a family of labelled graphs with no multiple edges, sincewo di erent edges are
distinguished by the labels of their extremities. The geneating function of C satis es

C(xy) = A(X;B(xYy)):

3.3. Sampling rules. A nice feature of Boltzmann samplers is that the basic combi-
natorial constructions (Sum, Product, Set) give rise to sinple rules for assembling the
associated Boltzmann samplers. To describe these rules, vessume that the exact values
of the generating functions at a given admissible pair X;y) are known. We will also need
two well-known probability distributions.

A random variable follows a Bernoulli law of parameterp 2 (0; 1) if it is equal to
1 (or true) with probability p and equal to O (or false) with probability 1  p.
Given 2 R, andd2 Z., the conditioned Poisson law Pois 4( ) is the proba-
bility distribution on Z 4 de ned as follows:

1 K X Zk

; Where exp 4(z) := Mk
g K

AT

k

For d = 0, this corresponds to the classical Poisson law, abbrevied as Pois.

Starting from combinatorial classesA and B endowed with Boltzmann samplers A(X;y)
and B(X;y), Figure 3 describes how to assemble a sampler for a cla€obtained from A
and B (or from A alone for the construction Set ) using the ve constructions described
in this section.

Proposition 3. Let A and B be two mixed combinatorial classes endowed with Boltzmann
samplers A(x;y) and B(x;y). For each of the ve constructionsf+, ?, Set 4, L-subs,
U-subgy, the sampler C(x;y), as speci ed in Figure 3, is a valid Boltzmann sampler for
the combinatorial classC.

Proof. 1) Sum: C= A + B. An object of A has probability A()};y) %yﬂ i (by de nition
of A(x;y)) multiplied by é&i',; (because of the Bernoulli choice) of being drawn by

C(x;y). Hence, it has probability C(Q;y) %yﬂ I of being drawn. Similarly, an object
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Basic class Boltzmann sampler
1-class 1 return the O-atom
L-unit class Z, return the L-atom
U-unit class Zy return the U-atom

Construction

Boltzmann sampler

Sum

v i A(xy)
C(x;y): if Bern Cxy)

else return B(x

C=A+8B

return  A(X;y)

1Y)

Product

C=A?B ax;y):

DistributeLabels

( A(x;y); B(x;y)) findependent callg

(); return

Set 4

C= Set 4(B) C(x;y): kK Pois 4(B(X;

DistributeLabels

)
oy B(xy)) fkind: callsg
(); return

L-subs

C=A LB axy): AB(xY);

DistributeLabels

y)

for each L-atomv 2 do
replacev by

B(x;y) od find. callsg
( ); return

U-subs

C=A yB ax;y):

replacee by
DistributeLabels

A(x;B(xy))
for each U-atome?2 do

B(x;y) od find. callsg
(); return

Figure 3.

Given an object
bels ( ) draws a permutation
(i) to the atom of rank i.

label

of B has probability =

sampler for C.

The sampling rules associated with the basic classes and the
constructions. For each rule involving partitional products, there is a re-
labelling step performed by an auxiliary procedureDistributeLabels

with its L-atoms ranked from 1 to
of [1:j j] uniformly

i

coy Y I of being drawn. Hence

j |, DistributeLa-
at random and gives

C(x;y) is a valid Boltzmann

2) Product: C= A ?B. De ne a generation scenarioas a pair ( 1 2A; » 2 B), together

with a function

bijective way. By de nition,

that assigns to each L-atom in ;[

2 alabeli 2 [1 1j+j 2j]ina
C(x;y) draws a generation scenario and returns the object

2 A ? B obtained by keeping the secondary labels (the ones given bistributelLa-
bels ). Each generation scenario has probability

Pl
1 X )l 2])

B(xy)j 2j!

P
1 X ) 1))

AY) ] 1

1

(4 ad+] 2
of being drawn, the three factors corresponding respectivg to  A(X;y),

B(x;y), and

DistributeLabels (). Observe that this probability has the more compact form
; 1 ﬁy]—j jj:
Jajli 2tCqy) g !

Given 2 A ?B, let ; beits rst component (in A) and , be its second component

(in B). Any relabelling of the labelled atoms of ; from 1 to j ;j and of the labelled
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atoms of , from 1to | ,j induces a unique generation scenario producing. Indeed, the
two relabellings determine unambiguously the relabellingpermutation  of the generation
scenario. Hence, is produced fromj ;j!j 2j! di erent scenarios, each having probability

m%yﬂ ' As a consequence, is drawn under the Boltzmann distribution.
3) Set 4: C= Set 4(B). In the case of the constructionSet 4, a generation scenariois
dened as a sequence (1 2 B;:::; k 2 B) with k d, together with a function that
assigns to each L-atomin 1 [ [ « alabeli 2 [1:] 1)+ +j «j] in a bijective way.
Such a generation scenario produces an object2 Set 4(B). By de nition of  C(x;y),
each scenario has probability
!
exp ¢(B(xjy)) K o BOGY) it Gadt Y

the three factors corresponding respectively to drawing P& 4(B(X;y)), drawing the se-
quence, and the relabelling step. This probability has the gnpler form

Lo X i 1.
KIC(x;y) j J! i 1l
For k d, an object 2 Set 4(B) can be written as a sequences;:::;  in k! dierent
ways. In addition, by a sin&ar argument as for the Product construction, a sequence
1;::7; k Is produced from :‘:1 j ij! dierent scenarios. As a consequence, is drawn

under the Boltzmann distribution.

4) L-substitution: C= A | B. For this construction, a generation scenariois de ned as

a core-object 2 A, a sequence 1;:::; j; of objects of B ( ; stands for the object of B
substituted at the atom i of ), together with a function that assigns to each L-atom
in [ [ j;alabeli?2[1: 4j+ + ] j il in a bijective way. This corresponds to

the scenario of generation of an object 2 A | B by the algorithm C(x;y), and this
scenario has probability
0 1
. j i ! j i- ji i"
1 B().(,.y)l Jyjj i @Y X lle. u. A 1 .
ABMGY)Y) T o, Byt Goadt gt

which has the simpler form

iy i1 Yo

Cooy)i it it
Given 2 A | B, labelling the core-object 2 A with distinct labels in [1::j j] and each

component (); j; ; with distinct labels in [1:j ;j] induces a unique generation scenario
producing . As a consequence, is produced fromj j! 1 j ij! scenarios, each having
probability %ﬁ 121 1. Hence, is drawn under the Boltzmann distribution.
5) U-substitution: C= A  B. A generation scenariois de ned as a core-object 2 A,
asequence 1;:::; j j of objects of B (upon giving a rank to each unlabelled atom of ,

i stands for the object of B substituted at the U-atom of rank i in ), and a function
that assigns to each L-atomin [ ([ [ jj alabeli2 [1:j j+j 4j+  +jj il

This corresponds to the scenario of generation of an object 2 A B by the algorithm
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C(x;Yy); this scenario has probabil(i)ty
i N, 2 T Y

;).(—.B(x;y)”” @ X y. _A N 1 i i
AGB(%Y)) | it o BOGY) it (G i+ T At g !

This expression has the simpler form

Xyl i1 Wi

CoGy 1ty i
Given 2 A y B, labelling the core-object 2 A with distinct labels in [1:] j] and
each component (), ;j j With distinct labels in [1:] ;j] induces a unique generation
3 Vi ij scenarios,
each having probability %ﬁ \-{ 5. Hence, is drawn under the Boltzmann
distribution.

scenario producing . As a consequence, is produced fromj j!

Example. Consider the classC of rooted binary trees, where the (labelled) atoms are the
inner nodes. The clas<C has the following decomposition grammar,

C=(C+1)?Z27?(C+1):
Accordingly, the seriesC(x) counting rooted binary trees satis es C(x) = x (1 + C(x))z.
(Notice that C(x) can be easily evaluated for a xed real parameterx < ¢ =1=4))
Using the sampling rules for Sum and Product, we obtain the fdowing Boltzmann
sampler for binary trees, wheref g stands for a node:

Cx): return ((1+ O(x);fg; (1+ O(x)) findependent callg

(1+ O(x): ifBern ﬁ
else return C(x)
Distinct labels in [1::] j] might then be distributed uniformly at random on the atoms of
the resulting tree , so as to make it well-labelled (see Remark 4 below). Many merexam-

ples are given in [11] for labelled (and unlabelled) classespeci ed using the constructions
1 1= A o P

return leaf

Remark 4. In the sampling rules (Figure 3), the procedure DistributeLabels ()
throws distinct labels uniformly at random on the L-atoms of . The fact that the re-
labelling permutation is always chosen uniformly at randomensures that the process of
assigning the labels has no memory of the past, hendgistributeLabels needs to be
called just once, at the end of the generation procedure. (A imilar remark is given by
Flajolet et al. in [15, Sec. 3] for the recursive method of sampling.)

In other words, when combining the sampling rules given in Fyure 3 in order to de-
sign a Boltzmann sampler, we can forget about the calls tdDistributeLabels , see for
instance the Boltzmann sampler for binary trees above. In fat, we have included the
DistributeLabels steps in the de nitions of the sampling rules only for the sale of
writing the correctness proofs (Proposition 3) in a proper vay.

3.4. Additional techniques for Boltzmann sampling. As the decomposition of pla-
nar graphs we consider is a bit involved, we need a few techniggs in order to properly
translate this decomposition into a Boltzmann sampler. These techniques, which are
described in more detail below, are: bijections, pointing,and rejection.
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3.4.1. Combinatorial isomorphisms. Two mixed classesA and B are said to beisomorphic,

shortly written as A' B , if there exists a bijection between A and B that preserves the

size parameters, i.e., preserves the L-size and the U-siz€This is equivalent to the fact

that the mixed generating functions of A and B are equal.) In that case, a Boltzmann

sampler A(x;y) for the classA yields a Boltzmann sampler forB via the isomorphism:
B(x;y): A(X;y); return ().

3.4.2. L-derivation, U-derivation, and edge-rooting. In order to describe our random sam-
pler for planar graphs, we will make much use oflerivative operators. The L-derived class
of a mixed classC = [ n.m Gi.m (shortly called the derived class ofC) is the mixed class
= nm Cﬁ;m of objects in Cwhere the greatest label is taken out, i.e., the L-atom with
greatest label is discarded from the set of L-atoms (see thedok by Bergeron, Labelle,
Leroux [3] for more details and examples). The clas€® can be identi ed with the pointed
classC of C, which is the class of objects ofC with a distinguished L-atom. Indeed the
discarded atom in an object of C° plays the role of a pointed vertex. However the impor-
tant di erence between C’and C is that the distinguished L-atom does not count in the
L-size of an object inC% In other words, C = Z, ?C° Clearly, for any integers n;m,
Q .., identiesto G,m, so that the generating function C(x;y) of C°satis es

X XN 1
(1) Cley)= Gl V" = @C(xy):
n;m (n )

The U-derived class ofCis the classC of objects obtained from objects ofC by discarding
one U-atom from the set of U-atoms; in other words there is a ditinguished U-atom that
does not count in the U-size. As in the de nition of the U-subditution, we assume that all
the U-atoms are distinguishable, for instance the edges of simple graph are distinguished
by the labels of their extremities. In that case, |C,.,, 1j = MjGym |, SO that the generating
function C(x;y) of Csatis es

X XN
() Ciy)= MiGymjy" = @C(xy):
n;m
For the particular case of planar graphs, we will also considr edge-rooted objects
(shortly called rooted objects), i.e., planar graphs wherean edge is \marked" (distin-
guished) and directed. In addition, the root edge, shortly @lled the root, is not counted
as an unlabelled atom, and the two extremities of the root do mt count as labelled atoms
(i.e.,'are not labelled). The edge-rooted clas§ o€ is der'10ted by C. Clearly we have

Z,2? C ' 2?C. Hence, the generating functionC (x;y) of C satis es
! 2
@) Cxy)= Z@CKxy):
3.4.3. Rejection. Using rejection techniques o ers great exibility to design Boltzmann
samplers, since it makes it possible to adjust the distributons of the samplers.

Lemma 5 (Rejection). Given a combinatorial classC, let W : C 7!R* andp: C 7![0; 1]
be two functions, callgdweight-function and rejection-function, respectively. Assume that
W is summable, i.e.,, ,- W( )is nite. Let A be a random generator forC that draws

each object 2 C with probability proportional to W ( ). Then, the procedure

Arej : repeatA! until Bern(p( )); return
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is a random generator onC, which draws each object 2 C with probability proportional
to W( )p( ).

Proof. De ne W = P ,c W( ). By de nition, A draws an object 2 C with probability
P():= W( )=W. Let pe be the probability of failure of A, at each attempt. The
probability Prej( )that is drawn by A satis s Prej( ) = P( )p( )+ PrejPrej ( ); where
the rst (second) term is the probability that is drawn at the rst attempt (at a later

attempt, respectively). Hence, Prej( )= P( )p( )=(1 Prej) = W( )P( )=(W (1 peej)).
i.e., Prej( ) is proportional to W( )p( ).

Rejection techniques are very useful for us to change the wagbjects are rooted. Typ-
ically it helps us to obtain a Boltzmann sampler for A° from a Boltzmann sampler for A
and vice versa. As we will use this trick many times, we formake it here by giving two
explicit procedures, one from L-derived to U-derived objets, the other one from U-derived
to L-derived objects.

Lderived ! Uderived o
INPUT: a mixed class A such that y=_ = sSup j,p ”—” is nite,
a Boltzmann sampler AYx;y) for the L-deJri\J/ed classA°
OUTPUT: a Boltzmann sampler for the U-derived class A, de ned as:

A(x;y): repeat AYx;y) fat this point 2 A%
give labelj j+1 to the discarded L-atom of ;
fsoj jincreases by 1, and 2 Ag
u=L | ]
choose a U-atom uniformly at random and discard it
from the set of U-atoms;fsojj jj decreases by 1, and 2 Ag
return

until Bern

Lemma 6. The procedure Lderived ! Uderived vyields a Boltzmann sampler for the
classA from a Boltzmann sampler for the classA®.

Proof. First, observe that the sampler is well de ned. Indeed, by denition of the pa-
rameter = , the Bernoulli choice is always valid (i.e., its parameter 5 always in [Q 1]).
Notice that the sampler

ANXY);
give labelj j+1 to the discarded L-atom of ;
return
is a sampler for A that outputs each object 2 A with probability WHW i

becauseA, identiesto AY ... Inother words, this sampler draws each object 2 A
with probability proportional to | j%yjj i, Hence, according to Lemma 5, the repeat-
until loop of the sampler A(x;y) yields a sampler for A such that each object has
probability proportional to jj jj%yjj i, As each U-atom has probability 15j jj of being
discarded, the nal sampler is such that each object 2 A has probability proportional
to %yﬂ I, So A(x;y) is a Boltzmann sampler for A.

We de ne a similar procedure to go from a U-derived class to arlL-derived class:
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Uderived ! Lderived o
INPUT: a mixed class A such that |-y :=sup 4 ”J—L is nite,

a Boltzmann sampler A(x;y) for the U-derived classA
OUTPUT: a Boltzmann sampler for the L-derived class A de ned as:

A%x;y): repeat A(x;y) fat this point 2Ag
take the discarded U-atom of back in the set of U-atoms;
fsojj jj increases by 1, and 2 Ag

BN

t=u i i

discard the L-atom with greatest label from the set of L-atoms;

fsoj j decreases by 1, and 2 A%

return

until Bern

Lemma 7. The procedure Uderived ! Lderived vyields a Boltzmann sampler for the
class A° from a Boltzmann sampler for the classA.

Proof. Similar to the proof of Lemma 6. The sampler AYx;y) is well de ned, as the
Bernoulli choice is always valid (i.e., its parameter is alvays in [0; 1]). Notice that the

sampler

A(XY);

take the(disyc)arded U-atom back to the set of U-atoms of ;

return -
is a sampler forA that outputs each object 2 A with probability x5l jj%yjj S
(because an object A, gives rise tom objectsinA,.., 1), i.e., with probability propor-
tional to jj jj %yﬂ I, Hence, according to Lemma 5, the repeat-until loop of the sapler

A°(x;»y‘) yields a sampler forA such that each object 2 A has probability proportional

toj j¥yl U, ie., proportional to 11)! yil il Hence, by discarding the greatest L-atom
(ike.,j j i J 1), we geta probability proportional to %yﬂ Ii for every object 2 A©,
i.e., a Boltzmann sampler for A°.

