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ABSTRACT 

We ana lyse  a ~imple s to rage  a l loca t ion  scheme in which two s t a c k s  
grow and sh r ink  inside a s h a r e d  m e m o r y  a rea .  To t h a t  purpose ,  we 
provide  ana ly t ic  expres s ions  for  the  n u m b e r  of 2 -d imens iona l  r a n d o m  
walks in a t r i ang le  with two re f lec t ing  b a r r i e r s  and  one absorb ing  ba r -  
r ier .  
We ob ta in  p robab i l i t y  d i s t r i bu t ions  and  e x p e c t a t i o n s  of c h a r a c t e r i s t i c  
p a r a m e t e r s  of t h a t  sha red  memory  scheme,  namely  the  sizes of the  
s t a c k s  and the  t ime unt i l  the  s y s t e m  runs  out  of memory .  
This provides  a comple te  so lu t ion  to an open p r o b l e m  posed  by Knuth  
in "The Art of Computer Programming", Vol. I, 1968 [Ex. 2.2.2.13]. 

I. Introduction 

The  a n a l y s i s  of d y n a m i c  d a t a  s t r u c t u r e s  is  o f t e n  t h e  s o u r c e  of  i n t r i g u i n g  
m a t h e m a t i c a l  q u e s t i o n s .  As o p p o s e d  to  c l a s s i c a l  a v e r a g e  c a s e  of a l g o r i t h m s  
l ike  s o r t i n g ,  s e a r c h i n g  etc .... t h e  d i f f i c u l t y  l i e s  in  u n d e r s t a n d i n g  a l g o r i t h m i c  
b e h a v i o u r s  t h a t  a r e  i n h e r e n t l y  d y n a m i c .  This  s o m e t i m e s  r e q u i r e s  i n t r o d u c i n g  
n e w  p r o b a b i l i s t i c  o r  c o m b i n a t o r i a l  m o d e l s ,  t h a t  a r e  of i n d e p e n d e n t  i n t e r e s t .  

Th is  p a p e r  s t u d i e s  w h a t  is p e r h a p s  t h e  s i m p l e s t  storage al locat ion a l g o -  
r i t h m .  A s s u m e  t h a t  two s t a c k s  a r e  t o  b e  m a i n t a i n e d  i n s i d e  a s h a r e d  ( c o n t i g u -  
ous )  m e m o r y  a r e a  of a f i xed  s i ze  m .  A t r i v i a l  a l g o r i t h m  will l e t  t h e m  g r o w  
f r o m  b o t h  e n d s  of t h a t  m e m o r y  a r e a  u n t i l  t h e i r  c u m u l a t e d  s i z e s  fill t h e  in i -  
t i a l l y  allocated storage (rn cells), and the algorithm stops having exhausted 
its available memory. 

T h a t  shared  storage allocatior~ a l g o r i t h m  is to  b e  c o m p a r e d  to  a n o t h e r  
o p t i o n ,  n a m e l y  a l l o c a t i n g  s e p a r a t e  z o n e s  of s ize  m / 2  to  e a c h  of t h e  two 
s t a c k s .  Th i s  separa te  s torage al locat ion m e t h o d  will t h e n  h a l t  a s  s o o n  a s  a n y  
o n e  of t h e  two s t a c k s  r e a c h e s  s ize  m ~  2. 

