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RANDOM TREE MODELS
IN THE ANALYSIS OF ALGORITHMS

PHILIPPE FLAJOLET
INRIA, Rocquencourt
78150 Le Chesnay (France)

Abstract. We present three classes of random tree models that occur in the average case
anzlysis of a variety of computer algorithms including symbolic manipulation algorithms,
compiling, comparison based searching and sorting, digital retrieval techniques, file systems
and communication protocols. Each model carries a coherent set of algebraic and analytic
techniques, which we illustrate by reviewing a few characteristic examples.
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: — Bhagavadgits XV.1

Introduction 4

In purely graph-theoretic terms, a tree is a connected acyclic (undirected) graph. The
number of nodes in the tree is called the (total) size of the tree. As is familiar from data
structures and basic algorithms {Knuth 1973}, [Sedgewick 1983}, a tree is a convenient way
of representing a hierarchical object of some sort. As opposed to sequential structures {eg.
list organizations), trees have the benefit of allowing dichotomic access to the information
items of the structures they represent. Like many linked structures but unlike arrays, they
are also easy to update.

Trees usually considered in computer science are trees in the general sense, but with
some additional structure: (i) A node is individuated as the root of the tree. (ii) Subtrees
attached to 2 node are ordered between themselves. This is equivalent to specifying a tree
together with its plane embedding, and distinguishing subtrees dangling from a node with
a left-to-right order. In this way, the general class of (rooted plane) trees § has a simple
recursive specification: A single node is 2 tree; 2 new tree is obtained by appending a root
to 2 sequence of trees already in §. A particularly important subclass is the class B of
binary trees in which every node has (out) degree 0 or 2.

Trees are also normally a structure superimposed on existing information items:
records or “keys”, operation symbols, program constructs, functional symbols etc. In
other words, they are labelled trees. An algorithm may either use a tree as a direct repre-
sentation of its input (this is the case for expression trees, terms), as an intermediate data
structure whose design is meant to obtain fast processing of the data by allowing dynamic
dichotomic search {2 binary search tree or a digital “trie” are of this type). A data model
or input mode] specifies a probability distribution over trees of size n. The simplest model
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conceptually is the uniform model in which all trees in § or B of size n are taken with
equal probabilities.

There is an alternative, sometimes more convenient, way of viewing random tree
models as splitting processes determined by splitting probabilities, which we explain in
the binary case. A group G (with |G| = n) is split recursively into two subgroups L (for
left) and R (for right), where |L|+ |R|+ A = [G|. There A is 1 or 0 depending on whether
internal nodes contain informations (retain elements of G) or not. The process is fully
characterized by its splitting probabilities

*ng = Pr{{L|=k /|G| = n}

and a “termination rule”, which is usually |G| < 1. The three basic models we consider in
this paper are:

1. The uniform (binary) model, where all binary trees of size n are taken equally
likely. It has A = 1, and will be seen to correspond to the splitting probabilities:

bibpoy 1 2m
Tk = .i—b_l__k where by = —"T:—l ( m ). (1)

2. The binary search tree model has A = 1 and

Tk =

El

(2

3. The digital trie model has A = 0 and splitting probabilities given by

e o

The next three sections will explain the relevance of these models to applications, dis-
cuss a few related models, and provide typical examples of analytic resolution techniques.
Detailed references and fairly comprehensive expositions of our subject appear in [Flajo-
let 1985) and [Vitter, Flajolet 1987]. -

1. Uniformm Models and Variants

A formal (well-parenthetized) expression like {(z + logy)/+/y * Jog z is naturally repre-
sentable by a tree with a binary root (labelled with “/”}, and two root subtrees correspond-
ing to the left and right operands, and recursively constructible in a similar way. That
expression can be represented as a term appearing in prefix form as / + z log yv/*y log z,
and in Lisp notation it will be a “list” (/ (+ z (log y)) (/" (* ¥ (log z}})), also internally
represented as a (binary) tree. Many algorithms operate on such formal expressions. In
its code generation phase, a compiler will need to generate low level instructions corre-
sponding to the evaluation of the expression, and assign registers. A symbolic algebra
system may have to apply to this expression a transformation like 3’;. Theorem proving
applications and inference systems will also typically perform transformations on terms of
a similar form.

Models in this section aim at analyzing, in the average case, algorithms of this sort,
as 2 function of their input size. If {1 is 2 fixed set of functional symbols, the set of terms
construcible on f1, T = T|f}], is defined in an obvious way. The simplest input model
consists in analyzing algorithms under the assumption that all trees in T with size n are
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taken equally likely. It is called the uniform model or combinatorial mode! (relative to
0 or T[Q)]), and sometimes also the “static™ model, in contrast to the “dynamic” binary
search tree mode) of the next section.