Remark 8. We have stated in Remark 4 that, during a generation processit is more
convenient in practice to manipulate the shapes of the objets without systematically
assigning labels to them. However, in the de nition of the sanpler AYx;y), one step is
to remove the greatest label, so it seems we need to look at tHabels at that step. In fact,
as we consider here classes that are stable under relabetiinit is equivalent in practice to
draw uniformly at random one vertex to play the role of the discarded L-atom.

4. Decomposition of planar graphs and Boltzmann samplers

Our algorithm starts with the generation of 3-connected planar graphs, which have
the nice feature that they are combinatorially tractable. Indeed, according to a theorem
of Whitney [35], 3-connected planar graphs have a unique endalding (up to re ection),
so they are equivalent to 3-connected planar maps. Followig the general approach in-
troduced by Schae er [29], a bijection has been described byhe author, Poulalhon, and
Schae er [18] to enumerate 3-connected maps [18] from bingrtrees, which yields an
explicit Boltzmann sampler for (rooted) 3-connected maps,as described in Section 4.1.

The next step is to generate 2-connected planar graphs from-8onnected ones. We
take advantage of a decomposition of 2-connected planar gpds into 3-connected planar
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Figure 4. The complete scheme to obtain a Boltzmann sampler for pla-
nar graphs. The classes are to be de ned all along Section 4.

\, 7\\\ ,/// \\\ (—<</7\\y \‘//777;\: //,7\\\
o | AW ! N Y\
1 1 3 N 12 4 12 3 6 1

N

Figure 5. The connected planar graphs with at most four vertices (the
2-connected ones are surrounded). Below each graph is indied the
number of distinct labellings.

components, which has been formalised by Trakhtenbrot [31{and later used by Walsh [34]
to count 2-connected planar graphs and by Bender, Gao, Wormid to obtain asymptotic
enumeration [1]). Finally, connected planar graphs are geerated from 2-connected ones
by using the well-known decomposition into blocks, and plamar graphs are generated from
their connected components. Let us mention that the decompsition of planar graphs into
3-connected components has been completely formalised byuite [33] (though we rather
use here formulations of this decomposition omooted graphs, as Trakhtenbrot did).
The complete scheme we follow is illustrated in Figure 4.

Notations. Recall that a graph is k-connected if the removal of any set ok 1 vertices
does not disconnect the graph. In the sequel, we consider thiellowing classes of planar
graphs:

G: the class of all planar graphs, including the empty graph,

G: the class of connected planar graphs with at least one verte

&: the class of 2-connected planar graphs with at least two veices,
Gs: the class of 3-connected planar graphs with at least four wices.
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All these classes are considered as mixed, with labelled wares and unlabelled edges,
i.e., the L-atoms are the vertices and the U-atoms are the edgs. Let us give the rst
few terms of their mixed generating functions (see also Figte 5, which displays the rst
connected planar graphs):

G(xy) = 1+ x+ 5 (1+y)+ 5 (1+3y+3y2+y%)+

Gi(xy) = X+ 5y + 5 @y2+ y3) + % (16y° +15y* +6y° + yO) +
Ga(xiy) = Bry+ GyP+ Ar(3y*+6y7+y°) + K (12y7+70y°+100y"+15y°+10y%) +
Ga(x;y) = X1y®+ X (15y8 +10y°)+ X (60y°® +432y0 + 540yt + 195y12) +

Observe that, for a mixed classA of graphs the derived classA® as de ned in Sec-
tion 3.4.2, is the class of graphs inA that have one vertex discarded from the set of
L-atoms (this vertex plays the role of a distinguished vertex); A is the class of graph inA

with one eldge discarded from the set of U-atoms (this edge pie the role of a distinguished

edge); and A is the class of graphs inA with an ordered pair of adjacent vertices (; V)
discarded from the set of L-atoms and the edgel v) discarded from the set of U-atoms
(such a graph can be considered as rooted at the directed edds; v)).

4.1. Boltzmann sampler for 3-connected planar graphs. In this section we develop
a Boltzmann sarppler for 3-connected planar graphs, more pasely for edge-rootedones,
i.e., for the classG;. Our sampler relies on two results. First, we recall the equialence
between 3-connected planar graphs and 3-connected maps, e#e the terminology of map
refers to an explicit embedding. Second, we take advantagefa bijection linking the

families of rooted 3-connected maps and the (very simple) faily of binary trees, via
intermediate objects that are certain quadrangular dissetions of the hexagon. Using the
bijection, a Boltzmann sampler for rooted binary trees is translated into a Boltzmann
sampler for rooted 3-connected maps.

4.1.1. Maps. A map on the sphere(planar map, resp.) is a connected planar graph em-
bedded on the sphere (on the plane, resp.) up to continuous dermation of the surface,
the embedded graph carrying distinct labels on its verticegas usual, the labels range from
1 to n, the number of vertices). A planar map is in fact equivalent to a map on the sphere
with a distinguished face, which plays the role of the unbounled face. The unbounded
face of a planar map is called theouter face, and the other faces are called theénner faces
The vertices and edges of a planar map are said to beuter or inner whether they are
incident to the outer face or not. A map is said to berooted if the embedded graph is
edge-rooted. Theroot vertex is the origin of the root. Classically, rooted planar maps ae
always assumed to have the outer face on the right of the root.With that convention,
rooted planar maps are equivalent to rooted maps on the spher(given a rooted map on
the sphere, take the face on the right of the root as the outerdce). See Figure 6(c) for
an example of rooted planar map, where the labels are forgo#?.

4.1.2. Equivalence between 3-connected planar graphs and 3-cocterl maps. A well known
result due to Whitney [35] states that a labelled 3-connectéd planar graph has a unique
embedding on the sphere up to continuous deformation and reection (in general a planar
graph can have many embeddings). Notice that any 3-connectemap on the sphere with

2Classically, rooted maps are considered in the literature w ithout labels on the vertices, as the root is
enough to avoid symmetries. Nevertheless, it is convenient here to keep the framework of mixed classes
for maps, as we do for graphs.
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at least 4 vertices di ers from its mirror-image, due to the labels on the vertices. Hence
every 3-connected planar graph with at least 4 vertices give rise exactly to two maps on
the sphere. The class of 3-connected maps on the sphere withlaast 4 vertices is denoted
by M 3. As usual, the class is mixed, the L-atoms being the verticesnd the U-atoms

being the edges. Whitney's theorem ensures that

4) Ms' 22G:

Here we make use of the formulation of this isomorphism foedge-rootedobjects. The
Imixed class of rooted 3-connected planar maps with at least 4/ertices is denoted by
"M 3, where |as for edge-rooted graphs| the L-atoms are the verti ces not incident to
the root-edge and the U-atoms are the edges except the root. quation (4) becomes, for
edge-rooted objects:

(5) 'Ms 297G

|
Thanks to this isomorphism, nding a Boltzmann sampler 'Gg(lz;w) for edge-rooted

3-connected planar graphs reduces to nding a Boltzmann sampler "M 3(z;w) for rooted
3-connected maps, upon forgetting the embedding.

4.1.3. 3-connected maps and irreducible dissectionsWe consider here some quadrangular
dissections of the hexagon that are closely related to 3-carected planar maps. (We will
see that these dissections can be e ciently generated at radom, as they are in bijection
with binary trees.)

Precisely, aquadrangulated mapis a planar map (with no loop nor multiple edges) such
that all faces except maybe the outer one have degree 4; it isaled a quadrangulation
if the outer face has degree 4. A quadrangulated map is callebicolored if the vertices
are colored black or white such that any edge connects two véices of di erent colors. A
rooted quadrangulated map (as usual with planar maps, the rot has the outer face on
its right) is always assumed to be endowed with the unique veex bicoloration such that
the root vertex is black (such a bicoloration exists, as all inner faces have even dezg).
A gquadrangulated map with an outer face of degree more than 4s called irreducible
if each 4-cycle is the contour of a face. In particular, we dene an irreducible dissec-
tion of the hexagon |shortly called irreducible dissection hereafter| as an ir reducible
quadrangulated map with an hexagonal outer face, see Figuré(b) for an example. A
quadrangulation is called irreducible if it has at least 2 imer vertices and if every 4-
cycle, except the outer one, delimits a face. Notice that thesmallest irreducible dissection
has one inner edge and no inner vertex (see Figure 7), whereéise smallest irreducible
quadrangulation is the embedded cube, which has 4 inner veites and 5 inner faces. We
consider irreducible dissections as objects of the mixed pe, the L-atoms are the black
inner vertices and the U-atoms are the inner faces. It provesnore convenient to consider
here the irreducible dissections that areasymmetric, meaning that there is no rotation
xing the dissection. The four non-asymmetric irreducible dissections are displayed in
Figure 7(b), all the other ones are asymmetric either due to @ asymmetric shape or due
to the labels on the black inner vertices. We denote byl the mixed class ofasymmetric
bicolored irreducible dissections. We de ne alsal as the class of asymmetric irreducible
dissections that carry a root (outer edge directed so as to h& a black origin and the
outer face on its right), where this time the L-atoms are the Hack vertices except two of
them (say, the origin of the root and the next black vertex in ccw order around the outer
face) and the U-atoms are all the faces, including the outer ne. Finally, we de ne Q as
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the mixed class of rooted irreducible quadrangulations, wkre the L-atoms are the black
vertices except those two incident to the outer face, and theU-atoms are the inner faces.

Irreducible dissections are closely related to 3-connectemaps, via a classical corre-
spondence between planar maps and quadrangulations. Givea bicolored rooted quad-
rangulation , the primal map of isthe rooted map whose vertex set is the set of black
vertices of , each facef of giving rise to an edge of connecting the two (opposite)
black vertices off , see Figure 6(c)-(d). The map is naturally rooted so as to have the
same root-vertex as .

Theorem 9 (Mullin and Schellenberg [24]) The primal-map construction is a bijection

between rooted irreducible quadrangulations with black vertices andm faces, and rooted 3-
connected maps witm vertices andm edges. In other words, the primal-map construction

yields the combinatorial isomorphism

!
(6) Q"' Myt
In addition, the construction of a 3-connected map from an ireducible quadrangulation
takes linear time.

The link b(latween J andI M 3 is established via the family Q, which is at the same time
isomorphic to M 3 and closely related toJ . Let be a rooted irreducible quadrangulation,
and let e be the edge following the root in cw order around the outer fae. Then, deletinge
yields a rooted irreducible dissection . In addition it is easily checked that is asymmetric,
i.e., the four non-asymmetric irreducible dissections, with are shown in Figure 7(b), can
not be obtained in this way. Hence the so-calledoot-deletion mapping is injective from
Q to J . The inverse operation|called the root-addition mapping|starts from a rooted
irreducible dissection , and adds an outer edge from the root-vertex of to the opposite
outer vertex. Notice that the rooted quadrangulation obtained in this way might not be
irreducible. Precisely, a non-separating 4-cycle appears  has an internal path (i.e., a
path using at least one inner edge) of length 3 connecting theoot vertex to the opposite
outer vertex. A rooted irreducible dissection is calledadmissiblei it has no such path.
The subclass of rooted irreducible dissections that are adissible is denoted byJ,. We
obtain the following result, already given in [18]:

Lemma 10. The root-addition mapping is a bijection between admissilel rooted irreducible
dissections withn black vertices andm faces, and rooted irreducible quadrangulations with
n black vertices andm inner faces. In other words, the root-addition mapping realses the
combinatorial isomorphism

(1) Ja'Q

To sum up, we have the following link between rooted irredudble dissections and rooted

3-connected maps: |
J J a'Q" Mg |

Notice that we have a combinatorial isomorphism betweenJ, and M 3: the root-edge
addition combined with the primal map construction. For 2 J ,, the rooted 3-connected
map associated with is denoted Primal( ).

As we see next, the clas$ (and also the associated rooted clas$ ) is combinatorially
tractable, as it is in bijection with the simple class of binary trees; hence irreducible
dissections are easily generated at random.

SMore generally, the bijection holds between rooted quadran gulations and rooted 2-connected maps.
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(€Y (b) (d)
Figure 6. (&) A binary tree, (b) the associated irreducible dissectin
(rooted and admissible), (c) the associated rooted irreduible quadran-
gulation = Add( ), (d) the associated rooted 3-connected map =
Primal( ).

e

Figure 7. (a) The four non-asymmetric bicolored binary trees. (b) The
four non-asymmetric bicolored irreducible dissections.

4.1.4. Bijection between binary trees and irreducible dissectios. There exist by now sev-
eral elegant bijections between families of planar maps andamilies of plane trees that
satisfy simple context-free decomposition grammars. Sucleonstructions have rst been
described by Schae er in his thesis [29], and many other fanties of rooted maps have been
counted in this way [17, 27, 28, 7]. The advantage of bijectie constructions over recur-
sive methods for counting maps [32] is that the bijections y&ld e cient |linear-time|
generators for maps, as random sampling of maps is reduced the much easier task of
random sampling of trees, see [30]. The method has been retignapplied to the family
of 3-connected maps, which is of interest here. Precisely,sadescribed in [18], there is a
bijection between binary trees and irreducible dissectios of the hexagon, which, as we
have seen, are closely related to 3-connected maps.

We de ne an unrooted binary tree, shortly called a binary tree hereafter, as a plane tree
(i.e., a planar map with a unique face) where the degree of eacvertex is either 1 or 3.
The vertices of degree 1 (3) are called leaves (nodes, respA binary tree is said to be
bicolored if its nodes are bicolored so that any two adjaceninodes have di erent colors,
see Figure 6(a) for an example. In a bicolored binary tree the.-atoms are the black nodes
and the U-atoms are the leaves. A bicolored binary tree is céd asymmetric if there is no
rotation-symmetry xing it. Figure 7 displays the four non- asymmetric bicolored binary
trees; all the other bicolored binary trees are asymmetriceither due to the shape being
asymmetric, or due to the labels on the black nodes. We denotby K the mixed class
of asymmetric bicolored binary trees (the requirement of asymmetry is neessary so that
the leaves are distinguishable).

The terminology of binary tree refers to the fact that, upon rooting a binary tree at an
arbitrary leaf, the neighbours in clockwise order around eah node can be classied as a
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father (the neighbour closest to the root), a right son, and aleft son, which corresponds
to the classical de nition of rooted binary trees, as consiered in Example 3.3.

Proposition 11  (Fusy, Poulalhon, and Schaeer [18]) For n 0 and m 2, there
exists an explicit bijection, called theclosure-mapping between bicolored binary trees with
n black nodes andn leaves, and bicolored irreducible dissections with black inner nodes
and m inner faces; moreover the 4 non-asymmetric bicolored binar trees are mapped to
the 4 non-asymmetric irreducible dissections. In other wods, the closure-mapping realises
the combinatorial isomorphism

®) K'l

The construction of a dissection from a binary tree takes lirear time.

Let us comment a bit on this bijective construction, which is described in detail in [18].
Starting from a binary tree, the closure-mapping builds the dissection face by face, each
leaf of the tree giving rise to an inner face of the dissection More precisely, at each
step, a \leg" (i.e., an edge incident to a leaf) is completed mto an edge connecting two
nodes, so as to \close" a quadrangular face. At the end, an hegon is created outside of
the gure, and the leaves attached to the remaining non-competed legs are merged with
vertices of the hexagon so as to form only quadrangular faced-or instance the dissection
of Figure 6(b) is obtained by \closing" the tree of Figure 6(a).

4.1.5. Boltzmann sampler for rooted bicolored binary trees.We de ne a rooted bicolored
binary tree as a binary tree with a marked leaf discarded fronthe set of U-atoms. Notice
that the class of rooted bicolored binary trees such that theunderlying unrooted binary
tree is asymmetric is the U-derived clasK.

