Mellin vu du ciel

Melhn, seen from the sky

Philippe Flajolet |
INRIA Rocquencourt

March 10, 2008 |







L INTRODUCTION







WHY?

® ?ina A\ Mgz\\' og DJCK rqmﬂ / %y&um*;m

[BR-K-R-(]
| (Zn )
S Z 4W
' )
o Meau node oﬂejgwt "f d‘j/‘u ree abe 72/7;6'%/ 1965

Taz 24— (A-,.)

R2I

Ce—

W - d(k) naeldﬁa bl S, bas dmoalh Mr"/ok&w

- Cuymmamda O/ pm.ood\; b“)- 7;1 mueea.@ -




.Wtj”f

Tne Povele

F e mant v w@j

>

-2/2,“]
Tl)= ) [1-€

f,::/:r(m)
S Qﬁ?("/\ﬁ)/ Tn




Two PROPERTIES: define [hanmonic sums
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I1l. HARMONIC SUMS
Asgmptotics




MAPPINGS

Exponentials. <0’+00>
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—({((-2)=(-4)=---=0; ((—1), ¢(—3), ---= Bernoulli #s.
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Mellin asymptotic summmation
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e harmonic sum
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o Poles & asymptotics: H,, ~logn +y + 5 + -
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Example 2. Stirling’s formula.
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Example 3. Divisor sum.
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x— 0 X

NB: ) d(k)ékz" ~ ((2s)*T(s) ~» exponentially small error terms.
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Digital trees (tries)

Digital trees aka “tries™

® Set up recurrence and generating function
® Solve and get a sum
® Approximate (equiv. Poisson approx.)

® Analyse harmonic sum
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V. SOME GOODIES

* Anear(?) i&entity
» Mbius




A (near) identity ?2?

99 \”"
100

— 2n
n=1 1-|—( 99)

100000 (_1)” (

100

> evalf(z,220);
-0.2499999999999999999999999999999999999999999999

999999999999999999999999999999999999999999999
999999999999999999999999999999999999999999999
999999999999999999999999999999999999999999999
999999999999999999999999999998211016094

Cf. Brigitte Vallée: binary Euclidean GCD




A (near) identity ???
100000

> evalf(%,220);
—0.2499999999999999999999999999999999999999999999

999999999999999999999999999999999999999999999
999999999999999999999999999999999999999999999
999999999999999999999999999999999999999999999

+ exp. small




WHY —0.2499...

——

Take G =2 0 PB
LHH? — 2k

| +e”

> @52) -'/fg )., ). LS

S T ST ERAT
Woebaoe () 23(4)=or =0 [y pooms cbesiboe]

L(~) = L(_3>T... =0 [fj i (™ procerr |

m @(Jr\) ~ Kes ((’E (53 L(s> r@)g: O+ @(VM(“J’% omall

Loo

1y —:—J—priwt@\




2@0
V w(n) 0.99" = -1.886785550

n=1

10000

V wu(n) 0.999" = -1.98810495
n=1

20@00
2., 1(n) 0.9999" = -1.9988015

n=1




2000
V u(n) 0.99" = -1.886785550

n=1

w(7z) 0.999" = -1.98810495

n=1

200000
) u(n) 0.9999" = -1.9988015

n=1

> add(coeff(series(l/Zeta(s)*GAMMA(s)*t"(-s),s=-j),s+j,-1),3=0..3);
evalf(%,10);
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w(n) 0.99" = -1.886785550

w(z) 0.999" = -1.98810495

n=1
200000
w(7z) 0.9999" = -1.998¢

n=1
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[Clement+Flajolet-Vallee, 2000-2001]

tTheorem 6. The expected cost of sorting n uniform real num-
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bers given by their basic continued fraction representations is
‘ P(n) =Konlogn +Kin+ Q(n) + Kz + o(1),

where Ky is Lévy's entropic constant, Ky is Porter-like

~ 6log2

2 /
= vy log 2 _|_9(10g2) 7210gZC (2) 1

Ko _.
72 72 4 2

, Ky =18

The function Q(u) is an oscillating function with mean value 0:

Q(n) = O(u®/?),
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V. Advanced techniques

' & Perron’s formulae
i * APProximating Dirichlet series

* Poisson + Mellin = Newton + Nérlund (Rice)
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VI. More goodies

® Magic Dualitg and the Golden Triangle
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