S e v e r a l  m e a s u r e s  m a y  be  i n t r o d u c e d  to  c o m p a r e  t h e s e  two s c h e m e s .  
One of t h e m  is t h e  e x p e c t e d  n u m b e r  of o p e r a t i o n s  t h a t  c a n  b e  t r e a t e d  b y  t h e  
a l g o r i t h m s  u n d e r  s o m e  a p p r o p r i a t e  p r o b a b i l i s t i c  m o d e l .  A n o t h e r  i n t e r e s t i n g  
m e a s u r e  of  t h e  e f f i c i e n c y  of t h e  s h a r e d  a l l o c a t i o n  a l g o r i t h m  t h a t  was  p r o -  
p o s e d  b y  K n u t h  [7],  is  t h e  e x p e c t e d  s i ze  of t h e  larges t  s tack  w h e n  b o t h  s t a c k s  
m e e t  a n d  t h e  a l g o r i t h m  r u n s  o u t  of s t o r a g e :  if t h a t  q u a n t i t y  is  c l o s e  t o  m ~  2, 
t h e n  l i t t l e  b e n e f i t  s h o u l d  r e s u l t  f r o m  s h a r i n g  s t o r a g e  whi le  if i t  d i f f e r s  a p p r e -  
c i a b l y  f r o m  r n / 2  t h e n  t h e  p r o c e s s  of  s h a r i n g  m e m o r y  p r o v e s  a d v a n t a g e o u s .  
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It is our  pu rpose  here  to comple te ly  ana lyse  this p rob lem and  thus  solve 
a ques t ion  posed  by Knuth in 1968 in [7]. Par t ia l  resul ts  have been  ob ta ined  
ear l ier  by Yao [ 11], bu t  it appea r s  t h a t  cover ing all cases  of the  original prob-  
lem c a n n o t  be achieved by an  ex tens ion  of Yao 's  methods .  

Before going to more  t echn ica l  details, one may wish to c o n t r a s t  ou r  
t r e a t m e n t  with o t h e r  dynamic  analyses  of a lgori thms.  
a. The analysis  of simple s t acks  u n d e r  sequences  of ope ra t ions  has  been  

u n d e r t a k e n  by Knuth  in [7]. Corresponding  t echn iques  are  essential ly 
enumera t ive  and belong to what  Riordan calls the  "Catalan domain"  
where the  Catalan numbers 

C,~ = 1 2n 
n + l  ( n )  

play a c ruc ia l  role. The evolut ion of a single s tack  inside a fixed m e m o r y  
a rea  is s tudied u n d e r  a different  fo rm (viz. the  d is t r ibut ion  of height  in 
p l ana r  t rees)  by [1]. 

b. Binary sea rch  t rees  were la te r  ana lysed  in a pa r t i cu l a r  dynamic  c o n t e x t  
by Jonassen  and  Knuth  [6]. The title of the i r  pape r  ("A TriviAl Algori thm 
whose Analysis is Not") reveals  some of the  in t r icac ies  of the analysis  
where Bessel func t ions  appear .  

c. F r a n c o n  in [5] showed in te res t ing  resul ts  conce rn ing  the  analysis  of 
b inary  s ea r ch  t rees  (as well as o the r  compar i son  based  s t ruc tu re s )  when 
cons ider ing  the  set  of all possible sequences  of ope ra t ions  up to o rde r  
isomorphism.  The resu l t s  were la te r  ex tended  in [4] using con t inued  
f rac t ion  t echn iques  of Flajolet [3]. Pa r t  of our  t r e a t m e n t  relies on t ech-  
niques  of [3] initially mot iva ted  by the work of [1]. 

d. Returning  to s to rage  a l locat ion algori thms,  the buddy  sys tem was par-  
tially ana lysed  by Purdom.  As a l ready  men t ioned  the  sha red  s to rage  allo- 
ca t ion  a lgor i thm was s tudied by Yao [11] who ob ta ined  resul ts  t h a t  
c o r r e s p o n d  to what  we call here  the expanding  case. Our resul ts  cover  
all cases  and also lead us to more  genera l  d is t r ibut ion es t imates  of the  
var ious  p a r a m e t e r s  involved. 

As has been  no t iced  since the  p rob lem was initially posed by Knuth, the  
n a t u r a l  fo rmula t ion  is in t e rms  of random walks [9]. Here the  r a n d o m  walk 
t akes  place in a t r iangle  in a 2-dimensional la t t ice  space:  a s t a te  is the cou-  
ple fo rmed  with the size of bo th  stacks;  the  r a n d o m  walk has  two refl, ect ing 
ba r r i e r s  along the  axes (a delet ion t akes  no effect on an empty  s tack)  and 
one absorb ing  ba r r i e r  parallel  to the second  diagonal  (the a lgor i thm s tops  
when the  combined  sizes of the  s t acks  exhaus t  the  available s torage) .  