In order to write down a decomposition grammar for the classK|to be translated
into a Boltzmann sampler|we de ne some re ned classes of rooted bicolored binary trees
(decomposingK is a bit involved since we have to forbid the 4 non-asymmetrichinary
trees): R is the class ofblack-rooted binary trees (the root leaf is connected to a black
node) with at least one node, andR is the class ofwhite-rooted binary trees (the root leaf
is connected to a white node) with at least one node. We also dee R@ (R®) as the
class of black-rooted (white-rooted, resp.) bicolored biary trees such that the underlying
unrooted binary tree is asymmetric. HenceK = R® + R@9 | We introduce two auxiliary
classesfR is the class of black-rooted binary trees except the (uniqueone with one black
node and two white nodes; and® is the class of white-rooted binary trees except the two
ones resulting from rooting the (unique) bicolored binary tree with one black node and
three white nodes (the 4th one in Figure 7(a)), in addition, the rooted bicolored binary
tree with two leaves (the rst one in Figure 7(a)) is also included in the class® .

The decomposition of a bicolored binary tree at the root yietls a complete decom-
position grammar, given in Figure 8, for the classk = R® + R®)_ This grammar
translates to a decomposition grammar involving only the basic classe$Z | ; Zy g and the
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O T
R(as)= ++ AA R:)'\+ ++
e O AR K T

Figure 8. The decomposition grammar for the two classeR®) and
R@) of rooted bicolored binary trees such that the underlying bnary
tree is asymmetric.

constructions f+;?g (Z, stands for a black node andZ stands for a non-root leaf):

8 K = R® 4+R®.
% R®) = R 2Z,2Zy+Zy?ZL?R +Z, ?R?;
R® = R 2zy+2zy?R +R%
9) R = R 22, 72223+2272Z.?2R +R 22, ?R ;
% R = Zy+R ?2Zy+Zy?R +RZ;
R = (Zu+R)?Z.?(Zy+R);
R (Zu+R)?(Zy+R )

In turn, this grammar is translated into a Boltzmann sampler K(z;w) for the class
K using the sampling rules given in Figure 3, similarly as we hee done for the (simpler)
class of complete binary trees in Example 1.

4.1.6. Boltzmann sampler for bicolored binary trees.We describe in this section a Boltz-
mann sampler K(z;w) for asymmetric bicolored binary trees, which is derived fom the
Boltzmann sampler K(x;y) described in the previous section. Observe that eaclasym-
metric binary tree in Knn gives rise tom rooted binary trees in K,,.., ;, as each of the
m leaves, which aredistinguishable might be chosen to be discarded from the set of U-
atoms. Hence, each object oK, has probability K (z;w) *mz"=nly™ ! to be chosen
when calling K(z;w) and taking the distinguished atom back into the set of U-atoms.
Hence, from the rejection lemma (Lemma 5), the sampler
repeat K(z;w);
take the distinguished U-atom back into the set of U-atoms;
fsojj jj increases by 1 and now 2 Kg
until Bern ”L” :
return
is a Boltzmann sampler forK.

However, this sampler is not e cient enough, as it uses a madse amount of rejection to
draw a tree of large size. Instead, we use an early-abort rejion algorithm, which allows
us to \simulate" the rejection step all along the generation, thus making it possible to
reject before the entire object is generated. We nd it more @nvenient to use the number
of nodes, instead of leaves, as the parameter for rejectiorthe subtle advantage is that

the generation process K(z;w) builds the tree node by node). Notice that the number of
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leaves in an unrooted binary tree is equal to 2+ N ( ), with N ( ) the number of nodes
of . Hence, the rejection step in the sampler above can be replad by a Bernoulli choice
with parameter 2=(N( ) + 2). We now give the early-abort algorithm, which repeats

calling K(z;w) while using a global counterN that records the number of nodes of the
tree under construction.

K(z;w): repeat
N :=0; fcounter for nodeg

Call K(z;w)
each time a node is built do
N := N +1;

if Bern((N + 1) =(N + 2)) continue;
otherwise reject and restart from the rst line; od
until the generation nishes;
return the object generated by K(z;w)
(taking the distinguished leaf back into the set of U-atoms)

Lemma 12. The algorithm K(z;w) is a Boltzmann sampler for the classK of asym-
metric bicolored binary trees.

Proof. At each attempt, the callto K(z;w) would output a rooted binary tree  if there
was no early interr&otion. Clearly, the probability that th e generation of nishes with-
outinterruptionis <\ )(i +1) =(i +2) = 2 =(N ( )+2). Hence, each attempt is equivalent
to doing

K(z;w); if Bern ﬁ return  else reject;
Thus, the algorithm K(z;w) is equivalent to the algorithm given in the discussion pre-
ceding Lemma 12, hence K(z;w) is a Boltzmann sampler for the family K.

4.1.7. Boltzmann sampler for irreducible dissections.As stated in Proposition 11, the
closure-mapping realises a combinatorial isomorphism bateen asymmetric bicolored bi-
nary trees (classK) and asymmetric bicolored irreducible dissections (class ). Hence,
the algorithm

I (z;w): K(z;w);
return closure( )

is a Boltzmann sampler for | . In turn this easily yields a Boltzmann sampler for the

corresponding rooted clasg . Precisely, starting from anasymmetric bicolored irreducible

dissection, each of the 3 outer black vertices, which arelistinguishable might be chosen
as the root-vertex in order to obtain a rooted irreducible dissection. Moreover the sets
of L-atoms and U-atoms are slightly di erent for the classesl and J ; indeed, a rooted
dissection has one more L-atom (the black vertex following e root-vertex in cw order

around the outer face) and one more U-atom (all faces are U-aims in J , whereas only
the inner faces are U-atoms inl ). This yields the identity

(10) J =3?2Z.?Zy7?1;
which directly yields (by the sampling rules of Figure 3) a Bdtzmann sampler J (z;w)
for J from the Boltzmann sampler | (z;w).

4We have chosen to §pecify the sets of L-atoms and U-atoms in th is way in order to state the isomor-
phisms K'l and Ja' M 3.
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Finally, we obtain a Boltzmann sampler for rooted admissibe dissections by a simple
rejection procedure

Ja(z;w): repeat J (z;w) until 2 J g;
return

4.1.8. Boltzmann sampler for rooted 3-connected mapsThe Boltzmann sampler for rooted

irreducible dissections and the primal-map construction yeld the following sampler for

rooted 3-connected maps:

I

M 3(z; w): Ja(z;w);
return Primal( )

where Primal( ) is the rooted 3-connected map associated to (see Section 4.1.3).

4.1.9. Boltzmann sa[npler for edge-rooted 3-connected plapar grés. To conclude, the
Boltzmann sampler "M 3(z;w) yields a Boltzmann sampler * G(z; w) for eldge-root(?d 3-
connected planar graphs, according to the isomorphism (Whney's theorem) M 3 ' 2?G;,

I |
"Gy(z;w): return "M 3(z;w) (forgetting the embedding)

4.2. Boltzmann sampler for 2-connected planar graphs. The next step is to realise
a Boltzmann sampler for 2-connected planar graphs from the Bltzmann sampler for edge-
rooted 3-connected planar graphs'obtained in Section 4.1. fecisely, we rst describe

a Boltzmann sampler for the classG, of edge-rooted 2-connected planar graphs, and
subsequently obtain, by using rejection techniques, a Boitmann sampler for the classG?
of derived 2-connected planar graphs (having a Boltzmann sapler for G allows us to go
subsequently to connected planar graphs).

To generate edge-rooted 2-connected planar graphs, we usevwall-known decompo-
sition, due to Trakhtenbrot [31], which ensures that an edgerooted 2-connected planar
graph can be assembled from edge-rooted 3-connected planeemponents. This decom-
position deals with so-callednetworks (following the terminology of Walsh [34]), where
a network is de ned as a connected graphN with two distinguished vertices 0 and 1
called poles such that the graph N obtained by adding an edge between 0 and. is
a 2-connected planar graph. Accordingly, we refer to Trakhenbrot's decomposition as
the network decomposition Notice that networks are closely related to edge-rooted 2-
connected planar graphs, though not completely equivalen{see Equation (11) below for
the precise relation).

We rely on [34] for the description of the network decomposibn. A series-network
or s-network is a network made of at least 2 networks connectedn chain at their poles,
the 1 -pole of a network coinciding with the 0-pole of the following network in the chain.
A parallel network or p-network is a network made of at least 2 networks connectedn
parallel, so that their respective 1 -poles and 0-poles coincide. Aseudo-brickis a network
N whose poles are not adjacent and such thaN is a 3-connected planar graph with at
least 4 vertices. A polyhedral network or h-network is a network obtained by taking a
pseudo-brick and substituting each edge of the pseudo-brick by a networkN, (polyhedral
networks establish a link between 2-connected and 3-conngsd planar graphs).

Proposition 13  (Trakhtenbrot) . Networks with at least 2 edges are partitioned intcs-
networks, p-networks and h-networks.
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Let us explain how to obtain a recursive decomposition invaling the di erent families
of networks. (We simply adapt the decomposition formalisedby Walsh [34] so as to
have only positive signs.) LetD, S, P, and H be respectively the classes of networks,
s-networks, p-networks, and h-networks, where the L-atoms are the vertices except the
two poles, and the U-atoms are the edges. In particular,Zy, stands here for the class
containing the link-graph as only object, i.e., the graph wih one edge connecting the two
poles. Proposition 13 ensures that

D=2Zy+S+P+H:

An s-network can be uniquely decomposed into a nors-network (the head of the chain)
followed by a network (the trail of the chain), which yields

SZ(Zu+P+H)?ZL ?D:

A p-network has a uniquemaximal parallel decomposition into a collection of at least
two components that are not p-networks. Observe that we consider here graphs without
multiple edges, so that at most one of these components is ardge. Whether there is one
or no such edge-component yields

P=2Zy?Set 1(S+H)+ Set »(S+ H):

By de nition, the class of h-networks corresponds to a U-substitution of networks in
pseudo-bricks; and pseudo-bricks are exactly edge-roote®tconnected planar graphs. As
a consequence (recall thats stands for the family of 3-connected planar graphs),

|
H=G yD:

To sum up, we have the following grammar corresponding to thedecomposition of
networks into edge-rooted 3-connected planar graphs:

8
3 D=2Zy+S+P+H,

(N) S:(Zu+P+H)')Z|_ ?D;
3 P:IZU ?Set 1(S+ H)+ Set ,(S+ H);
" H=G yD:

Using the sampling rules (Figure 3), the decomposition grarmar (N) is directly trans-
lated into a Boltzmann sampler D(z;y) for networks, as given in Figure 9. A network
generated by D(z;y) is made of a series-parallel backbone (resulting from the branch-
ing structures of the callsto S(z;y) and P(z;y)) and a collection of rooted 3-connected
planar graphs that are attached at edges of ; clearly all thesq 3-connected components are
obtained from independent calls to the Boltzmann sampler G(z;w), with w = D(z;y).

The only terminal nodes| of the decomposition grammar are theclassesZ |, Zy (which
are explicit), and the class G;. Thus, the sampler D(z;y) and the |auxiliary samplers

S(z;y), P(z;y),and H(z;y) are recursively speci ed in terms of * G(z; w), where w
and z are linked by w = D(z;y).

Observe that each edge-rooted 2-connected planar graph dérent from the link-graph
gives rise to two networks, obtained respectively by keepig or deleting the root-edge.
This yields the identity

(12) @+ ZU)'.;GQ=(1+ D):
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D(z;y): Call Zy(z;y)or S(z;y)or P(z;y)or H(z;y)
with respective probabilities £, =, &, 1

return the network generated
Zy(z;y): return the link-graph

S(z;y): 1 (Zu+ P+ H)zy),
2 D(z;y);
1 in series with ;;
return

P(z;y): Call Pi(z;y)or Pa(z;y)

with resp. probabilities Y& 1(5*H) exp 2(S+H).

P L P 1
return the network generated
Pi(z;y): k Pois 1(S+ H);
1 (S+H)z;w); i ko (S+ H)(z;w); find. callsg
(1;::0; k) in parallel;
add to an edge connecting the 2 poles;
return
P2(z;y): k  Pois 2(S+ H);
1 (S+H)z;w);:ii; k (S+ H)(z;w); find. callsg
( 1;::7; ) in parallel;
return
I
H(z;y): "G(z;w), with w = D(z;y);
for each edgee of do
e D(z;y);

substitute e by ¢;
fthe poles of . are identi ed with the ends of e
in a canonical wayg

od;

return

(S+ H)(zy): Call S(z;y)or H(z;y)
with resp. probabilities <2, <H—;
return the network generated

(Zy+P+H)(z;y): Call Zy(z;y)or P(z;y)or H(z;y)
with resp. probabilities Ernei o e VEaEaT
return the network generated

Figure 9. Boltzmann samplers for networks. All generating functions
are assumed to be evaluated atZ;y), i.e., D := D(z;y), S = S(z;y),
P = P(z;y),and H = H(z;y).
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From that point, a Boltzmann sampler is easily obtained for the famin! G of edge-rooted
2-connected planar graphs. De ne a procedureAddRootEdge that adds an edge con-
necting the two poles 0 and1l of a network if they are not already adjacent, and roots
|the obtained graph at the edge (01 ) directed from 0 to 1 . The following sampler for

"G is the counterpart of Equation (11).

1+ 'D)(z;y): if Ben  5ayy
"G(z;y): (1+ D)(z;y); AddRootEdge ( ); return

return the link-graph else return D(z;y);

| |
Lemma 14. The algorithm " Gy(z;y) is a Boltzmann sampler for the classG of edge-
rooted 2-connected planar graphs.

I
Proof. Firstly, observe that " Gy(z;y) outputs the link-graph either if the initial Bernoulli
choice X is 0, or if X = 1 and the sampler D(z;y) picks up the link-graph. Hence
th'e link-graph is returned with probability (1 + y)=(1 + D(z;y)), i.e., with probability

1=Gy(z;y). |
Apart from the link-graph, each graph 2" G, appears twice in the classE = 1 +
D: once in§ j;j j+1 (keeping the root-edge) and once ing . j (deleting the root-

edge). Therefore, has probability E(z;y) 1zl i5 jiyll i+1 + yil i) of being drawn by
"G(zy), wh'ere E(z;y) =1 +, D(z;y) is the series ofE. This probability s'impli es to
Zl 15 jlyl 1=G,(z;y). Hence, Gy(z;y) is a Boltzmann sampler for the classG,.

The last step is to obtain a Boltzmann sampler for derived 2-onnected planar graphs
(i.e., with a distinguished vertex that is not labelled and does not count for the L-size)
from the Boltzmann sampler for edge-rooted 2-connected plaar graphs (as we will see
in Section 4.3, derived 2-connected planar graphs constite the blocks to construct con-
nected planar graphs).

We proceed in two steps. Firstly, we obtain a Boltzmann sampér for the U-derived
classG (i.e., with a distinguished und'irected edge| that does not cant in the U-size).

Note that F :=2 ?G, satises F = Z2?G. Hence, G(z;y) directly yields a Boltzmann
sampler F(z;y) (see the sampling rules in Figure 3). SinceF = 2 ? G, a Boltzmann
sampler for G is obtained by calling F(z;y) and then forgetting the direction of the
root.

Secondly, once we have a Boltzmann samplerG;(z;y) for the U-derived class G, we
just have to apply the procedure Uderived ! Lderived (described in Section 3.4.3) to
the class G in order to obtain a Boltzmann sampler GYz;y) for the L-derived class
GP. The procedureUderived ! Lderived can be successfully applied, because the ratio
vertices/edges is bounded. Indeed, each connected graphsatisesj j jj Jj +1, which
easily yields |-y =2 for the class G, (attained by the link-graph).

4.3. Boltzmann sampler for connected planar graphs. Another well known graph
decomposition, called the block-decomposition ensures that a connected graph can be
decomposed into 2-connected components. We take advantag# this decomposition in
order to specify a Boltzmann sampler for derived connected lanar graphs from the Boltz-
mann sampler for derived 2-connected planar graphs obtairein the last section. Then,
a further rejection step yields a Boltzmann sampler for conmcted planar graphs.