A more sophisticated model may assign a weight w{f] to any individual symbol f € 0,
and we may wish to reflect in this way the fact that one symbol is twice as frequent as
another one. ¢ € T of size n comprises symbols f,, f2,- -+, fa, then weights are extended
multiplicatively and we take w{t] = w{fiJw[fa}---w|fn]. If W, designates the normalizing
constant W,, = 3_,,_, wit], tree ¢ will be taken with probability w|t]/W,. Such a model
is called a weighted model. Weighted models should be expected to give more accurate
predictions than uniform models. If each individual weight satisfies w|f] = 1, we get back
the combinatorial (uniform) model. If w|.] is 2 probability distribution over {1, then the
weighted model resembles a branching process conditioned upon the size of the resulting
tree, a fact that will be discussed later.

It turns out, fortunately, that the analytic techniques needed for uniform and weighted
models are entirely similar. Thus, to simplify the discussion, we shall mostly concentrate
on uniform models. The binary case leads to 2 mode] that can in many cases be solved
exactly using generating function techniques. In all generality, however, complex anal-
ysis techniques are required and they lead to asymptotic expansions for expectations of
parameters (random variables) of interest.

PROBLEM 1. Determine the pumber of binary trees with m binary nodes (hence m + 1
external nodes and total size n = 2m + 1).

Let B, be the number of trees with total size n. We have By = 0, B, = 1 and, by
looking at all possibilities,
B, = z B,B,. - (1)

. l4r+lmn

The convolution equation is solved by introducing the ordinary generating function (OGF)
B(z) = 3,50 Baz" which satisfies, by (1),
J
B(z) = z + zB%(2), _ 2)

and solving the quadratic equation, we find

- \/1—4z’

1
= 3
Bl = 12v ®
A standard Taylor expansion of {1 + z)1/? shows that
1 2m
- et . 4
Bams1 = bm  where b e ( m ) (4)
Asymptotically, Stirling’s formula yields
4"‘
b ~ . (5)
*m

The numbers by, are known as the Catalan numbers. They first occurred in works
of Euler and Segner (around 1753!) and are of fundamental importance in combinatorial
analysis. B

Looking back at our previous equations, we see that the B, are first defined by a
convolution recurrence that reflects the recursive definition of trees. Introducing generating
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functions shows that B(z) is an algebraic function, with singularities of a square-root type.
Finally, asymptotic analysis shows that B, ~ KA"n~3/3, We are going to see how to
extend these observations to the case of an arbitrary function symbol set 1.

PROBLEM 2. Determine the number of trees of size n in & family T defined by 0.
Let ¢i denote the number of functional symbols in 01 that have arity equal to k, and

introduce the structure polynomial ¢(u) = ¥, éxu*. Let T, be the number of trees of
size n. There is a convolution equation

Tn = E [¢k Z Tn,Tn, "'Tn. ’ (6)

k21 nyt-dbngl=n

which shows that the OGF I'(z) of the T,, is defined implicitly by
T(z) = 28(T(z)). ™

Equation (7) shows that T'(z} is an algebraic function. In general, it cannot be solved in
closed form. However, T(z2) is a solution of an equation P(z,T(z)} = 0 where P(2,y) =
y — z¢{y). By the implicit function theorem, that equation has a solution that is locally
analytic around z = ¢ with T'(2) = 7 provided F/(¢,7) # 0, the dependence between z and
T'(z) being there locally linear:

Pye,7)(z = ¢) + Py(T(2) - r) ~0.

From that observation, we find the dominant singularity p of T(2) as p = 7/¢(r), where
7 is the smallest positive solution of the equation ¢(r) — r¢'(r) = 0. Furthermore around
(2,T) = (p,7) the dependence between z and T is now Jocally quadratic. Hence

(2 - 5) ~ C “(T(z) - ). (®)

More precisely, 2 full expansion can be obtained (this is the elassical Puiseux expansion
in fractional powers of an algebraic function around a singularity), and we find that T'(z)
admits the expansion

T(z):H(\ﬂ-%' where H(u) = Ho+ Hyu + Hau® +---. (9)

In particular around z = p, T(z) is of the form Ho + H, \/U

The Darboux method in asymptotic analysis {Henrici 1977] guarantees that, for a
function with only algebraic singularities on its circle of convergence, a singular asymp-
totic expansion (9) of the function can be translated term by term into an asymptotic
expansion of the coefficients. The coefficients of /T = z have a known asymptotic form
(see Problem 1), hence

T, ~Kp"n"3/2 with K= \/%. (10)

The above derivation is due to Meir and Moon {1978]. It relies on classical singular
expansions of algebraic functions, and also on Darboux’s theorem whose proof is itself
based on Cauchy’s formula

1 dz
! = e et 11
Tn 2in fT(z) e’ ()
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The use of this type of technique in graphical enumerations goes back to the important
paper of Pélya |1837]. B

PROBLEM 3. Determine the expectations, as a function of n, of inductive valuations over
tree structures.