It may  be of in t e res t  to no te  t ha t  r a n d o m  walk p rob lems  bear ing some 
r e s e m b l a n c e  to ours  a p p e a r  in queuing t heo ry  when s tudying coupled  queues.  
In pa r t i cu l a r  Flatto, Fayolle and Iasnogorodski  use in this con t ex t  conformal 
mapping t e chn iques  to solve a functional equation prob lem essential ly 
equivalent  to a 2-dimensional  walk with two reflect ing barr iers .  (See also 
Cohen ' s  book on r a n d o m  walks and b o u n d a r y  value problems for some re la ted  
issues.) It does not  seem t h a t  the i r  t echn iques  apply here  because  of the  
p r e s e n c e  of a th i rd  absorb ing  barr ier .  However, it may  be of in te res t  to 
no t ice  t h a t  while the i r  so lut ions  involve elliptic integrals ,  the  express ions  we 
obta in  in one of the  cases  ( the "metas tab le  case") lead to func t ions  of the  
fo rm 

X ~ 
~ ' ( = ; q )  = 7]. 

~ I  l--q ~ 
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F i g u r e  1: The  Markov  c h a i n  mode l l i ng  t h e  s h a r e d  s t o r a g e  a l l o c a t i o n  a l g o r i t h m  
(when m =4).  

a lso c l e a r l y  r e l a t e d  to  el l ipt ic f u n c t i o n s .  
T w o - d i m e n s i o n a l  c o u n t i n g  p r o b l e m s  o t h e r w i s e  o c c u r  in s ta t i s t ica l  

mechanics ,  m o s t  n o t a b l y  in t h e  s t u d y  of t h e  /s ing m o d e l  (see  e.g. [8]).  I t  is 
a n o t h e r  w o n d e r  t h a t  t h e  c o m m o n  d e n o m i n a t o r  f o r  e x p r e s s i o n s  of p r o b a b i l i -  
t i es  o b t a i n e d  h e r e  in t h e  m e t a s t a b l e  c a s e  c o i n c i d e s  wi th  e x p r e s s i o n s  o c c u r -  
r ing  in t h e  s o l u t i o n  of t h e  d i m e r  p r o b l e m  of s t a t i s t i c a l  m e c h a n i c s .  

We now p r o c e e d  with p r e c i s e  de f in i t ions  a n d  a m o r e  d e t a i l e d  p r e s e n t a -  
t i on  of t h e  c o n t e n t s  of t he  pape r .  

We c o n s i d e r  two s t a c k s  c o e x i s t i n g  in m e m o r y  by  g rowing  and  s h r i n k i n g  
ins ide  a s h a r e d  m e m o r y  a r e a  of size m with m e m o r y  cel ls  n u m b e r e d  b y  t h e  
i n t e g e r s  [ l . . m  ]. A 2-stack h is tory  is a n  inf ini te  w o r d  o v e r  t h e  a l p h a b e t :  

1 I~,I2,D~,D2 I 
w h e r e  11 r e p r e s e n t s  an  i n s e r t i o n  on  s t a c k  1, D 1 a d e l e t i o n  f r o m  s t a c k  1 ( th i s  
h a s  no e f fec t  if s t a c k  1 is em p ty ) ,  a n d  I2,D 2 a r e  s imi la r  o p e r a t i o n s  p e r f o r m e d  
on  s t a c k  2. 

At a n y  s t age ,  s t a c k  1 o c c u p i e s  m e m o r y  l o c a t i o n s  [1 . . z ]  f o r  s o m e  i n t e g e r  
z (if x =0, t h e n  s t a c k  1 is em p ty ) ,  a n d  s t a c k  2 o c c u p i e s  l o c a t i o n s  [ m - y  + l . . m ]  
f o r  s o m e  y (y  is t h u s  t h e  size of s t a c k  2, a n d  if y =0 s t a c k  2 is e m p t y ) ,  wi th  
t h e  obv ious  c o n s t r a i n t  x + y < m .  Ini t ia l ly  b o t h  s t a c k s  a r e  e m p t y  so  t h a t  
x=y=O. The s t a t e  of  t h e  s y s t e m  a t  a n y  t ime  is d e s c r i b e d  by  t h e  c o u p l e  of  
i n t e g e r s  ( z , y ) ;  t h e  e f fec t  of o p e r a t i o n s  II,I2,D1,D 2 is to  move  f r o m  a s t a t e  
(z  ,y ) to  a new s t a t e  (x ' , y  '), whe re  ( z ' , y  ') is d e t e r m i n e d  by  t h e  ru les :  