The block-decomposition (see [21, p.10] for a detailed description) ensures that ehc
derived connected planar graph can be uniquely constructeih the following way: take a
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set of derived 2-connected planar graphs and attach them togther, by merging their
marked vertices into a unique marked vertex. Then, for each amarked vertex v of
each 2-connected component, take a derived connected plangraph , and merge the
marked vertex of , with v (this operation corresponds to an L-substitution). The block-
decomposition gives rise to the following identity relating the classesG® and G

(12) G’= Set (G L (ZL ?GY):

This is directly translated into the following Boltzmann sa mpler for G° using the sampling
rules of Figure 3. (Notice that the 2-connected blocks of a cenected graph are built
independently, each block resulting from a call to the Boltznann sampler G(z;y), where

z=xGAx;y).
GAx;y): k  Pois(GNz;y)); [with z= xGAx;y)]

merge thek components of at their marked vertices;
for each unmarked vertexv of do

v GAxy);
merge the marked vertex of , with v
od;
return

Then, a Boltzmann sampler for connected planar graphs is siply obtained from
GY(x;y) by using a rejection step so as to adjust the probability digribution:

Gi(x;y): repeat GAx;y)
take the marked vertex v back to the set of L-atoms;
(if we consider the labels,v receives labelj j+1)
fthis makesj j increase by 1, and 2 G;g

. 1
until Bern J_J ;

return

Lemma 15. The sampler G (x;y) is a Boltzmann sampler for connected planar graphs.

Proof. The proof is similar to the proof of Lemma 6. Due to the generalproperty that
CGym identiesto @ 4., the sampler delimited inside the repeat/until loop draws each

object 2 G; with probability Gx;y) 1(}(111 11)! yll i j.e., with probability proportional

to j j%yjj . Hence, according to Lemma 5, the sampler G;(x; w) draws each object

2 G; with probability proportional to %yﬂ I i.e., is a Boltzmann sampler forG,.

4.4. Boltzmann sampler for planar graphs. A planar graph is classically decomposed
into the set of its connected components, yielding

(13) G= Set(G);

which translates to the following Boltzmann sampler for the classG of planar graphs (the
Set construction gives rise to a Poisson law, see Figure 3):

G(x;y): k  Pois(Gi(x;y));
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Proposition 16. The procedure G(x;y) is a Boltzmann sampler for planar graphs.

5. Deriving an efficient sampler

We have completely described in Section 4 a mixed Boltzmannanpler G(x;y) for
planar graphs. This sampler yields an exact-size uniform gapler and an approximate-size
uniform sampler for planar graphs: to sample at sizen, call the sampler G(x; 1) until
the graph generated has siza; to sample in a range of sizesn(1  );n(1+ )], call the
sampler G(x; 1) until the graph generated has size in the range. These tamgfted samplers
can be shown to have expected polynomial complexity, of orden®=2 for approximate-size
sampling and n”=? for exact-size sampling (we omit the proof since we will desibe more
e cient samplers in this section).

However, more is needed to achieve the complexity stated in Aleorem 1, i.e.,O(n=)
for approximate-size sampling andO(n?) for exact-size sampling. The main problem of
the sampler G(x; 1) is that the typical size of a graph generated is small, so tht the
number of attempts to reach a large target size is prohibitiwe.

In order to correct this e ect, we design in this section a Boltzmann sampler for \bi-
derived" planar graphs, which are equivalent to bi-pointed planar graphs, i.e., with 2
distinguished verticeS. The intuition is that a Boltzmann sampler for bi-pointed pl anar
graphs gives more weight to large graphs, because a graph afen gives rise ton(n 1)
bi-pointed graphs. Hence, the probability of reaching a lage size is better (upon choosing
suitably the value of the Boltzmann parameter). The fact that the graphs have to be
pointed 2 times is due to the speci c asymptotic behaviour ofthe coe cients counting
planar graphs, which has been recently analysed by Gineneand Noy [20].

5.1. Targetted samplers for classes with square-root singulari ties. As we describe
here, a mixed classC with a certain type of singularities (square-root type) gives rise to
e cient approximate-size and exact-size samplers, provieged C has a Boltzmann sampler
such that the expected cost of generation is of the same ordexs the expected size of the
object generated.

De nition 17.  Given a mixed classC, we de ne a singular point of C as a pairxy > 0,
Yo > 0 such that the function x 7! C(X;yo) has a dominant singularity at Xy (the radius
of convergence iy).

De nition 18. For 2 RnZ o, a mixed classC is called -singular if, for each singular
point (Xo;Yo) of C, the function x 7! C(X;yo) has a unique dominant singularity at Xo
(i.e., Xo is the unique singularity on the circle jzj = Xo) and admits a singular expansion
of the form
Cxyo)= P(x)+ c (xo x) +o((xo Xx));
wherec is a constant, P (x) is rational with no poles in the disk jzj Xg, and where the
expansion holds in a so-called -neighbourhood ofxg, see [14, 13]. In the special case
=1=2, the class is said to have square-root singularities.

5In an earlier version of the article and in the conference ver sion [16], we derived 3 times|as prescribed
by [11]|in order to get a singularity type (1 x=) 172 (e cient targetted samplers are obtained when
taking x = (1 1=(2n))). We have recently discovered that deriving 2 times (whic h yields a square-root
singularity type (1 x= )172) and taking again x = (1 1=(2n)) yields the same complexities for the
targetted samplers, with the advantage that the descriptio n and analysis is signi cantly simpler (in the
original article [11], they prescribe to take x = and to use some early abort techniques for square-root
singularity type, but it seems di cult to analyse the gain du e to early abortion here, since the Boltzmann
sampler for planar graphs makes use of rejection techniques ).
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Lemma 19. Let C be a mixed class with square-root singularities, and endodewith a
Boltzmann sampler C(x;y). Let (Xo;Yo) be a singular point of C. For any n > 0, de ne
1

Xp = 1 35 Xo
Call , ( n , resp.) the probability that an object generated by C(Xn;Yo) satis es
ji=n(ij21l, =[n@ );n+ )], resp.); and call , the expected size of the output
of C(Xn;Yo).

Then 1=, is O(n%%), 1= is O(n'?=), and , is O(n'?),

Proof. The so-called transfer theorems of singularity analysis [3] ensure that the coe -
cient a, = [X"]C(x;yo) satises,asn!1l ,a, nn1 CX,"'n 32 where c is a positive
constant. This easily yields the asymptg,tic bounds for & , and 1= . , using the expres-
sions n = anXp"=C(Xn;Yo) and . = K210 aXn“=C(Xn; Yo).
Itis also an easy exercise to nd the asymptotics of ,, using the formula (given in [11])
n = Xn @C(Xn;Y0)=C(Xn;Yo)-

Lemma 19 suggests the following simple heuristic to obtain eient targetted samplers.
For approximate-size sampling (exact-size sampling, resj repeat calling C(x,; 1) until
the size of the object is inl,. (is exactly n, resp.). (The parametery is useful if a target
U-size m is also given, as we will see for planar graphs in Section 6)2.The complexity
of sampling will be good for a classC that has square-root singularities and that has
an e cient Boltzmann sampler. Indeed, for approximate-size sampling, the number of
attempts to reach the target-domain I,. (i.e., n;l) is of order n**?, and for exact-size
sampling, the number of attempts to reach the sizen (i.e., 1) is of order n®2. |If
Cis endowed with a BoltzmaBn sampler C(x;y) such that the expected complexity of
sampling at (X, ;Yo) is of order  n (same order as the expected size, ), then the expected
complexity is typically O(n=) for approximate-size sampling and O(n?) for exact-size
sampling, as we will see for planar graphs.

Let us mention that the original article [11] uses a di erent heuristic. The targetted
samplers also repeat calling the Boltzmann sampler until tke size of the object is in the
target domain, but the parameter x is chosen to beexactly at the singularity . The
second di erence is that, at each attempt, the generation isinterrupted if the size of the
object goes beyond the target domain. We prefer to use the sipie heuristic discussed
above, which does not require early interruption technique. In this way the samplers are
easier to describe and to analyse.

In order to apply these techniques to planar graphs, we haved derive two times the
class of planar graphs, as indicated by the following two lermas.

Lemma 20 ([14]). If a classCis -singular, then the classC’is ( 1)-singular (by the
e ect of derivation).

Lemma 21 ([20]). The class G of planar graphs is5=2-singular, hence the classG* of
bi-derived planar graphs has square-root singularities.

5.2. Derivation rules for Boltzmann samplers. As suggested by Lemma 19 and
Lemma 21, we will get good targetted samplers for planar graps if we can describe an
e cient Boltzmann sampler for the class G of bi-derived planar graphs (a graph in G
has two unlabelled vertices that are marked speci cally, s the rst one is marked and
the second one is marke®). Our Boltzmann sampler G{x;y) |to be presented in this
section| makes use of the decomposition of planar graphs intb 3-connected components
which we have already successfully used to obtain a Boltzmansampler for planar graphs



30 ERIC FUSY

in Section 4. This decomposition can be formally translatednto a decomposition grammar
(with additional unpointing/pointing operations). To obt ain a Boltzmann sampler for bi-
derived planar graphs instead of planar graphs, the idea isisiply to derive this grammar
2 times.

As we explain here and as is well known in general, a decompdtisin grammar can
be derived automatically. (In our framework, a decompositon grammar involves the 5
constructionsf+;?;Set ¢; L; u0.)

Proposition 22 (derivation rules). The basic nite classes satisfy
(1)°=0; (Z.)°=1; (Zuv)°=0:

The 5 constructions satisfy the following derivation rules

% (A+B)° = A%+ BS
(A?B)° = A%?B+ A?BC
(14) (Set 4(B)? = B%?Set 4 ((B)ford 0; (with Set ;= Set)
(A (B)° = B°?(A° [ B);
(A uB)? = A% yB+B°?(A yB):

Proof. The derivation formulas for basic classes are trivial. The poof of the derivation
rules for f+;?; | g are given in [3]. Notice that the rule for Set 4 follows from the rule
for . (Indeed, Set 4(B) = A | B, where A = Set ¢(Z_), which clearly satis es
A%= Set 4 1(ZL).) Finally, the proof of the rule for  uses similar arguments as the
proof of the rule for . In an object of (A | B)? the distinguished atom is either on the
core-structure (in A), or is in a certain component (in B) that is substituted at a certain
U-atom of the core-structure. The rst case yields the term A° B, and the second case
yields the term B°? (A  B).

According to Proposition 22, it is completely automatic to nd a decomposition gram-
mar for a derived classC’ if we are given a decomposition grammar foiC.

5.3. Boltzmann sampler for bi-derived planar graphs. We present in this section
our Boltzmann sampler G%{x;y) for bi-derived planar graphs, with a quite similar ap-
proach to the one adopted in Section 4, and again a bottom-tdep presentation. At
rst the closure-mapping allows us to obtain Boltzmann samplers for 3-connected planar
graphs marked in various ways. Then we go from 3-connected tbi-derived planar graphs
via networks, bi-derived 2-connected, and bi-derived conected planar graphs.

The complete scheme is illustrated in Figure 10, which is thecounterpart of Figure 4.

5.3.1. Boltzmann samplers for derived binary trees.We have already obtained in Sec-
tion 4.1.5 a Boltzmann sampler for the clasK of unrooted asymmetric binary trees. Our

purpose here is to derive a Boltzmann sampler for the derivedtlassK® Recall that we

have also described in Section 4.1.5 a Boltzmann sampler fohe U-derived classk, which

satis es the completely recursive decomposition grammar @) (see also Figure 8). Hence,
we have to apply the procedureUderived ! Lderived described in Section 3.4.3 to the
classK in order to obtain a Boltzmann sampler K%z;w) from K(z;w). For this we

have to check that |-y is nite for the class K. It is easily proved that a bicolored binary

tree with m leaves haan 2 nodes, and that at mostb2(m 3)=3c of the nodes are black.
In addition, there exist trees with 3i + 3 leaves and 2 black nodes (those with all leaves
incident to black nodes). Hence, for the clasK, the parameter |-, is equal to 2=3.

Therefore the procedureUderived ! Lderived can be applied to the clasK.
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Figure 10. The complete scheme to obtain a Boltzmann sampler for
bi-derived planar graphs.

5.3.2. Boltzmann samplers for derived rooted dissections and 3-amected maps. Our next
step is to obtain Boltzmann samplers for derived irreducibe dissections, in order to go
subsequently to 3-connected maps. As expected we take advage of the closure-mapping.
Recall that the closure-mapping realises the isomorphisnK ' | between the clasK of
asymmetric binary trees and the clasd of asymmetric irreducible dissections. There is no
problem in deriving an isomorphism, so the closure-mappin@lso realises the isomorphism
K91 0 Accordingly we have the following Boltzmann sampler for the classl &

1 Az; w): K%z; w);
closure( );
return

where the discarded L-atom is the same in and in
Then, we easily obtain a Boltzmann sampler for the correspoding rooted classJ °
Indeed, the equationd =3 ?2Z_ ?Zy ?| thatrelates | andJ yieldsJ °=32Zy 2l +3?
Z. ?Zy ?1 % Hence, using the sampling rules of Figure 3, we obtain a Battmann sampler
J %z;w) from the Boltzmann samplers | (z;w) and | 9z;w).
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From that point, we obtain a Boltzmann sampler for the derived rooted dissections that
are admissible. AsJ, | , we also havel 2 J © which yields the following Boltzmann
sampler forJ 2

JXz;w): repeat J qz;w)
untl 2329
return

I
Finally, using tlhe isomorphism J, ' "M 3 (primal map construction, Section 4.1.3),

which yields J 2' "M 3% we obtain a Boltzmann samplers for derived rooted 3-conneed
maps:

I
"M 39z; w): J Az; w);
return Primal( )

where the returned rooted 3-connected map inherits the dishguished L-atom of .

5.3.3. Boltzmann samplers for derived rooted 3-connected planarrgphs. As we have seen
in Section 4.1.2, Whitney's theorem states that any 3-conneted planar graph has two
embeddings on the sphere (which di er by a re ection). Cleary the same property holds
for 3-connected planar graphs that have aqditional r'narks. We have already used this
observation in Section 4.1.2 for ropted graphsM 3 ' 2?G;, in order to obtain a Boltzmann
|sampler for G.) HenceM 3°' 272 GP which yields the following Boltzmann sampler for

'ge

I I
"GYz;w): return "M 39z;w);
(forgetting the embedding)

The next step (in Section 5.4) is to go to derived networks. Ths asks for a derivation
of the decomposition grammar for networks, which involves ot only the clas§e'ng,' G°
but also the U-derived classG;. Hence, we also need a Boltzmann sampler fo&s.

To this aim we just have to apply the procedureLderived ! Uderived to the clas$Gs.
By the Euler relation, a 3-connected planar graph with n vertices has at most 31 6 edges
| (equality holds for triangulations). Hence, the parameter U=t is equal to 3 for the class

‘G, SO Lde[ived I Uderived can be succes§fully applied toG, yielding a Boltzmann
sampler for G; from the Boltzmann sampler for Gs°.

5.4. Boltzmann samplers for derived networks. Following the general scheme shown
in Figure 10, our aim is now to obtain a Boltzmann samplers forthe classD° of derived
networks. Recall that the decomposition grammar forlD has allowed us to obtain a
Boltzmann sampler for D from a Boltzmann sampler for G. Using the derivation rules
(Proposition 22) injected in the grammar (N), we obtain the following decomposition

grammar for D%

g D%= S+ PO+ HO

SO=(P%+ HY?Z ?D+(L+ P+ H)?(D+Z?DY;
3 PO:IL '.())(30+ HO ?Set (S + H)+(S%°+ H9) ?Set 1(S+ H);
" H='G yD+D%?G yD:

(N)
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| |
The only terminal classes in this grammar areGs® and G;. Hence, the samplling rules
|of Figure 3 yield a Boltzmann sampler for D° from the Boltzmann samplers for G° and

"Gz which we have obtained in Section 5.3.3. The sampler DYz;y) looks similar (though
with more cases) to the one for D(z;y) given in Figure 9.

5.5. Boltzmann samplers for bi-derived 2-connected planar grap hs. The aim of
this section is to obtain Boltzmann samplers for the classGof bi-derived 2-connected
planar graphs (after the Boltzmann sampler for G obtained in Section 4.2), in order to
go subsequently to bi-derived connected planar graphs.