There is an important class of tree parameters (random variables, “valuations”) that
covers many elementary statistics over trees. Let uit}, v{t], w|t] be functions from trees to
real numbers. To a valuation uft], we associate the generating function

U(z) = E ult)='t!

€T

50 that the coefficient U, = [¢"|U(z) is the cumulated value of u].] over all trees of size n,
and U, = U, /T, is the corresponding expected value. Then, from convolution equations,
we find “translation rules” from valuations to generating functions. For instance, when
T = B, the class of binary trees, we have:

ujt] = oft] + wit] = U(z) =V(z) + W{z) (12)
wit] = vftien] - witrign) = U(z) = 2V ()W (2).

In particular, if uft] is defined inductively over subtrees in terms of a simpler valuation
vit], we derive from (12):

1
u[t] = u[t..n] + u[tﬁ‘hg] + U[t] = U(l) = ﬁV(z). (13)
For instance, path length is defined inductively over subtrees from the size function vjt] =
Jt], and we find -
s Sn+1f2n
Uzns1=4 -m(vz) (14).

In the same way, there is an extension to families T = T[f1), for which the relation between
U(z) and V(z) becomes ,
— 1 _v@).

1-2¢'(T(2))

A typical example of application [Steyaert, Flajolet 1983] is to counting occurrences of a
fixed pattern tree P inside trees in T: The valuation “number-of-occurrences” is defined
inductively from the valuation “root-occurrence”, itself defined inductively over subtrees.
In this manner, pattern matching algorithms on term trees can be analyzed. Another ap-
plication [Flajolet, Steyaert 1987] is to symbolic differentiation whose cost is decomposable
over subtrees and found to be always O(n3/?). B

U(z) =

PROBLEM 4. Determine the expected height of a random binary tree with n internal
nodes.

This problem lies analytically deeper than the previous ones. Though height of &
tree can be defined in terms of the heights of root subtrees, the definition involves a max
operation that is not amenable to the treatment given in the previous section (Eq (12},
(13)). From a computational point of view, the height parameter is of interest as it
represents the maximum stack size necessary for a recursive traversal of the tree.

In this problem, we take the size of a binary tree to be the number of its internal nodes.
Height is defined as the length of the longest branch from the root to an external node (or
leaf), with the convention that a tree of size O has height 1. We let by » be the number of
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binary trees with height at most h and size n, with OGF b,(z) = 3_, bs nz". The problem
is to determine the expected height A, = Hy [b,, where H, = Zm“ hexghtlt] satisfies

Ho=) [bn = ban). (15)

A0

The difficulty comes from the fact that the b, o, satisfy non-linear “history” recurrences for
which no closed form solution is likely to exist. Our presentation follows [Flajolet, Odlyzko
1983} (see [Brown, Shubert 1984] and [Kolchin 1986] for related treatments).

From basic combinatorial decompositions, we derive the recurrence

bo(z) =1 bpsa(z) = 1+ 2(ba(2))?, (16a)
and the OGF of H, is related to the b,(z) via
H(z)= 3 [b(z) - bal2)), (160)
h20

with b(z) the fixed point of recurrence (16a) and also the OGF of the Catalan numbers:

anz v1—4z

n20 2=

Function H(z) is expected to be singular at z = 1/4 since H, < nb, and by (5), ba

grows roughly like 4*. The attack consists in establishing the behaviour of H(z) in a
neighbourhood of z = 1/4 and analysis will reveal that

1
1—4z

H{z) ~C log as  z— 14 (17e)
The estimate of H, will be completed if we can “transfer” the asymptotic equivalence
{17a) into an asymptotic equivalence for coefficients:

4"

Hy, ~ C-'T as n— oo, {175)

and, if this is granted, we get for the expected height H, ~ C/7n.

Darboux’s method is one way of ensuring the transition from (172) to (17b), but
it requires differentiability conditions on error terms that are rather stringent for this
application. Tauberian methods are not applicable since they apply to functions that
are large around their singularity (while the remainder term implicit in (172} is small)
and, in addition, require side conditions that would be hard to establish on error terms.
Thus, we take another route, suggested by [Odlyzko 1982]. It consists in establishing
approximation (17a) in an area of the complex plane that extends beyond the circle of
convergence |z| = 1/4 of H(z), using Cauchy’s formula (11) with a contour of integration
that leaves the singularity “at an angle” from the circle. That method is quite general and
is rapidly finding applications in combinatorial enumerations [Flajolet, Odlyzko 1987].