I1: (z  ' ,y ') = (x + 1 ,y ) if z +y  < m ,  ( z , y )  o the rwi se ;  

DI: (x ' ,y ' )  = ( z - l , y )  if x >O,z +y <m, ( z , y  ) if x + y = m ,  (O,y ) o the rwi se ;  

Is: ( z ' , y ' )  = ( z , y + l )  if z +y <m, ( x , y  ) o the rwi se ;  

D2: ( z ' , y ' )  = ( x , y - 1 )  if y > O , z + y < m ,  ( z , y )  if z + y = m ,  (O,y) o t h e r w i s e .  

T h u s  o p e r a t i o n s  h a v e  no  e f fec t  a f t e r  a s t a t e  ( z , y ) : z + y = r n  h a s  b e e n  
r e a c h e d ,  w h e n  t h e  a l g o r i t h m  r u n s  o u t  of m e m o r y  a n d  s tops .  In th i s  case ,  we 
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s a y  t h a t  overflow o r  absorpt ion h a s  o c c u r r e d .  

One c a n  s e e  t h a t  t h e  s e t  of h i s t o r i e s  s u c h  t h a t  no  ove r f low  o c c u r s  h a s  
m e a s u r e  0. The  p r o b l e m  a s k e d  b y  K n u t h  w h i c h  we a d d r e s s  h e r e  is  a s  fol lows:  

P r o b l e m c  Assume  an  inser t ion  11 or  I 2 occurs wi th  probabi l i ty  p ,  and  a d e l e -  
t ion D l Or D 2 occurs w i t h  probabiLity q: 

Pr ( I1 )  = P r ( I 2 ) = p  ; P r ( D  I) = P r ( D 2 ) = q  , 

+ 1 w i t h  p q - ~ .  Let ( z , y )  denote the absorbing s tate  reached.  What is the  

dependence  of m a x ( z , y )  on p and  rn? What is the asympto t i c  f o r m  o f  
m a x ( z , y )  f o r  f l z ed  p as rn tends  to oo? 

The  q u a n t i t y  m a x ( z , y )  is  a m e a s u r e  of t h e  e f f i c i e n c y  of  t h e  s t o r a g e  a l l o c a t i o n  
s c h e m e ,  a s  we saw a l r e a d y .  K n u t h ' s  m o d e l  is  n o t h i n g  b u t  a Markov chain  ( s e e  
F i g u r e  1) wi th  n u m b e r  of s t a t e s  e q u a l  to  

(m___+ 1)(m +2) 
2 

so  t h a t  t h e  p r o b a b i l i t i e s  of h i t t i n g  a g i v e n  a b s o r b i n g  s t a t e  c a n  a l w a y s  b e  
d e t e r m i n e d  n u m e r i c a l l y ,  f o r  a n y  g i v e n  v a l u e  of m ,  b y  i n v e r t i n g  a m a t r i x  of  
d i m e n s i o n  O(m2), a p r o c e s s  t h a t  i t s e l f  c o n s u m e s  a r a t h e r  e x o r b i t a n t  O(m e) 
t i m e .  I t  is b o t h  i m p r a c t i c a l  a n d  u n i n f o r m a t i v e .  On t h e  o t h e r  h a n d ,  a n  a s y m p -  
t o t i c  a n a l y s i s  g ives  r e s u l t s  t h a t  a r e  f a i r l y  s i m p l e  to  i n t e r p r e t  a n d  c o n s t i t u t e ,  
a s  we s h a l l  s e e  l a t e r  g o o d  n u m e r i c a l  a p p r o x i m a t i o n s  e v e n  fo r  r e l a t i v e l y  s m a l l  
v a l u e s  of 77l ( l ike  m = 1 6  o r  32).  