At rst, the Boltzmann sampler for D0 yields a Boltzmann sampler for the cIaSSJGQ0
Indeed the identity (1+ D) = (1+ Zy) ")GZ is derived asD%= (1+ Zy) ")GZO which yields
the following sampler,

GYz;y): DYz;y);
AddRootEdge ( );
return

WhereAddll?ootEdge has been de ned in Section 4.2. The proof that this is a Boltznann

sampler for G is similar to the proof of Lemma 14.
Next we describe a Boltzmann sampler for the clasgzo As we have seen in Section 4.2,

G and G are r'elated by the identity 2?G = ZL2’>GZ Hence, if we de neF :=27?7G, we

haveF%= 7,2?2G%+2 2?27, '>Gz Hence, the sampling rules of Figure 3 yield a Boltzmann
sampler Fz;y) for the classF°. Clearly, asF°=2 ?G° a Boltzmann sampler for G;°
is obtained by calling F9Yz;y) and forgetting the direction of the root.

Finally, the procedure Uderived ! Lderived yields (when applied to GY from the
Boltzmann sampler for@0 to a Boltzmann sampler for G The procedure can be suc-
cessfully applied, as the classs® satises |-y =1 (attained by the link-graph).

5.5.1. Boltzmann sampler for bi-derived connected planar graphsThe block-decomposition
makes it easy to obtain a Boltzmann sampler for the classG,°° of bi-derived connected
planar graphs (this decomposition has already allowed us t@btain a Boltzmann sampler
for G%in Section 4.3). Recall that the block-decomposition yield the identity
G’= Set (G | (ZL ?GY);
which is derived as
G®= (G + 2. ?G% 2G> L (Z. ?G) ?G"

As we already have Boltzmann samplers for the classe&® and G,° the sampling
rules of Figure 3 yield a Boltzmann sampler G%x;y) for the class G° Observe that
the 2-connected blocks of a graph generated by G°{x;y) are obtained as independent

calls to GYz;y) and G%z;y), where z and x are related by the change of variable
z= xGAxy).

5.5.2. Boltzmann samplers for bi-derived planar graphs.We can now achieve our goal,
i.e., obtain a Boltzmann sampler for the classG® of bi-derived planar graphs. For this
purpose, we simply derive twice the identity

G= Set(&);
which yields successively the identities

= G'?G
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and
= "G+ G2 &>

From the rstidentity and G(x;y), GYx;y), we get a Boltzmann sampler GYx;y) for
the classG® Then, from the second identity and G(x;y), GYx;y), GAx;y), G{x;y),
we get a Boltzmann sampler G{x;y) for the class G*

6. The targetted samplers for planar graphs

The Boltzmann sampler G°{x;y)|when tuned as indicated in Lemma 19|yields
e cient exact-size and approximate-size random samplers ér planar graphs, with the
complexities as stated in Theorem 1 and Theorem 2. De ne the gorithm:

SamplePlanar (x;y): Gx;y);
give labelj j+1 to the vertex marked ?
and labelj j+ 2 to the marked vertex
(thus j j increases by 2, and 2 G);
return

6.1. Samplers according to the number of vertices. Let ¢ be the radius of con-
vergence ofx 7! G(x; 1). De ne

Xn = 1 == G:
For n 1, the exact-size sampler is
An: repeat SamplePlanar (x,;1) until j j= n; return
Forn 1and > 0, the approximate-size sampler is

An. : repeat SamplePlanar (x,;1)until j j2 [n(1  );n(1+ )]; return

6.2. Samplers according to the numbers of vertices and edges. For any y > 0,
we denote by ¢ (y) the radius of convergence ofx 7! G(x;y). Let (y) be the function
de ned as

v) = y‘L—yG(y)= o (y):

As proved in [20] (using the so-called quasi-power theorem¥or a xed y > 0, a large graph
drawn by the Boltzmann sampler G’{x;y) has a ratio edges/vertices concentrated around
the value (y) as x approaches the radius of convergence of 7! G(x;y). This yields a
relation between the secondary parametery and the ratio edges/vertices. If we want a
ratio edges/vertices close to a target value , we have to choosey so that (y)= . Itis
shown in [20] that the function (y) is strictly increasing on (0;+1 ), with lim (y) =1
asy! Oandlim (y)=3asy! +1. As a consequence, (y) has an inverse function
y( ) dened on (1;3). (In addition, 7! y( ) can be evaluated with good precision from
the analytic equation it satis es.) We de ne

xn( )= 1 5 e(y()):
Forn 1and 2 (1;3), the exact-size sampler is

An. repeat SamplePlanar (x,( );y( ))until (j j=nandjj jj=bn c); return

Forn 1, 2(1;3),and > O, the approximate-size sampler is
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An.. @ repeat SamplePlanar  (xn( );y( ))
until (j j2 (@ )@@+ Nand L2 @ ) @+ )y
return

The complexity of the samplers is analysed in Section 8.

7. Implementation and experimental results

7.1. Implementation.  We have completely implemented the random samplers for pla-
nar graphs described in Section 5. First we evaluated with god precision|typically 20
digits|the generating functions of the families of planar g raphs that intervene in the de-
composition (general, connected, 2-connected, 3-connext), derived up to 2 times. The
calculations have been carried out in Maple using the analyit expressions of Ginmenez
and Noy for the generating functions [20]. We have performedhe evaluations for values
of the parameter x associated with a bunch of reference target sizes in logatitmic scale,
n = f10%;10%10% 10°;10°g. From the evaluations of the generating functions, we have
computed the vectors of real values that are associated to th random choices to be per-
formed during the generation, e.g., a Poisson law vector wh parameter G;(x) (the EGF
of connected planar graphs) is used for drawing the number ofonnected components of
the graph.

The second step has been the implementation of the random sgpter in Java. To
build the graph all along the generation process, it proves rmare convenient to manipulate
a data structure speci c to planar maps rather than planar graphs. The advantage is
also that the graph to be generated will be equipped with an eglicit (arbitrary) planar
embedding. Thus if the graph generated is to be drawn in the mne, we do not need
to call the rather involved algorithms for embedding a plana graph. Planar maps are
suitably manipulated using the so-calledhalf-edge structure where each half-edge occupies
a memory block containing a pointer to the opposite half-edg along the same edge and to
the next half-edge in ccw order around the incident vertex. Wsing the half-edge structure,
it proves very easy to implement in costO(1) all primitives used for building the graph|
typically, merging two components at a common vertex or edge Doing this, the actual
complexity of implementation corresponds to the complexiy of the random samplers as
stated in Theorem 1 and Theorem 2: linear for approximate-sie sampling and quadratic
for exact-size sampling. In practice, generating a graph osize of order 10 takes a few
seconds on a standard computer.

7.2. Experimentations.  The good complexity of our random samplers allows us to ob-
serve statistical properties of parameters on very large radom planar graphs|in the
range of sizes 1¥where the asymptotic regime is already visible. We focus here on pa-
rameters that are known or expected to be concentrated aroud a limit value. Note that
the experimentations are on connected planar graphs instehof general planar graphs.
(It is slightly easier to restrict the implementation to con nected graphs, which are con-
veniently manipulated using the half-edge data structure) However, from the works of
Ginenez and Noy [20] and previous work by MacDiarmid et al. 23], a random planar
graph consists of a huge connected component, plus other cqranents whose total ex-
pected size isO(1). Thus, statistical properties like those stated in Conjecture 23 should
be the same for random planar graphs as for random connectedgnar graphs.

Number of edges. First we have checked that the random variable X, that counts the
number of edges in a random connected planar graph witm vertices is concentrated.
Precisely, Ginenez and Noy have proved thatY, := X,=n converges in law to a constant
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Figure 11. Ratio edges/vertices observed on a collection;:::; go of
80 random connected planar graphs of size at least $0 each graph ;
yields a point at coordinates (; Rat( i)), where Rat( ) is the ratio given
by the number of edges divided by the number of vertices of .

2:213, (they also show that the uctuations are gaussian of magitude 1:p n). Fig-
ure 11 shows in ordinate the ratio edges/vertices for a collgtion of 80 random connected
planar graphs of size at least 16 drawn by our sampler. As we can see, the ratios are
concentrated around the horizontal liney = , agreeing with the convergence result of
Gimenez and Noy.

Degrees of vertices. Another parameter of interest is the distribution of the degrees of
vertices in a random planar graph. For a planar graph with n vertices, we denote by
N () ( ) the number of vertices of that have k neighbours. Accordingly, Z(K( ) :=
N ()( )=n is the proportion of vertices of degreek in . It is known from Ginenez
and Noy that, for k = 1;2, the random variable Z(¥) converges in law to an explicit
constant. Figure 12 shows in abscissa the parametee and in ordinate the value of Z (¢)
for a collection of 80 random connected planar graphs of sizat least 10* drawn by our
sampler. Hence, the vertical line at absciss& is occupied by 80 points whose ordinates
correspond to the values taken byZ () for each of the graphs. As we can see, fok
smallltypically k << logn|the values of Z) are concentrated around a constant. This
leads us to the following conjecture.

Conjecture 23. Foreveryk 1, let Z$ be the random variable denoting the proportion
of vertices of degreek in a random planar graph with n vertices taken unifBrme at random.
Then Z{ converges in law to an explicit constant ) asn11 ;and , ® =1.
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Figure 12. The distribution of vertex degrees observed on a
collection 1;:::; go of 80 random connected planar graphs of
size at least 10. Each graph yields points at coordinates

of and, forl k d, Z&()is the proportion of vertices of that
have degreek.

Let us mention some progress on this conjecture. It has recdély been proved in [10]
that the expg,cted vaIuesE(Zrﬂk)) convergeasn ! 1 to constants (%) that are computable
and satisfy |, (9 = 1. Hence, what remains to be shown regarding the conjecturés
the concentration property.

8. Analysis of the time complexity

This whole section is dedicated to the proof of the complexies of the targetted random
samplers. We show that the expected complexities of the targtted samplersA,, An. ,
A, ,andA,.. , as described in Section 6, are respectivel@(n?), O(n=), O (n®%2), and
O (n=) respectively (the dependency in in not analysed for the sake of simplicity).

Recall that the targetted samplers call G{x;y) (with suitable values of x and y) until
the size parameters are in the target domain. Accordingly, he complexity analysis is
done in two steps. In the rst step, we estimate the probability of hitting the target
domain, which allows us to reduce the complexity analysis tadhe analysis of the expected
complexity of the pure Boltzmann sampler G°{x;y). We use a speci ¢ notation to denote
such an expected complexity:
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De nition 24.  Given a classC endowed with a Boltzmann sampler C(x;y), we denote by
C(x;y) the expected combinatorial complexity® of a call to C(x;y) (note that C(x;y)
depends not only onC, but also on a speci ¢ Boltzmann sampler forC).

Typically the values (x;y) have to be close to a singular point ofG in order to draw
graphs of large size. Hence, in the second step, our aim is tmwbnd G°{x;y) when (x;y)
converges to a given singular point Xo;Yyo) of G. To analyse G{x;y), our approach
is again from bottom to top, as the description of the samplerin Section 5 (see also
the general scheme summarized in Figure 10). At each step wawg asymptotic bounds
for the expected complexities of the Boltzmann samplers whe the parameters approach
a singular point. This study requires the knowledge of the gsigular behaviours of all
series involved in the decomposition of bi-derived planar gaphs, which are recalled in
Section 8.5.

8.1. Complexity of rejection: the key lemma. The following simple lemma will be
extensively used, rstly to reduce the complexity analysisof the targetted samplers to the
one of pure Boltzmann samplers, secondly to estimate the e & of the rejection steps on
the expected complexities of the Boltzmann samplers.

Lemma 25 (rejection complexity). Let A be a random sampler on a combinatorial class
C according to a probability distribution P, and letp: C ! [0;1] be a function onC, called
the rejection function. Consider the rejection algorithm

Arej: repeat A until Bern(p( )) return

Then the expected complexitye(Arej) of Arej and the expected complexitye(A) of A are
related by
(15) E(Aw) = ——E(A);

Pacc

P
where pacc = oc P()p( ) is the probability of success oA at each attempt.

Proof. The quantity E(Ar;) satis es the recursive equation
E(Argj) = E(A)+ (1 Pacc)E(Arej):

Indeed, a rst attempt, with expected complexity E(A), is always needed; and in case of
rejection, occurring with probability (1  pacc), the sampler restarts in the same way as
when it is launched.

As a corollary we obtain the following useful formulas to esimate the e ect of rejection
in Boltzmann samplers when going from L-derived (vertex-panted) to U-derived (edge-
pointed) graphs and vice-versa.

Corollary 26 (Complexity of changing the root). Let A be a mixed combinatorial class
such that the constants - := max a % and |-y = max oa ﬁ are nite. De ne
C= u=L L=U-
Assume AP is equipped with a Boltzmann sampler, and let A(x;y) be the Boltz-
mann sampler for A obtained by applyingLderived ! Uderived |as de ned in
Section 3.4.3]to A. Then

Ay) ¢ AYxy):

6See the discussion on the complexity model after the stateme nt of Theorem 2 in the introduction.
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AssumeA is equipped with a Boltzmann sampler, and let A9x;y) be the Boltz-
mann sampler for A° obtained by applyingUderived ! Lderived |as de ned
in Section 3.4.3]to A. Then

AAxy) c©  A(y):

Proof. Let us give the proof for Lderived ! Uderived (the other case is proved in a

similar way). By de nition of Lderived ! Uderived _t_hg probability of the Bernoulli
choice at each attemptin A(x;y) is at Ieastﬁmin 2A ”J—:’ i.e., atleast1=( y= =u)-
Hence the probability pacc of success at each attempt is at least 4c.  Therefore, by

Corollary 26, A(x;y) = AYX;y)=pcc C AYXY).

8.2. Reduction to analysing the expected complexity of Boltzman n samplers.
We prove here that analysing the expected complexities of th targetted samplers reduces
to analysing the expected complexity G°{x;y) when (x;y) approaches a singular point.
(Recall that a singular point (Xo;Yo) for a classCis such that the function x 7! C(X;yo)
has a dominant singularity at Xo.)

Claim 27. Assume that for every singular point(xo;Yyo) of G, the expected complexity of
the Boltzmann sampler for G™satis es’

(16) G y0) = O((xo  x) ¥?) asx! xo:

Then the expected complexities of the targetted sampless,, An. , A, , and A,.. |as
de ned in Section 6|are respectively O(n?), O(n=), O (n°?), and O (n=).

In other words, proving (16) is enough to prove the complexities of the random samplers
for planar graphs, as stated in Theorem 1 and Theorem 2.

Proof. Assume that (16) holds. Let . ( n, resp.) be the probability that the output of
SamplePlanar (Xn;1) |with x, =(1 1=2n) g|hassizein I, :=[n(1 );n(l+ )]
(has sizen, resp.). According to Lemma 25, the expected complexities fothe exact-size
and approximate-size samplers with respect to vertices |as described in Section 6.1|

satisfy
Gxn;1).

E(An) = E(An; ) =

Gxn; 1)
n , ,
Equation (16) ensures that, whenn!1 |, G{x,;1) is O(n*7?). In addition, according
to Lemma 21, G®is 1=2-singular (square-root singularities). Hence, by Lemma 9, 1= ,
is O(n®?) and 1= . is O(n'™2=). Thus, E(A,) is O(n?) and E(A,. ) is O(n=).
The proof for the samplers with respect to vertices and edges a bit more technical.
Consider a planar graph drawn by the sampler SamplePlanar (x,( );y( )). In view
of the proof for the exact-size sampler, de ne

“nn =P jj=bngjj=n); T gn = P(j ji=bncjj j=n); o= P ojEn):
In view of the proof for the approximate-size sampler, de ne
Ty =P 2@ )@+ )L iF 20 @ ) @+ )D;
T =PAGGF 2@ ) @+ )i j2 @ )in@+ )D;
and
no =P j2 @ )in@+ )):

7In this article all convergence statements are meant \from b elow", i.e., x ! Xp means that x ap-
proaches xo while staying smaller than xg.
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Notice that —na = 7 ;5 nand pa; =7 j,,  n . Moreover, Lemma 25 ensures that
— Gxn( ); — Gxn ( );
n” n"

It has been shown by Ginenez and Noy [20] (based on the quagiower theorem) that,
fora xed 2 (1;3),1= j,isO (n**?)asn!1 (the dependency in is not discussed
here for the sake of simplicity). Moreover, Lemma 19 ensurethat 1=, is O (n®%) as
n!l . Hence, £ isO (n?). Finally Equation (16) ensures that G{x,( );y( ))
is O (n'7?), therefore E(An; )is O (n572).