What is required is thus to establish (172), on the basis of the recurrence (16a-b).
We observe that when |z| < 1/4, the b,(z) converge geometrically to the fixed point b(z).
When |z| is large, because of repeated squaring, the bx(z) grow doubly exponentially, and
for instance, at z = 1, their valuesare 1, 2, 5, 26 676, 456576 etc. We are thus facing what
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may be called a “singular iteration problem” which consists in obtaining approximations
for recurrence (16a) when 2 is in a region near a singularity of the fixed point, where the
recurrence is just between geometric convergence and double exponential divergence.

The normalized “écarts” ex(z) = (b(2) — ba(2))/(2b(2)) satisfy the recurrence
enl2) = (1 - VITE2)en(2)(1 — en(2) (18)

and studying them at z = 1/4 illustrates the analytic technique used. There, setting
= e;(1/4), we find

. 1
Srvr=Ia1-Jn)  with  fo=g. (19)
Itcration (19) is typical of iteration of a function g(z) (here g{z) = z(1 — z)) around a
fixed point L = g(L) when ¢'(L) = 1. The essential “trick” is to compare iteration (19)
to iteration of a linear fractional transformation. More precisely, we start from (19), and

take inverses to get
—--—.———+1+f;.+f,.+ (20)

Thus, as a rough approximation f,::l = 1+ f;! so that we expect f; ' = h. This can be
justified rigorously, and indeed, one can show that

1

I~ h+logh+ O(1)"

A similar manipulation on the more general recurrence (18) provides an approximation for
en(2), in the form

b(2) — by(z) = 4:—(—%: with = ((z)‘= Vi—4z. (21)

Equation (21) is the main approximation lemma. Its validity region can be established at
some effort. Basically, we are justified in using it inside the definition (16b) of H(z):

H(z) ~4Z }: (1 ® = 2l0g - _1”, (22)

as z — 1/4, ie. ¢ — 0. We have thus found the singular expansion (17a) and the proof
can be concluded using Cauchy’s formula. We find in this way for the expected height of
a binary tree with n internal nodes:

A, =2,/7n + O(n®?). (23)

The same treatment applies mutatis mutandis to families T[01]. The singular iteration
problem we encountered in the complex plane is related to Mandelbrot and Julia fractal
sets. In general, no explicit form is likely to exist for such non linear iterations. There
is however an interesting exception, namely the case of trees where all node degrees are
aliowed. It was studied by [De Bruijn, Knuth, Rice 1872] and corresponds to a structure
function ¢(u) = (1 — u)~!. In that case, height statistics requires iteration of a linear
fractiona! transformation, and explicit forms, related to continued fractions, are known.
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An expression resembling the approximation (21) then appears as an exact formula for the
OGF of trees with height at most h, so that the asymptotic analysis of height can be done
with Jess analytic machinery.

Let us mention finally that there is some superficial resemblance (that can be jus-
tified in particular cases) between this problem and the height of random walks. Most
notably, there is & Jimiting distribution for height whose density distribution invoives a
theta function. B

The weighted model can be subjected to the same analytic trestment. If the weights
w|f) with f € 01 are a probability distribution, it is then easy to see that the model is
equivalent to a branching process conditioned upon the size n of the resulting trees. A par-
ticularly interesting case is when the branching process is “critical” (the expected number
of offsprings in a generation is 1). That condition corresponds to a natural combinato-
rial conservation condition on edges, and asymptotically each node type f occurs with
probability w{f].

Statistical study conducted by Clarke [1977] on large Lisp data structures suggest
that a branching process mode! is a reasonable approximation to reality, with parameters
rather independent of specific applications. This adds some practical justification for the
study of models considered in this section when applied to terms, expression trees and Lisp
data structures.

2. The Binary Search Tree Model

In this section, we consider the splitting model defined by Eq (1.2) that arises in the
study of several data structures used for maintaining dynamically varying collections of
data belonging to an ordered domain. The model underlying this random tree model is
that of random permutations. It is practically justified when data items are produced
independently according to a continuous prebability distribution.

Heap-ordered trees. Heap-ordered trees are binary trees whose binary (internal) nodes
are labelled with distinct integers, in such 2 way that labels a.lgng any branch from the root
of the tree, the labels form an increasing sequence. Given 2 permutation ¢ = 010304,
the associated heap-ordered tree HOT(o) is defined by a simple recursive rule. Let 5 be
the position of the smallest element in o; then

BOT(o) = (HOT(0103---0j-1); 0;; BOT (0410542 On)). (1)

Conversely, given 2 HOT, a permutation is obtained by reading the labels in left-to-right
(infix) order. :

Thus, heap-ordered trees constitute a bijective representation of permutations. The
uniform distribution over the symmetric group of rank n (where each permutation is taken
with probability 1/n!) induces a probability distribution over the set B, of binary trees
with n internal nodes, when one “forgets” the labels. (Here again, it is convenient to define
the size of & binary tree as the number of its internal nodes). That distribution is certainly
non uniform since in general b, does not divide n!. The probability that the left subtree,
in a tree of size n, has size k is equal to 1/n independently of the value of k,0 < k < n-1,
since in a random permutation, the minimal element can occur in any position with equal
probability. This justifies consideration of the splitting mode! (0.2) of the introduction in
which

Tok = = (2)
n

HOT’s are only one amongst a whole class of data structures that are useful for
implementing priority quenes: The “find-minimum” operation is a direct access to the
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root of the tree and has thus cost O(1). Operations of “delete-minimum” and “insert” -
can also be performed efficiently. In [Gonnet 1984} and [Vuillemin 1980}, one can find a
discussion of priority queue implementations and data structures related to heap-ordered
trees: heaps, pagodas, binomial queues, leftist trees etc.

Binary search trees. Binary search trees {BST’s) and their “balanced variants”
(AVL trees, 2-3 trees, B-trees, dichromatic trees) permit to implement the full set of so-
calied dictionary operations, namely insert, delete, query [Knuth 1973], [Sedgewick 1983],
[Gonnet 1084). It 1 = 175 -.. 1, is a sequence of elements {a “Ble”), then the BST associ-
ated to 7 has 7}, the first arrived element, at its root. If r and r, are the subsequences
of 7273-- .7, formed with elements smaller, resp. larger, than r,, then BST(r) is defined
recursively by the rule

BST(7; 1) = (BST(r<); 713 BST(75)). (3).

Thus if the tree labels are read in left-to-right order, we obtain the sorted file.

It turns out, by an equivalence principle of Burge and Frangon (see [Vuillemin 1080]),
that there is a strong connection between HOT’s and BST's: Xf o and o~! are inverse
permutations, then

HOT(0) =41ape BST(0™?) (4)

where ¢ Z,p,pe u means that the unlabelled trees corresponding to ¢ and u are identical.
Thus the random tree model induced by (2) also applies to BST’s and is called the binary
search tree model. Most parameters that determine the cost of BST or HOT implemen-
tations are natural structural parameters {valuations) of trees. So one needs methods to
determine their expected values, as a function of n, under the BST model. In addition,
characteristic parameters of comparison based sorting routines, most notably Quicksort,
have direct counterparts under the BST model.

Counting problems like in Section 1 have now become teivial, since the underlying
statistics is the number n! of permutations. Thus, we start directly with an analogue of
Problem 3.

PROBLEM §. Determine, as a function of n, the expectations of inductive valuations
under the BST model.

The 2pproach is here very similar to that of Problem 3. Only the generating functions
used and the operators translating valuations are different. If uft] is a tree valuation, we
let U, denote its expectation under the BST model of degree n, and introduce the OGF
of expectations

Uz) =Y Unz™.
n2>0
We have the following analogue of Eq (12):
ult] = vlt] + wlt) = U(z)=V()+W(s) )
uft] = vitien] - witrigny) = U(z) = [y V(z)W(z) dz.

The first equation only expresses linearity of expectations. The second comes directly by
taking generating functions in

n-1

1
U = "'; goukvn—k’ t
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this equation being a direct consequence of (2). If uft] is defined inductively over subtrees
from vit},

u[t] = u[t;,u] + u[tri‘m] + V[f], (6a)
then, by (5), the corresponding OGFs are related by

Uz) =2 / U(.‘t +V(z) (6b)

and the corresponding differential equation is readily solved by the “variation-of-parameter”
method, so that
V {0) / 2
oy ), G-V (62

The study of inductive valuations now takes us into the realm of integral and differ-
ential operators, while uniform models only implied algebraic operators. An interesting
application is internal path length, for which we find, through an application of (6¢),

U(z)=

Up=2(n+1)Hat1 —2n -2 ~ 2nlogn + O(n),

with H, = 17! 4+ 27! 4 ... 4+ n~1, a harmonic number. This quantity represents the
expected comparison cost of treesort, the procedure that sorts a file by constructing a
binary search tree. Like quicksort, that can be subjected to a similar analysis, it has
complexity = 1.3862n log, n and is thus about 40% off from optimum sorting. B -

The expected height of a binary tree with n (internal) nodes is ~ 4.31107 log n. This
remarkable result is due to Devroye [1986] who established it using the theory of branching
random walks. Though basic generating function equations can be set up like for Prob-
lem 4, with integrals replacing products, it is still an open probles to ind & purely analytic
derivation that should involve a treatment of singular Picard approximants to a non linear
ODE around a spontaneous singularity. So we shall turn again to a study of more complex
inductive valuations in the style of Problem 5. These are related to the analysis of partial
match retrieval of multidimensional data, following [Flajolet, Puech 1986).