For the approximate-size samplers, the results of Gimenezand Noy (central limit theo-
rems) ensure that, when 2 (1;3)and > Oare xedandn!1 ,~ ;, convergesto 1.
In addition, Lemma 19 ensures that & . is O (n'™?=). Hence, = h~. is O (n¥?2=),
Equation (16) implies that  G{xn( );y( ))is O (n*7?), henceE(A,.. )is O (n=).

From now on, our aim is to prove that, for any singular point (Xo;yo) of G, G{x;yo)
isO((xo x) ¥?)asx! Xo.

8.3. Expected sizes of Boltzmann samplers. Similarly as for the expected complex-
ities, it proves convenient to use specic notations for the expected sizes associated to
Boltzmann samplers, and to state some of their basic properés.

De nition 28  (expected sizes) Let C be a mixed combinatorial class, and let k;y) be
admissible for C (i.e., C(x;y) converges). De ne respectively the expected L-size and th
expected U-size at k;y) as the quantities

N 1 X Xl @cy)
— X i = (&Y WY),

o) = ey ch T “Chay)

ici = L XX @Cy),

We will need the following two simple lemmas at some points othe analysis.

Lemma 29 (monotonicity of expected sizes) Let C be a mixed class.

For each xed yo > 0, the expected L-sizex 7! jCjy.y ) is increasing with x.
For each xed xo > 0O, the expected U-sizey 7! jCj(x,y) is increasing with y.

Proof. As noticed in [11] (in the labelled framework), the derivative of the function f (x) :=
iClixy o) is equal to I=x multiplied by the variance of the L-size of an object under the
Boltzmann distribution at ( x;yo). Hencef (x) 0 for x > 0, sof (x) is increasing with
X. Similarly the derivative of g(y) := jjCjjx,.y) is equal to 1=y multiplied by the variance
of the U-size of an object under the Boltzmann distribution at (Xo;Yy), hence g(y) is
increasing with y for y > 0.

Lemma 30 (divergence of expected sizes at singular points)Let Cbe an -singular class
and let (Xo;Yo) be a singular point of C. Then, asx ! Xo:

if > 1, the expected sizex 7! jCj(.,,) COnverges to a positive constant,
if 0< < 1, the expected sizex 7! jCj(xy,) diverges and is of order(xo x) 1.
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Construction | Expected complexity

C=A+B Cxy) =1+ G- AGGy)+ G5 B(xy)
C=A?B aAxy)= A(xy)+ B(xy)

C=Set 4(B) | Cxiy)= “tsiggar BOGY) L+ By)
C=A LB aAxy)= ABY):Y) + A (Bxy)y) BXY)
C=A yB Axy)= AXBGY)+ A ke (xyy  BXY)

Figure 13. The expected complexities of Boltzmann samplers speci ed
using the sampling rules for the constructionsf+;?;Set 4; .; ug (as
given in Figure 3) satisfy elgplicit equations. There exp 1(z) = exp(z)
and, ford 0,exp 4(z2)= , 4z¢=k.

Proof. Recall that jCjxy,) = X CUX;Y0)=C(X;Yo), and C’is (  1)-singular if Cis -
singular. Hence, if > 1, both functions C(x;yo) and CYx;yo) converge to positive
constants asx ! Xo, so that jCj,.,,) also converges to a positive constant. If & < 1,
C(x;yo) still converges, but CYx;y,) diverges, of order kg x) *asx! xo. Hence
jCiixy o) is also of order & x) ™.

8.4. Computation rules for the expected complexities of Boltzma nn samplers.

Thanks to Claim 27, the complexity analysis is now reduced toestimating the expected

complexity G{x;y) when (x;y) is close to a singular point of G. For this purpose,

we introduce explicit rules to compute C(x;y) if Cis specied from other classes by a

decomposition grammar. These rules will be combined with Lenma 25 and Corollary 26

(complexity due to the rejection steps) in order to get a predése asymptotic bound for
X y).

We can now formulate the computation rules for the expected omplexities.

Lemma 31 (computation rules for expected complexities) Let Cbe a class obtained from
simpler classesA, B by means of one of the constructiong+;?;Set 4; L; ug.

If A and B are equipped with Boltzmann samplers, let C(x;y) be the Boltzmann sam-
pler for C obtained from the sampling rules of Figure 3. Then there are licit rules,
as given in Figure 13, to compute the expected complexity ofC(x;y) from the expected
complexities of A(x;y) and B(x;y).

Proof. Disjoint union:  C(x;y) rst ips a coin, which (by convention) has unit cost
in the combinatorial complexity. Then C(x;y) either calls A(x;y) or B(x;y) with
respective probabilities A(x;y)=C(x;y) and B (x;y)=C(x;y).

Product: C(x;y) calls A(x;y) and then B(x;y), which yields the formula.
L-substitution:  C(x;y) calls A(B(x;y);y) and then replaces each L-atom of by an
object generated by B(X;y). Hence, in average, the rst step takes time A(B(X;y);y)
and the second step takes timgAj g (xy).y)  B(X/Y).

Set 4: note that Set 4(B) is equiyalent to A | B, where A := Set 4(Z.), which
has generating function exp 4(z) .= | 4 z¥=Kkl. A Boltzmann sampler A(z;y) simply
consists in drawing an integer under a conditioned Poissoralw Pois 4(z), which is done by
a simple iterative loop. As the number of iterations is equalto the value that is returned
(see [11] for a more detailed discussion), the expected cost generation for A is equal to
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the expected size, i.e.,
exp aX2) _ exp 4 1(2).
exp 4(z) exp 4(2)

Hence, from the formula for (A | B)(X;y), we obtain the formula for Set .
U-substitution: the formula for  is proved similarly as the one for | .

Az;Y)= Al (zy) = 2

Remark 32. When using the computation rules of Figure 13 in a recursive \ay, we have
to be careful to check beforehand that all the expected comglxities that age involved
are rlgte. Otherv\ﬂ,se there is the danger of getting weird identities like \ |, ;2 =
1+2 | 026, s0 | o2¢x= 1"

8.5. Analytic combinatorics of planar graphs. Let C be an -singular class (see
De nition 18). A very useful remark to be used all along the analysis of the expected
complexities is the following: if 0, the function C(x;yo) converges whenx ! xgp, and

the limit has to be a positive constant; whereas if < 0, the function C(x;yg) diverges
to+1 andis of order Xo X) .

In this section, we review the degrees of singularities of th series of all classes (binary
trees, dissections, 3-connected, 2-connected, connecteghd general planar graphs) that
are involved in the decomposition of planar graphs. We will ise extensively this informa-
tion to estimate the expected complexities of the Boltzmannsamplers in Section 8.6.

Lemma 33 (bicolored binary trees). Let R = R + R be the class of rooted bicolored
binary trees, which is speci ed by the system

R =Z.?2(Zu+R )% R =(Zy+R)%

Then the classesR , R are 1=2-singular. The classK (K) of rooted (unrooted, resp.)
asymmetric bicolored binary trees is1=2-singular (3=2-singular, resp.). In addition, these
two classes have the same singular points &.

Proof. The classesR and R satisfy a decomposition grammar that has a strongly con-
nected dependency graph. Hence, by a classical theorem of Dota, Lalley, Woods [14],
the generating functions of these classes have square-rogihgular type. Notice that, from
the decomposition grammar (9), the classK can be expressed as a positive polynomial
in Z_, Zy, R , and R . HenceK inherits the singular points and the square-root sin-
gular type from R ;R . Finally, the generating function of K is classically obtained as a
subtraction (a tree has one more vertices than edges, so sulaict the series counting the
trees rooted at an edge from the series counting the trees roed at a vertex). The leading
square-root singular terms cancel out due to the subtractio, leaving a leading singular
term of degree 3-2.

Lemma 34 (irreducible dissections, from [18]) The classJ of rooted irreducible dissec-
tions is 3=2-singular and has the same singularities aX.

Proof. The classJ is equal to 3?2, ?Zy ?1, which is isomorphic to 3?2, ?Zy ?K, so
J has the same singular points and singularity type ak.

|
Lemma 35 (rooted 3-connected planar gr'aphs [2]) The classG; of edge-rooted 3-connected

planar graphs is3=2-singular; and the classG; of U-derived edge-rooted 3-connected planar
graphs is 1=2-singular. These classes have the same singular points &s
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Proof. The series!Gg(z;w) has been proved in [24] to have a rational expression in ters
of the two seriesR (z;w) and R (z;w) of rooted bicolored binary trees. This property is
|easily shown to be stable by taking derivatives, so the samerpperty holds for the series
‘Gs(z;w). Itis proved in [2, 1] that the si'ngular points of G are the same as those oR

and R . Hence, the singular expansion 063(z; w) at any singular point is simply obtained
from the ones ofR (z;w) and R (z;w); one nds that th(? square-root terms cancel out,
leaving a leading singular term of degree . The study of G is similar. First, the rooting
operator does not <':hange the singular points (as it multiples a coe cient (n; m) only by

a factor m), hence;_'Gé has the same singular points aRR ;R , which ensures that the

singular expansion ofGz(z; w) can be obtained from those ofR and R . One nds that
the leading singular term is this time of the square-root type.

Lemma 36 (networks, from [1]). The classesD, S, P, and H of networks are 3=2-
singular, and these classes have the same singular points.

Lemma 37 (2-connected, connected, and general planar graphs [20]he classesG;, Gy,

G of 2-connected, connected, and general planar graphs arel&@=2-singular. In addition,
the singular points of G, are the same as those of networks, and the singular points are
the same inG; as in G.

8.6. Asymptotic bounds on the expected complexities of Boltzman n samplers.
This section is dedicated to proving the asymptotic bound G*{x;yo) = O((xo x) 7).
For this purpose we adopt again a bottom-to-top approach, félowing the scheme of Fig-
ure 10. For each clas€ appearing in this scheme, we provide an asymptotic bound fothe
expected complexity of the Boltzmann sampler in a neighbouhood of any xed singular
point of C. In the end we arrive at the desired estimate of G’{x;yo).

8.6.1. Complexity of the Boltzmann samplers for binary trees.

Lemma 38 (U-derived bicolored binary trees). Let (zp;Wp) be a singular point of K.
Then, the expected complexity of the Boltzmann sampler fdK |given in Section 4.1.5|
satis es,

K(z;w)= 0 (20 2) ™ as@w)! (z0;Wo):

Proof. The Boltzmann sampler K(z;w) is just obtained by translating a completely
recursive decomposition grammar. Hence, the generation picess consists in building the
tree node by node following certain branching rules. Accorthgly, the cost of generation
is just equal to the number of nodes of the tree that is nally returned, assuming unit
cost for building a nodé®. As an unrooted binary tree has two more leaves than nodes, we
have
K(z;w) ij_jj(z;w) ij_jj(z;wo);

where the second inequality results from the monotonicity poperty of expected sizes
(Lemma 29).

Notice that, for 2 K, the number of nodes is not greater than (3 j + 1), where j j
is as usual the number of black nodes. Hence the number of noslés at most 4 j. As a
consequence,

K(z;w) 4 Kjzwo):

8We could also use the computation rules for the expected comp lexities, but here there is the simpler
argument that the expected complexity is equal to the expect ed size, as there is no rejection yet.
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According to Lemma 33, the classK is 1=2-singular. Hence, by Lemma 30jKj.w,) is
O((zo 2z) ¥)asz! z.So K(z;w)isalsoO((z0 2) ).

Lemma 39 (derived bicolored binary trees). Let (zo;wp) be a singular point of K. Then,
the expected complexity of the Boltzmann sampler fd€9given in Section 5.3.1|satis es

Kqz;w)= O (zo0 z) ¥2 as@w)! (zo0;Wo):

Proof. The sampler K%z;w) has been obtained from K(z;w) by applying the procedure

Uderived ! Lderived to the classK. It is easily checked that the ratio number of black

nodes/number of leaves in a bicolored binary tree is boundedrom above and from below

(we have already used the \below" bound in Lemma 38). Precisly, 3] j+3 jj |

and j j 2jj jj=3, from which it is easily checked that -y = 2=3 and y- = 6

(attained by the tree with 1 black and 3 white nodes). Hence, @&cording to Corollary 26,
KYz;w) 4 K(z;w),so KYz;w)isO (zo z) 2.

Lemma 40 (bicolored binary trees). Let (zp;wp) be a singular point of K. Then, the
expected complexity of the Boltzmann sampler foK|given in Section 4.1.6|satis es

K(z;w) = O(1) as (z;w) ! (zo;Wp):

Proof. At each attempt in the generator K(z;w), the rst step is to call K(z;w) to
generate a certain tree 2 K (it is here convenient to assume that the object is \chosen"
before the generation starts), with probability
1 zj i
K(z;w) | J!
and the probability that the generation succeeds to nish is 2=(jj jj +1). Hence, the total
probability of success at each attempt in K(z;w) satis es

N -
1 20 2

W K@i e

Z i

Pacc =

As each object 2 K gives rise tojj jj objects in K that all have L-size j j and U-size
i i 1, we also have

X o _
2 zJJW” i1 2K (z;w)

P = K(@w)j J! WK (z;w)”

As K is 3=2-singular and K is 1=2-singular, pacc converges to the positive constantcy :=
2K (zo; Wo)=(WoK (z0; Wo)) as (z;w) ! (zo; Wo).

Now call A(z;w) the random generator for K delimited inside the repeat/until loop
of K(z;w), and let A(z;w) be the expected complexity of A(z;w). According to
Lemma 25, K(z;w) = A(z;wW)=pyec- In addition, when (z;w) ! (zo;Wo), Pacc CON-
verges to a positive constant, hence it remains to prove that A(z;w) = O(1) in order to
prove the lemma.

Let 2K,andletm :=jj jj. During a call to A(z;w), and knowing (again, in advance)
that is under generation, the probability that at least k 1 nodes of are built is
2=(k + 1), due to the Bernoulli probabilities telescoping each other. Hence, fork <m 1,
the probablllty pk that the generation aborts when exactlyk nodes are generated satis es
= o= W In addition, the probability that the whole tree is generat ed

is 2=m (with a nal rejection or not), in which case (m 1) nodes are built. Measuring



UNIFORM RANDOM SAMPLING OF PLANAR GRAPHS IN LINEAR TIME 45

the complexity as the number of nodes that are built, we obtan the following expression
for the expected complexity of A(z; w) knowing that is chosen:

X 2 )
AC)(z;w) = Kk pe+(m 1= 2Hp;
k=1 m
P
whereHm, = ., 1=k is the mth Harmonic number. De ne am(2) := [ W™K (z;w). We

have
2

Azw) K (z;w)

Hmam (2)w™

&(Z;W) Hmam(ZO)WE)n:
Hence, writing ¢y := 3=K(zo;Wp), we have A(z;w) ¢Co ,, Hmam(zo)wg' for (z;w)
close to (zo; Wp). Using the Drmota-Lalley-Woods theorem (similarly as in Lemma 33), it
is easily shown that the function w 7! K (zo; w) has a square-root singularity atw = wp.
Hence, the transfer theorems of singularity analysis [14, 3] yield the asymptotic estimate
am(z0) cm 32w, ™ for some constantc > 0, so that am(zo) c°m 3:2FW0 ™ for some
constant c®> 0. Hence A(z;w) is bounded by the converging series, c° Hpm 32
for (z; w) close to (zo; Wop), which concludes the proof.

m

8.6.2. Complexity of the Boltzmann samplers for irreducible dissgions.

Lemma 41 (irreducible dissections) Let (zo;wp) be a singular point of I . Then, the
expected complexities of the Boltzmann samplers fdr and | 9described respectively in
Section 4.1.7 and 5.3.2|satisfy, as (z;w) ! (zo;Wp):

I(z;w) = 0O (1),

1%;w) = O (z0 z) ¥

Proof. As stated in Proposition 11 and proved in [18], the closure-rapping has linear time
complexity, i.e., there exists a constant such that the cost of closing any binary tree is
atmost jj jj. Recall that | (z;w) calls K(z;w) and closes the binary tree generated.
Hence

Hzw)  K@Ezw+ K gwy  K@EZwW+ K] zwe);

where the second inequality results from the monotonicity poperty of expected sizes
(Lemma 29). Again we use the fact that, for 2K, jj jj 3j j+1,s0jj j 4 j. Hence

I (z;w) K(z;w) +4 K (zwo):

As the classK is 3=2-singular, the expected sizgKj (,.w,) is O(1) whenz! zy. In addi-
tion, according to Lemma 40, K(z;w) is O(1) when (z;w) ! (zp;wo). Hence | (z;w)
is O(1).