PROBLEM 6. Determine the cost of finding & record in R? specified by one component,
in a 2-dimensional search tree.

An extension of binary search trees, called k-dimensional (k-d) trees stores k dimen-
sional points at nodes of a binary tree, and uses, at level £ in the tree, component (¢ mod k)
as a discriminating attribute in the style of binary search trees. The probability distri-
bution induced over binary trees appears to coincide with that of the BST model. For
instance, the number of nodes traversed when searching an element in the tree has the
same distribution in dimension & and in dimension 1. A partial match query has only &
out of the k attributes that are specified. At levels in the tree where the discriminating at-
tribute is specified, search proceeds in only one subtree; at other levels, both subtrees have
to be explored. In this way, the analysis of partial match retrieval necessitates analyzing
k different valuations that are cyclically related.

We shall first briefly explain here the mathematics involved in thecasek = 2and s = 1.
There are two patterns of partial match queries, *S and S+, where “S” means a specified
attribute and “s” means unspecified. We let Cp, denote the expected cost of & match
with pattern P and file size n, and introduce the generating functions Cp(2) = 3, Cpns™,
Dp(z) =Y ,(n+1)Cpnz". A development of the same spirit as that of Problem 5 shows
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that Ds.(z) = y:(z) where y,(z) is 2 component of the differential system-

n 0 21-2)"0  —27%(1-2)? ¥ 2(1 - z)~?
d
Ty =]20-a7" g7 o Ay |+ (1-2)"°
Vs 0 1 (4] Vs 0

o]
(We also have D.s(z) = y2(z) = y4(z).) Various methods would make it possible to reduce
the system to a unique differential equation of order 3, but it is just as simple to continue
with the original system. System (7) can be put in the form

23(5) = 72 A() - ¥(2) + bl2) ®

with ¥ the column vector of the y; etc. The interesting property is that A(z) is analytic at
z = 1. In the classical theory of differential systems, we say that z = 1 is a regular singular -
point |Henrici 1977), and the solutions should have algebraico-logarithmic singularities at
this point.

Again, no closed form expression is likely to exist for the solutions but asymptotic
expansions around the singularity z = 1 can be obtained. First, one examines the homo-
geneous version of system (8), namely

() = 72 A() - ¥(a). )

If A(2) is constant, A{z) = A(1), the system is called an Euler equation. Then by
diagonalizing A (1), one finds explicit solutions that are combinations of functions of the
form {1—z)* with A an eigenvalue of A(1). The characteristic pofynomial of A.(1) equated
to zero gives the indicial equation, and its solutions determine the characteristic exponents
that appear in the sotation of system (9) even when A(z) is not constant.

In this way, one can determine full asymptotic expansions around z = 1 of solutions to
the homogeneous system (9). Solutions to the inhomogeneous system (8) can be generated
either by a2 method of indeterminate coefficients or by a matrix version of the variation-
of-constant method. In our case, one finds the indicial equation in the form

AA+1)-4=0 (10)

so that

Ds.(z)~C(1-2)*  with A= -2 +2\/ﬁ. (11)

The final stage can use either Darboux’s method or, more conveniently, transfer theo-
rems briefly discussed in relation to Problem 4. This enables us to translate the asymptotic
expansion of generating function D around its singularity into & corresponding asymptotic
form for coefficients, and get the final result

0.57.

Csem~K-n® with o= ——-—-—”172”3 =~

The same approach can be extended, at some effort, to the study of the general case
of k-d trees of arbitrary dimensions. What is required is to'extract the structure of the
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matrix A(z) and especially of A(1) and its characteristic polynomial which is found to be
of & simple form,

x(A) = A1+ )k - 2k,
a patural generalization of form (10). B

The same approach has the advantage of extending to many probabilistic divide-and-
conquer recurrences of the form

Jo= K Tarfi+ga. (12)

Most 7y i that are rational fractions in n and k will yield to this treatment. Others as
well, as shown by the case of Quad-Trees (Flajolet, Gonnet, Puech, Robson, unpublished)
for which

1 1
Tak = —|Hp — Hy) where H,,.=1+l+-1-+~---.
n 2 3 m

3. The Digital Trie Model

Perhaps the simplest description of the random tree model corresponding to tries is in
terms of splitting processes. A group G is split recursively into two subgroups Go and G;
by having independently each member of G flip & coin. The process is halted as soon as
a subgroup with cardinality < b is obtained. An execution of the process is described by
2 binary tree in which internal nodes represent the splitting phases while external nodes
contain groups of cardinality at most equal to 5. Here we shall be primarily concerned
with the threshold parameter b having value 1.

Tries. The trie data structure is a tree representation of sets of binary strings. If a
file F is to be stored, it can be organized as a tree, called a trie, with the left and right
subtrees associated to Fo and Fy, where F; is the subset of strings starting with 0 and 1
respectively {stripped of their original bit). Thus, search in such a tree of a2 “key” B is
obtained by following a path guided by successive bits of 8 in the tree trie(F) until a leaf
is found. In a similar way, if b is the page capacity of a disk, the trie can be used as a
“directory” to access the file on disk: When used in connection with hashing, this gives
rise to Dynamic Hashing or Extendible Hashing [Larson 1978], [Fagin et al 1979].

Protocols. The tree communication protocol of Tsybakov-Mikhailov and Capetanakis
manages collisions on a local area network in the following way: Stations are granted access
to the channel upon arrival of a message. In case of a collision (two or more users attempt
transmission simultaneously), we use the splitting process above to resolve their access
conflict {Massey 1981}, [Massey 1985).

These two implementations of the abstract splitting process, tries and protocols, re-
quire analysis. Path length in the trie represents the cost of searching all elements, and
its expectation (divided by n, the group size) represents the expected cost of a positive
search. Similarly, the session length in the protocol implementation corresponds to the
total number of nodes in the associated tree. Thus, methods for estimating such inductive
tree parameters are of special value. From analysis it results that the expected search time
in a trie built op random binary strings is close to log, n, and thus is close to a theoretical
optimum. The “throughput” of the tree protocol is log 2 + 10~%.

PROBLEM 7. Determine as a function of the group size n, the expectation of inductive
tree parameters under the random trie model.
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For a fair coin, the splitting probabilities are given by

= L (°
n,k‘zu k )

as they are Bernoulli trial probabilities. The analysis method consists, as usual, of two
parts: An easy translation from valuation specifications into (here exponential) generating
functions of expected values. Asymptotic methods that introduce interesting Mellin trans-
form techniques, originally a tool from analytic number theory. We can state rules that are
analogues of Eq (1.12), (1.13) for random plane trees, and of (2.5), (2.6) for random binary
search trees. It u[t] is a tree parameter and U, is its expectation under the assumption
that the tree is a trie randomly built from a group G of size n, then we introduce the
exponential generating function {EGF) of expectations

U(z) = Z Un;T- (1)
n>0
We find the basic translation rules

uf =vf)+ul) = U(z)=V()+W(z) @
ult] = vftien] - witugm] = U() = V(5)-W(3)

The second part of the rule is directly inferred from the convolution equation resulting
from (1) and the definition of the 7y 4,

L/
U= 2_,‘(;:) ViWa_s.
k20
In particular, if ul.} is defined inductively from v[},
ult] = uftien) + uftzignd] + v[t), (3a)

then, from (2), we get a difference equation,

U(z) = ze'/=U(§) +V(2). (3b)
There are two ways of solving (3b). The first method proceeds by iteration, and one
gets the form o,
U(z) =Y 27[e*-2"v (). 4
(2) ;):o [e ()] “

Extracting the coefficients of (4) permits to express the U, in terms of the V,,.
The alternative method introduces the Poisson generating functions

U{z) = e *U(2), V(z)=e"V(2) (5)

that represent the expectations of u[.] and v].] when the size is itself a random variabie
with a Poisson distribution of parameter 2. Then (3b) becomes

0(z) = 20(3) + 7 (), (6)
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which can be solved by the methbod of indeterminate coefficients {with U, the coefficient
of z* /ntim U(2)): .
Up=22""0,+V,
v, ™
S Iso

Finally, from (7), we can recover the Uy from the U, by a convolution, since U(z) = ¢*/ (2):
d n o n ‘7‘ '

For instance, when we take v{t] to be 1 if the size of (the group associated to)tis > 2
and 0 otherwise, v[t] is the number of internal nodes in trie t. We have then V (z) = e*—1-z
and by (4)