Similarly, for 19 we have

I Az;w) KAz;w) + iK% 2wy KAz;w) +4  jZ1 2Kz

As the classK?is 1=2-singular (and so isZ, ? K9, the expected sizejZ ? KY,w,) is
O((zo 2z) ¥™)whenz! z. In addition we have proved in Lemma 39 that K%z;w) is
O((z0 z) *?). Therefore 19z;w)is O((z0 z) ).

Lemma 42 (rooted irreducible dissections) Let (zp; wp) be a singular point ofl . Then,
the expected complexities of the Boltzmann samplers far and J 9described respectively
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in Section 4.1.7 and 5.3.2|satisfy, as (z;w) ! (zo;Wp):
J(z;w) = 0O (1),

JYqz;w) = 0O (20 12z) '

Proof. The sampler J (z;w) is directly obtained from | (z;w), according to the identity
J =37?2Z.?Zy?1,s0 J(z;w)= 1(z;w), whichis O(1) as (z;w) ! (zo;Wo).

The sampler J 9z;w) is obtained from | (z;w) and 1 %z;w), according to the iden-
ity J°=322Z, 2Zy 2194322y ?1. Hence, JYz;w) 1+ 1(z;w)+ 19z;w).
According to Lemma 41, | (z;w)and |9z;w) are respectivelyO(1) and O((zo z) *7?)
when (z;w) ! (zo;Wo). Hence J Yz;w)is O((zo 2z) 7).

Lemma 43 (admissible rooted irreducible dissections) Let (zp; wp) be a singular point of
| . Then, the expected complexities of the Boltzmann samplefsr J, and J Jdescribed
respectively in Section 4.1.7 and 5.3.2|satisfy, as (z;w) ! (zo;Wo):

Ja(z;w) = O (1);

JAz;w) = 0O (20 2) 2

Proof. Call J (z;w) the sampler that calls J (z;w) and checks if the dissection is admis-
sible. By de nition, J.(z;w) repeats calling J (z;w) until the dissection generated is in
Ja. Hence thelprobability of acceptancep,c. at each attempt is equal to J4(z; vy):J(z;w),
i.e., is equal toM 3(z; w)=J(z; w) (the isomorphism J, ' "M 3 yields Ja(z; w) = M3(z; w)).
Call J (z;w) the expected complexity of J (z;w). By Lemma 42,

1 3 (zw) = J(z;w)
Pacc M3(z;w)
We recall from Section 8.5 that the singular points are the sae for rooted 3-connected
planar graphs/maps, for bicollored binary trees, and for ilrreducible| dissections. Hence
(zo0; Wp) is a singular point for M3(z;w). The classes] andM 3 ' 27?G are 3=2-singular
by Lemma 5;34 and Lemma 35, respectively. Hence, whenz(w) ! (zp;wo), the series
J(z;w) and M3(z;w) are (1), even more they converge to positive constants (because
these functions are rational in terms of bivariate series fo binary trees). Hence pacc also
converges to a positive constant, so it remains to prove that J (z;w) is O(1). Testing
admissibility (i.e., the existence of an internal path of length 3 connecting the root-vertex
to the opposite outer vertex) has clearly linear time complity. Hence, for some constant

Ja(z;w) = ~J(z;w):

Jzw)  J@EZwt  ljew  I@EWt 30 @we:
where the second inequality results from the monotonicity dthe expected sizes (Lemma 29).
Both J (z;w) and jjJjj (zw,) are O(1) when z ! z, (by Lemma 42 and because) is
3=2-singular, respectively). Hence J (z;w) is also O(1), so Ja(z;w) is also O(1).
The proof for J 2is similar. First, we have
J%(z;w)
S

Oy i) =
Yz M3%(z; w)

I Aziw);

where J 9z;w) is the expected cost of a call to J %z;w) followed by an admissibility
test. Both series JYz;w) and M3%z;w) are 1=2-singular, even more, they converge to
positive constants as g;w) ! (zo;Wp) (again, because these functions are rational in
terms of bivariate series of binary trees). Hence, whenziw) ! (zo;Wp), the quantity
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|
J%z; w)=M3%z;w) converges to a positive constant. Moreover, according to lte linear
complexity of admissibility testing, we have J Y(z;w) JYz; W)+ jid Yi(zw,)- Both
quantities  J qz;w) and jjJ Yj;w,) areO((zo z) ). Hence JJXz;w)is alsoO((zo
z) ).

8.6.3. Complexity of the Boltzmann samplers for 3-connected maps.

Lemma 44 (rooted 3-connected maps) Let (zo;wo)I be a sinlgular point ofM 3. Then the
expected complexities of the Boltzmann samplers fdvl 3 and M 3° satisfy respectively, as
(z;w) ! (zo;wWo):

'Mizw) = O Q)

!M Az;w) = O (20 z) ¥

Proof. Recall that !M 3(z;w) ( !M 3%z;w), resp.) calls Ja(z;w) ( JJz;w), resp.) and
returns the primal map of the dissection. The primal-map corstruction is in fact just a
reinterpretation of the combinatorial encodingI of rooted maps (in particulqr when deal-
ing with the half-edge data structure). Hence M 3(z;w) = Ja(z;w) and M 3qz;w) =

J Xz;w). This concludes the proof, according to the estimates for J,(z;w) and J Jz;w)
given in Lemma 43. (A proof following the same lines as in Lemma 41 would also be pos-
sible.)

8.6.4. Complexity of the Boltzmann samplers for 3-connected plamagraphs.

Lemma 45 (rooted 3-connected planar graphs) Let (zp;wo) b? a ]<;ingular point of Gs.

Then the expected complexities of the Boltzmann samplers rfdz, G° and G satisfy
respectively, as(z;w) ! (zo; Wo):

!Gs(Z;W)

= 0(@)
'Glzw) = O (0 2) ¥
'Gzw = 0 (2 2) 7

Plroof. The sampler !Gs(z;w) (!Ggo(Z;W), resp.) is directly obtained fr9m !M 3(z;w)
(1'M 3qz; w), resp.) by forgetting the embedding. Hence Gy(z;w) = "M 3(z;w) and
"GYz;w) = M 39z;w), which are|by Lemma 44|respectively O(1) and O((zo
z) ) as @z;w) ! (20; o). |

Finally, the sampler ~ Gs(z;w) islobtained from ~ GYz;w) by applying the procedure
Lderived ! Uderived to the classG. By the Euler relation, y-. = 3 (given asymp-
totically by triangulations} and |-y = 2':3 (given asymptotically by cut')ic graphs).
Thus, by Corollary 26, " Gs(z;w) 2 GYz;w), which ensures that G(z;w) is
O((z0 2) *).

8.6.5. Complexity of the Boltzmann samplers for networks.At rst we need to introduce
the following notations. Let Cbe a class endowed with a Boltzmann sampler C(x;y) and
let 2C. Then C)(x;y) denotes the expected complexity of C(x;y) conditioned on
the fact that the object generated is . If C(x;y) uses rejection, i.e., repeats building
objects and rejecting them until nally an object is accepted, then C® (x;y) denotes the
expected complexity of C(x;y) without counting the last (successful) attempt.
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Lemma 46 (networks). Let (zo;Yo) be a singular point of D. Then, the expected com-
plexity of the Boltzmann sampler forD|described in Section 4.2|satis es

D(z;yo)= O(1) asz! z:

Proof. Trakhtenbrot's decompositior] ensures that a network 2 D is a collection of 3-

backbone (due to the auxiliary classesS and P). Moreover, if is produced by the
Boltzman'n sampler D(z;Yo), then each of the 3-connected components; results from
a call to “G(z;w), wherew := D(z;Yo).

An important point, which is proved in [1], is that the composition scheme to go from
rooted 3-connected planar graphs to networks is critical. his means thatwgp := D(z; Yo)
(change of varialble from 3-connected planar graphs to netwds) is such that (zp; wp) is a
singular point of Gs.

As the series-parallel backbone is built edge by edge, the sbof generating is simply
ji ji (the number of edges of ); and the expected cost of generating i, for i 2 [1::r], is

"G (z;w). Hence

X
17) DO (ziyo) = jj i + G (z;w):

i=1
|
Claim 47. There exists a constantc such that, for every 2 G,
! -
G l(zw) djjj as @w)! (z0wo):

Proof of the claim. The Boltzmann sampler !Gs(z;w) is obtained by repeated attempts
to build binary trees until the tree is successfully generaed (no early interruption) and
gives rise to a 3-connected planar graph (admissibility codition). For 2 K, call ¢{)
the cost of building (i.e., generate the underlying binary tree and perform the ¢osure).
Then | | _
G (W)= GE(z;w)+ )

Notice that !Ggrej (z;w) !@(z;w), which is O(1) as (z;w) ! (zo;Wo). Moreover, the
closure-mapping has linear tir'ne complexity. Hence there dgts a constant c independent
from and from z such that " G()(z;w) cjj jjasz! z. 4

The claim ensures that, upon takingc > 1, every 2 D satis es

X
DO(ziyo) ol ii+ i i) asz! z

i=1

Since each edge of is represented at most once in [ [ :::[ , we also have
D()(z;yo) dj jj. Hence, whenz! z;, D()(z;y0) 3c (j j+1) (by the Euler
relation), which yields
D(Z;yO) 3c jZL ?Dj(z;yo):

As the classD is 3=2-singular (clearly, so isZ, ? D), the expected sizejZ| ? Dj(,.y,) iS
O(1) when z! z5. Hence D(z;yo) is O(1).

Lemma 48 (derived networks). Let (zo;Yo) be a singular point ofD. Then, the expected
complexity of the Boltzmann sampler forDY%described in Section 5.5|satis es

DYz;y0)= O (z0 z) ¥* asz! zo:
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Proof. Letus x z 2 (0;2). Dene X :=( DYz;yo); S%z;v0); PUz;y0); HYz;¥0)).
Our strategy here is to use the computation rules (Figure 13)}o obtain a recursive equation
specifying the vector X . By Remark 32, we have to check that the components oK are
nite.

Claim 49. For z 2 (0;29), the quantites DYz;yo), S%z;Y0), PUz;¥o), and HYz;yo)
are nite.

Proof of the claim. Consider DYz;yo) (the veri cationis similar for ~ S%z;vyo), P4z;Yo),
and HYz;yp)). Let 2 DO with the series-parallel backbone and 1;:::; ¢ the 3-

conlnected components of . Notice that each ; is drawn either by " Gs(z; w) or “G(z;w)
or GYz;w), wherew = D(z;yo). 'Hence the' expected| cost of generating; is bounded
by M + dj ijj, whereM := Max( G(z;w); Gs(z;w); GY%z;w)) and ¢jj ijj represents
the cost of building ; using the closure-mapping. As a consequence,

X
DY )(z;yo) ji i+ M +dj ijj Cjj jj; with C:= M + c+1:
i=1
Hence o
X 2 i

C
(2;Yo) DAzv0) . 0” I=—=Yo

Il
which is O(1) since it converges to the constantCyo,@D z; yo)=DYz; o). 4

Using the computation rules given in Figure (13), the decommsition grammar (N') of
derived networks|as given in Section 5.5|is translated to a linear system

X =AX + L;

whereA is a4 4-matrix and L is a 4-vector. Precisely, the components oA are rational

or exponential expressions in terms of series of networks dntheir derivatives: all these

quantities converge asz! zg because all the classes of networks are=3-singular. Hence
A converges to a matrixAg asz ! zg. In addition, A is a substochastic matrix, i.e., a
matrix with nonnegative coe cients and with sum at most 1 in e ach row. Indeed, the
entries in each of the 4 rows ofA correspond to probabilities of a Bernoulli switch when
calling DYz;y), S%z;y), PYz;y),and HYz;y), respectively. Hence, the limit matrix

Ay is also substochastic. It is easily checked that\q is indeed strictly substochastic, i.e.,
at least one row has sum< 1 (here, the rst and third row add up to 1, whereas the

second and fourth row add up to< 1). In addition, Ay is irreducible, i.e., the dependency
graph induced by the nonzero coe cients of Ag is strongly connected. A well known
result of Markov chain theory ensures that ( Ao) is invertible [22]. Hence, { A) is

invertible for z close tozg, and (I A) ! converges to the matrix (  Ag) . Moreover,

the components ofL are of the form

L= a;b;cd !Ggo(Z;W)+ e !%(z;w) ;

wherew = D(z;Yp) and f a; b; c; d; g are expressions involving the series of networks, their
derivatives, and the quantitiesf D; S; P; Hg, which have already been shown to be
bounded asz! zp. As a consequencea;b;c;d;eare O(1) asz ! z,. Moreover, it has
been shown in [1] that the valuewp := D (2o; Yo) is such that (lzo; Wo) is singulgar for G;, and
Wo W (zo 2), with = DYzo;Y0). By Lemma 45, G%z;w) and ~G(z;w) are
O((zo z) ¥)asz! zp; hence these quantities are als®((zo z) *7?). We conclude



50 ERIC FUSY

that the components ofL areO((zg z) *72), as well as the components oK = (1 A) L.
In particular, DYz;yo) (the rst component of X)is O((zo z) ).

8.6.6. Complexity of the Boltzmann samplers for 2-connected plamagraphs.

Lemma 50 (rooted 2-connected planar graphs) Let (zo;yo)'be a silngular point of G,.

Then the expected complexities of the Boltzmann samplersri@ and G,° satisfy respec-
tively, asz! zgp:

O ();
O (z0 2z) Y2

'! G(z; o)
G%z;yo)

I
Proof. Recall that the Boltzmann sampler “G(z; Vo) is directly obtained from D(z; Vo),
more precisely from (1+ D)(z;Yo). According to Lemma 46, D(z;yp)is O(1)asz! zo,

hence Gz(z Yo) is also O(1).

Similarly Gzo(z Yo) is directly obtained from DYz;yo), hence Gzo(z yo) = DYz;vo),
which is O((zoy z) ¥@)asz! z.

Lemma 51 (U-derived 2-connected planar graphs) Let (zo;Yo) be a singular point ofG,.
Then, the expected complexities of the Boltzmann samplersif G and §°|described in
Section 5.5|satisfy, as z! z:

G(z;Yo)
@0(2; Yo)

O (1);
O (z0 2z) Y2

Proof. The Boltzmann sampler |for@ is directly obtained frtlnm the one for! &, according
to the identity 2 ?G, = Z, 27 G. Hence G(z;¥o) = &(z;Yo), Which is O(1) as
z ! zp, according to Lemma 50. S|m|IarIy, the Boltzmann sampler fa GZO is directly
obtalned from the ones for the classessz and GF accordlng to the identity 2 ? GZO =
Z|L2’562°+2 ?2ZL ’5Gz 'Hence G(z;y0) 1+ GYz;y0) + Gz(z Yo). When z !z,
"G(z;y0) is O(1) and GYz;Yo) is O((zo z) *?) according to Lemma 50. Hence,
Gz ¥0) is O((zo  2) ).
Lemma 52 (bi-derived 2-connected planar graphs) Let (zo;Yyo) be a singular point ofG,.

Then, the expected complexities of the Boltzmann samplersrf G and G°{described in
Section 5.5|satisfy, as z! z:

G(z; o) O ();
GNziyo) = O (20 2) 72

Proof. Recall that the Boltzmann sampler GX(z;yo) is obtained from Gy (z;yo) by ap-
plying the procedure Uderived ! Lderived to the classG. In addition, according to
the Euler relation, any simple connected planar graph (with j j the number of vertices



UNIFORM RANDOM SAMPLING OF PLANAR GRAPHS IN LINEAR TIME 51

and jj jj the number of edges) satiseg j jj jj+1(trees)andijj jj 3jj 6 (triangula-
tions). It is then easily checked that, for the classG, = = 3 (attained asymptotically
by triangulations) and |-y = 2 (attained by the link-graph, which has 2 vertices and 1
edge). Hence, by Corollary 26, GXz;yo) 6 &(z;Yo). Thus, by Lemma 51, GXz;Yo)
isO(l)asz! z.