- i[,®_ 2, s(1-277)
U =Y 2 [e (1+ e ] ©)
jzo0
and extracting coefficients, we find
R 1 n 1
= Tl (1= =)= —(1-=)""?].
U, ,-§>02 [l (1 2,) = (1 2’) ] (10)

If we take the second route, we find V' (z) = 1 — (1+ z)e™%, 50 that V, = (-1)*~}(n-1)
for n > 2, and (8) yields the alternative form

» n\ (~1)k-1 k —
U, = ;X:_:: (k) _(__11)—_25___"_1_)_ (11)

¢

Similarly, using v[t] = [¢| (ie. the size of the underlying group) corresponds to taking
V(2) = 2(e* — 1), and yields path length (taken over non empty external nodes), for which

U =n2[l-—(l-—%)""] =Z(1—"_%-);—:—f (12)

320 oS

' This systematic chain makes it possible to analyze exactly a large number of param-
eters of random tries. ®&

PROBLEM 8. Analyze asymptotically the expectations of inductive tree parameters under
the random trie model.

The asymptotic analysis of expectations of trie parameters is not as innocuous as
might seem at a first glance. The difficulty lies in the fact that sums like (10) or (11)
do not appear to have a smooth growth decribable in terms of standard functions like n,
log n etc. Instead non-trivial periodicity phenomena appear, and for instance, in the case
of path length, Un/n is an asymptotically periodic function of log, n. The main technique
used is the Mellin transform (see eg [Flajolet, Régnier, Sedgewick 1985]} whose basic steps
are:

1. Consider U, (or a closely related function) as a real function of a real variable. For
instance, in the case of path length, we have U, = nF(n) where

=Y [1-6- 5. (13)

J20
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We may also use approximate interpolation functions. Thus, using (1-a)" =
exp(—na), we can justify by elementary means that U, ~ nG(n) where

Gln) =Y [1 - e-=/?"] ) ‘ (14)

j20

2. Compute the Mellin transform of the real function interpolating Un (the exact F(z)
or the approximate G(z})). The Mellin transform of a real function f(z) is a function
of the complex variable s defined by

[~ -]
r@= [ @ s, (15
°
A sum like (13) or (14) is called a harmonic sum. It obeys the general pattern

f(z) =Y Aoluiz) (16)
: 3

and by analogy with Fourier analysis, we may consider the J; to be amplitudes and
the u; to be frequencies. The Mellin transform of a harmonic sum (16) is easily found

to be o
1) = (5’; X)) a7)

which is thus decomposed as & product of the transform g*(s) of the base function
and a Dirichlet series involving only frequencies and amplitudes. In the case of (14),
we find T(s)
. 0
G (s) = ‘--l—:—zr. P (18)
3. Finally, there is a well~recognized correspondence {Doetsch 1955 between singularities
of a Mellin transform in a hali-plane extending to the right of its definition strip and
terms of the asymptotic expansion of the original! function as z —+ oo. For instance,
transform (18) is defined for —1 < R(s) < 0, and the double pole at s = O contributes
the term =1 1
—— =), 19
logz::+(k’82 2) (19)
Complex poles of the Mellin transform further contribute fluctuating terms [Knuth
1973, p.131), {Flajolet, Régnier Sedgewick 1985) in the form of a Fourier series involving
values of the Gamma function on the imaginary line. B

Applying the algebraic techniques of Problem 7 and the asymptotic methods of Problem 8
constitutes a production chain (that could be automated using symbolic algebra systems)
which applies to a large number of characteristics of tries. It is in this way that numerical
results mentioned at the beginning of this section can be established.

We obtain that tries are an almost optimal data structures, that pages are about
log 2 = 69% full if dynamic hashing schemes are used. We also find that resolving a collision
between n users in the tree protocol requires on the average = 2n/log 2 slots. Thus the
throughput of the blocked access version of the protocol is close to log2/2 = 34.65%.
Analysis of the free access version can also be made along similar lines, though at a
considerably greater effort (see [Flajo\et, Jacquet 1987] for a brief survey).
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Conclusion

Each of the random tree model we have examined carries a coherent set of algebraic
techniques by which parameter specifications are mapped to generating function equations,
which are then solved if elementary enough. In a second phase, asymptotic methods are
applied to extract useful information, and they normally rely on complex analysis. We
have tried to illustrate this philosophy on three classes of problems:

1. Uniform tree models with algebraic equations and algebraic functions as solutions.
Singularity analysis is the main asymptotic tool there.

2. Binary search trees. This is the realm of differential systems. Either they have el-
ementary solutions or, otherwise, singularity analysis is applied at regular singular
points.

3. Tries lead to difference equations and Mellin transforms.
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