The proof for GP{z;yo) is similar, except that the procedure Uderived ! Lderived
is now applied to the derived classG?, meaning that the L-size is now the number of
vertices minus 1. We still have - = 3 (attained asymptotically by triangulations), and
now -y =1 (attained by the link-graph). Corollary 26 yields Gz;yo) 3 go(z;yo).
Hence, from Lemma 51, G®z;yo) is O((z0 2z) ™) asz! z.

8.6.7. Complexity of the Boltzmann samplers for connected planarrgphs.

Lemma 53 (derived connected planar graphs) Let (Xo;Yo) be a singular point of G.
Then, the expected complexity of the Boltzmann sampler fag|described in Section 4.3
satis es

GAxyo) = O(1) asx! X

Proof. Recall that the Boltzmann sampler for G° results from the identity (block decom-
position, Equation (12))
G°= Set (G° | (Z.?GY):
We want to use the computation rules (Figure 13) to obtain a recursive equation for
GY(x;yo). Again, according to Remark 32, we have to check that GYx;yo) is nite.

Claim 54. For 0<x <X g, the quantity GYx;yo) is nite.

Proof of the claim. Let 2 G% with i::::; ; the 2-connected blocks of . We have

X
G (xyo)=2ji i+ G (zy0); wherez = xG1%x;Yo):

i=1
(The rst term stands for the cost of choosing the degrees usig a generator for a Poisson
law; note that the sum of the degrees over all the vertices of is 2jj jj.) It is easily shown
that there exists a constant M such that GX )(z;yo) Mijj jj for any 2 G° (using
the fact that such a bound holds for D()(z;yo) and that GXz;yo) is obtained from

D(z;Yo) via a simple rejection step). Therefore GX )(x;yo) Cjj ji, with C=2+ M.

We conclude that

GlO X; i i —— ) Jl;
(X;¥o) GIy0) 261011 1Yo
which is O(1) since it converges to the constantCyo@G1X; yo)=G1AX; Yo). 4

The computation rules (Figure 13) yield
G y0) = GAz:Yo)  GAzZ:yo) + iGlzys) GXYo) Wherez = xG1Yx;yo);
so that o ) G )
Z;Yo Z;Yo
GAx; yo) = 2 . :
( yO) 1 GZO(Z;yO) JGQq(z;yo)
Similarly as in the transition from 3-connected planar graphs to networks, we use the

important point, proved in [20], that the composition scheme to go from 2-connected
to connected planar graphs is critical. This means that, wh& x ! Xg, the quantity
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z = xG(x;yo) (which is the change of variable from 2-connected to conneed) converges
to a positive constant zy such that (zp;Yo) is a singular point of G,. Hence, according
to Lemma 52, GYz;yo) is O(1) asx ! Xo. Moreover, as the classGC is 3=2-singular,
the seriesG,z;yo) and the expected sizejGY(,.,,) converge to positive constants that
are denoted respectivelyG,%(zo; yo) and jG(z,y,)- We have shown that the numerator
of GYx;yo) is O(1) and that the denominator converges asx ! Xg. To prove that

GY(x; yo) is O(1), it remains to check that the denominator does not convege to 0, i.e.,
to prove that GA(zo;Yo) iGH(zy:y0) 6 1-

To show this, we use the simple trick that the expected complgity and expected size
of Boltzmann samplers satisfy similar computation rules. hdeed, from Equation (12), it
is easy to derive the equation

jGﬁ(x;y 0) — GZO(Z;yO) jGZ(i(z;yo) jGﬁ(x;y ot 1 wherez= XGlO(X;yO);

either using the formula jCj,,) = @C(x;y)=C(x;y), or simply by interpreting what
happens during a call to GYx;y) (an average ofG,Xz;yo) blocks are attached at the
root-vertex, each block has average sizg’aszfi(z;yo) and carries a connected component of
average sizejGﬁ(x;yo) + 1) at each non-root vertex). Hence

GAzZ;¥0) iCzye) .
1 GAz;¥0) iICHzyo)

Notice that this is the same expression as G %x;yo), except for 3,9 ,y,) replacing

GA(z; o) in the numerator. The important point is that we already kno w that jGﬁ(x;yo)
converges ax ! Xo, since the classGPis 3=2-singular (see Lemma 37). Henc&(zo; Yo)
szfi(ZO;yo) has to be dierent from 1 (more precisely, it is strictly less than 1), which
concludes the proof.

jGﬁ(x;y 0) =

Lemma 55 (bi-derived connected planar graphs) Let (Xo;Yo) be a singular point of
G.. Then, the expected complexity of the Boltzmann sampler fo6,°}described in Sec-
tion 5.5.1|satis es

G{x;yo) = O (xo x) 2 asx! Xq:

Proof. The proof for G°{x;yo) is easier than for GYx;yo). Recall that G°{x;yo) is
obtained from the identity

G = (G+ Z, ?G%?G® | (Z, ?G) ? "

At rst one easily checks (using similar arguments as in Clam 54) that G°{x;yo) is nite.
Using the computation rules given in Figure 13, we obtain, witing as usualz = xG (x; yo),

09 _ G14x; Yo) 0o XG1°{x; yo)
Gixiyo) = 1+ G1Ax; yo)+ xG°%{x; yo) Grxyo)+ G1Ax; yo)+ xG2{x; yo)
+ Gz;yo) + iGzysy  CGAXYo)+  GAX;Yo):

G yo)

Hence
G2x;y0) = a(x;yo) (1+ b(x;yo) GAXyo)+ GNzivo) + iGN zye)  GAXY0));
where

2G.%Ax; yo) + XG12{x; yo) .
G(x; yo) + xG1°{x;yo)

G1x;yo) + XG1°{X; o) .
G1X; Yo) '

a(x;yo) = b(X; yo) =
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As the classes3? and G are respectively 32-singular and 1=2-singular, the seriesa(x; yo)
and b(x; yo) converge whenx ! xo. As G®is 1=2-singular, G y,) is O(z0 z) *2)
when z ! z5. Moreover, according to Lemma 52, G{z;yo) is O((zo z) ™). Next
we use the fact that the change of variable from 2-connecteda connected is critical.
Precisely, as proved in [1], wherx | X and whenz and x are related by z = xG1(x; yo),
we havezy z (Xo x), with :=limd z=dx = x0G1°{x0; o) + G1AXo;Yo). Hence,
iIG*(zyoy and GMz;yo) are O((xo  x) *72). In addition, we have proved in Lemma 53
that GYx;yo) is O(1). We conclude that G°{x;yo) is O((xo x) 7).

Lemma 56 (connected planar graphs) Let (Xo;Yo) be a singular point of G;. Then, the
expected complexity of the Boltzmann sampler fo&, |described in Section 4.3|satis es

Gi(X;y0) = O (1) asx! Xo:

Proof. As described in Section 4.3, the sampler G (x;y) computes GYx;y) and
keeps with probability 1 =(j j + 1). Hence the probability of success at each attempt is
NS T Y SR S G L

GAXY0) ool 1*11 170~ GAXYo) Lo, 1+ D)
Recall that for any classC, @, identies to Gy+1.m. Hence

1 Xoxiit oy _ Ga(xiyo) :
GAXYo) ,q, 11! ° XG1XX; Yo)

Pacc =

In addition, by Lemma 25, Gi(X;Yo) = GUX;Yo)=pacc. As the classesG, and G are
respectively 5-2-singular and 3=2-singular, both seriesG;(x;yo) and G,(x;yo) converge
to positive constants whenx ! Xo. Hencepac converges to a positive constant as well.
In addition, GY(x;yo) is O(1) by Lemma 53. Hence Gy (x;Yo) is also O(1).

8.6.8. Complexity of the Boltzmann samplers for planar graphs.

Lemma 57 (planar graphs). Let (Xo;Yo) be a singular point ofG. Then, the expected com-
plexities of the Boltzmann samplers foiG, G° and G*{described in Section 4.4 and 5.5.2|
satisfy, asx ! Xp:

G(x;y0) = O (1);
GAxyo) = O (1)
Gxy0) = O((xo x) ')

Proof. Recall that G(x;y) is obtained from G (x;y) using the identity
G= Set(G);

hence G(X;yo) = Gi(X;Yo) Gi(X;Y0). When x ! Xg, G1(X;Yo) converges (becaus&
is 5=2-singular) and G (Xx;yo) is O(1) (by Lemma 56). Hence G(X;Yo) is O(1).

Then, GYx;y) is obtained from GYx;y) and G(x;y) using the identity

G=G’°?G

Hence GYx;yo) = GAxyo)+ G(X;yo). When x ! xo, G%xyo) is O(1) (by
Lemma 53) and G(x;yo) is O(1), as proved above. Hence GYx;y,) is O(1).

Finally, G’{x;y) is obtained from G2x;y), GIx;y), GYx;y), and G(x;y) using
the identity

G"= G?G+ G°? &
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Hence

Gx;yo) =1+

2 a6y0+ Gooyo)+ o ( GRyo)+ Glxyo);

where a = G°{x;y0)G(X;yo) and b= GXX;yo)GYx;yo). Thus
Glxyo) 1+ Gxyo)+ Gxiyo)+ GlAxiyo)+ Glx:yo):

When x I xo, G%{xyo) is O((xo x) '7?) (by Lemma 55), G%x;yo) is O(1) (by
Lemma 53), and GYx;yo) and G(x;yo) are O(1), as proved above. Hence G’{x;yo) is
O((xo x) *?), which concludes the proof.

This concludes the proof of the expected complexities of ourandom samplers. (Recall
that, thanks to Claim 27, the proof has been reduced to provimg the asymptotic estimate

G y0) = O((xo %) 7))

Acknowledgements.| am very grateful to Philippe Flajolet for his encouragemerts and
for several corrections and suggestions that led to a signcant improvement of the pre-
sentation of the results. | greatly thank the anonymous refeee for an extremely detailed
and insightful report, which led to a major revision of an ealier version of the article. |
have also enjoyed fruitful discussions with Gilles Schae & Omer Ginenez and Marc Noy,
in particular regarding the implementation of the algorith m.

References

[1] E. Bender, Z. Gao, and N. Wormald. The number of labeled 2- connected planar graphs. Electron. J.
Combin. , 9:1{13, 2002.

[2] E. Bender and L. B. Richmond. The asymptotic enumeration  of rooted convex polyhedra. J. Comb.
Theory B, 36(3):276{283, 1984.

[3] F. Bergeron, G. Labelle, and P. Leroux. Combinatorial Species and Tree-like Structures . Cambridge
University Press, 1997.

[4] O. Bodini, E. Fusy, and C. Pivoteau. Random sampling of plane partition s. In Renzo Pinzani and
Vincent Vajnovszki, editors, Gascom 2006, pages 124{135, Dijon, France, 2006. LE2I.

[5] M. Bodirsky, C. Groepl, and M. Kang. Generating labeled p lanar graphs uniformly at random.
Theoretical Computer Science , 379:377{386, 2007.

[6] N. Bonichon, C. Gavoille, N. Hanusse, D. Poulalhon, and G . Schae er. Planar graphs, via well-orderly
maps and trees. Graphs and Combinatorics , 22(2):185{202, 2006.

[7] J. Bouttier, P. Di Francesco, and E. Guitter. Planar maps  as labeled mobiles. Electr. J. Comb. , 11(1),
2004.

[8] A. Denise, M. Vasconcellos, and D. J. A. Welsh. The random planar graph. Congressus Numerantium ,
113:61{79, 1996.

[9] A. Denise and P. Zimmermann. Uniform random generation o f decomposable structures using
oating-point arithmetic. ~ Theoretical Computer Science , 218(2):233{248, 1999.

[10] M. Drmota, O. Gimenez, and M. Noy. Degree distribution in random planar graphs. In  Proceedings
of the Fifth Colloquium on Mathematics and Computer Science , Mathinfo'08, Blaubeuren , 2008.

[11] P. Duchon, P. Flajolet, G. Louchard, and G. Schae er. Bo Itzmann samplers for the random genera-
tion of combinatorial structures. Combinatorics, Probability and Computing , 13(4{5):577{625, 2004.
Special issue on Analysis of Algorithms.

[12] P. Flajolet, E. Fusy, and C. Pivoteau. Boltzmann sampling of unlabelled s tructures. In Proceedings of
the 4th Workshop on Analytic Algorithms and Combinatorics, ANALCO'07 (New Orleans) , pages
201{211. SIAM, 2007.

[13] P. Flajolet and A. Odlyzko. Singularity analysis of gen erating functions. SIAM J. Algebraic Discrete
Methods, 3:216{240, 1990.

[14] P. Flajolet and R. Sedgewick. Analytic combinatorics. Preliminary version available at
http://algo.inria.fr/flajolet/Publications .

[15] P. Flajolet, P. Zimmerman, and B. Van Cutsem. A calculus  for the random generation of labelled
combinatorial structures. Theoretical Computer Science , 132(1-2):1{35, 1994.



(16]
[17]

(18]

[19]
[20]
[21]
[22]
(23]
[24]

[25]
[26]

[27]
(28]
[29]

(30]

(31]
(32]
(33]
(34]

(35]

UNIFORM RANDOM SAMPLING OF PLANAR GRAPHS IN LINEAR TIME 55

E. Fusy. Quadratic exact size and linear approximate size ra ndom generation of planar graphs.
Discrete Mathematics and Theoretical Computer Science , AD:125{138, 2005.

E. Fusy. Transversal structures on triangulations, with ap  plication to straight-line drawing. In  Graph
Drawing 2005, pages 177{188. Springer, 2006.

E. Fusy, D. Poulalhon, and G. Schae er. Dissections and tree s, with applications to optimal mesh
encoding and to random sampling. In  16th Annual ACM-SIAM Symposium on Discrete Algorithms ,
pages 690{699, January 2005.

S. Gerke, C. McDiarmid, A. Steger, and A. Weissl. Random  planar graphs with a xed number of
edges. In 16th Annual ACM-SIAM Symposium on Discrete Algorithms , January 2005.

O. Gimenez and M. Noy. Asymptotic enumeration and limit laws of planar graphs, 2005.

F. Harary and E. Palmer. Graphical Enumeration . Academic Press, New York, 1973.

J.G. Kemeny and J.L. Snell. Finite Markov Chains . Springer-Verlag, 1980.

C. McDiarmid, A. Steger, and D. J. A. Welsh. Random plana  r graphs. J. Combin. Theory , 93(B):187{
205, 2005.

R.C. Mullin and P.J. Schellenberg. The enumeration of ¢ -nets via quadrangulations. J. Combin.
Theory , 4:259{276, 1968.

A. Nijenhuis and H. S. Wilf. Combinatorial algorithms . Academic Press Inc., 1979.

C. Pivoteau, B. Salvy, and M. Soria. Boltzmann oracle fo r combinatorial systems. In Proceedings of
the Fifth Colloquium on Mathematics and Computer Science, M  athinfo'08, Blaubeuren , 2008.

D. Poulalhon and G. Schae er. A bijection for triangula  tions of a polygon with interior points and
multiple edges. Theoret. Comput. Sci. , 307(2):385{401, 2003.

D. Poulalhon and G. Schae er. Optimal coding and sampli  ng of triangulations. Algorithmica , 46(3-
4):505{527, 2006.

G. Schae er. Conjugaison d'arbres et cartes combinatoires akatoires . PhD thesis, Universie Bor-
deaux |, 1998.

G. Schae er. Random sampling of large planar maps and co nvex polyhedra. In Annual ACM Sym-
posium on Theory of Computing (Atlanta, GA, 1999) , pages 760{769 (electronic). ACM, New York,
1999.

B. A. Trakhtenbrot. Towards a theory of non{repeating ¢  ontact schemes (russian). In Trudi Mat.
Inst. Akad. Nauk SSSR 51 , pages 226{269, 1958.

W. T. Tutte. A census of planar maps. Canad. J. Math. , 15:249{271, 1963.

W.T. Tutte. Connectivity in graphs . Oxford U.P, 1966.

T. R. S. Walsh. Counting labelled three-connected and h omeomorphically irreducible two-connected
graphs. J. Combin. Theory , 32(B):1{11, 1982.

H. Whitney. 2-isomorphic graphs. Amer. J. Math. , 54:245{254, 1933.

Algorithms project, INRIA Rocquencourt 78153 Le Chesnay Ced ex, France
E-mail address : eric.fusy@inria.fr