Let  Ap ( m )  d e n o t e  t h e  e x p e c t e d  v a l u e  of m a x ( z , y )  u n d e r  K n u t h ' s  p r o b a -  
b i l i s t i c  m o d e l .  D e p e n d i n g  on  t h e  v a l u e  of p ,  r a t h e r  d i f f e r e n t  b e h a v i o u r s  of  
Ap (m) occur: 

1 
1. p = ~ - :  no  d e l e t i o n  o c c u r s .  The  s y s t e m  r e a c h e s  a n  a b s o r b i n g  s t a t e  in rn 

s t e p s  e x a c t l y .  K n u t h  [7, ex. 2 .2 .2 .12] ,  h a s  s h o w n  t h a t  in t h i s  c a s e :  

1 1 
~-. ~ -<p  <~-  : we ca l l  t h i s  t h e  expanding  c a s e  s i n c e  t h e n  p >q.  The  s y s t e m  is  

e x p e c t e d  to  r e a c h  a n  a b s o r b i n g  s t a t e  in  O ( m )  s t e p s .  Yao  [11] h a s  p r o v e d  f o r  
t h e  e x p a n d i n g  c a s e  t h a t  

--~/ '~ + o( ~ ' ~  ) ~'-~+ 2x(4p -1) V-~ Ap (m) 

Y a o ' s  a r g u m e n t  is in  e s s e n c e  t h a t  a f t e r  log rn. o p e r a t i o n s ,  t h e  p r o b a b i l i t y  f o r  
o n e  of t h e  s t a c k s  to  r e t u r n  to  a n  e m p t y  s t a t e  is a s y m p t o t i c a l l y  0, so t h a t  t h e  
a n a l y s i s  r e d u c e s  t o  t h a t  of a m u c h  s i m p l e r  r a n d o m  walk  wi th  on ly  o n e  
a b s o r b i n g  b a r r i e r .  Y a o ' s  a r g u m e n t  a l so  s h o w s  t h a t  t h e  d i s t r i b u t i o n  of a b s o r b -  
ing  s t a t e s  is c l o s e l y  c e n t e r e d  a r o u n d  ( m / 2 ; m / 2 ) ,  t h e  e x p e c t e d  d e v i a t i o n  
b e i n g  O(rn I /2 ) .  

1 
3. p = ~ -  : t h e  s y s t e m  is s lowly  e x p a n d i n g ,  a n d  we ca l l  t h i s  t h e  rnetastable case. 

In a n a l o g y  to  o n e - d i m e n s i o n a l  wa lks ,  s e e  e.g. [9], we e x p e c t  i t  t o  r e a c h  
a b s o r p t i o n  in O(m 2) s t e p s .  We s h a l l  p r o v e  t t ' a t  t h e r e :  
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Ap (rn) ~ 0.67526... rn 

~ r n  Under  this  s t a c k  usage  so t h a t  the  la rges t  s t ack  has  size slightly over  3 " 

model,  m e m o r y  shar ing  proves  quite  efficient. We shall prove f u r t h e r  t h a t  t he  
probabi l i ty  for  the  sy s t em to r e a c h  s ta te  (Am ; (1-}~)rn) a p p r o a c h e s  a limiting 

d i s t r ibu t ion  (when rn ge ls  large) with dens i ty  4( ~l--+f (~)+,t' ( l -A)) ,  where  f (~,) 

admi t s  the  p s eudo -Fou r i e r  expansion:  

f (A) = ~, c o s j h ~  s i n h * / ~  
j = I s inh j  7T " 

The limiting dis t r ibut ion of s topping t imes is also c h a r a c t e r i s e d  in t e rms  a 
so r t  of b ivar ia te  theta funct ion.  

4. O<p < ~ : the  sy s t em is contracting since then  p <q. It is expec ted  to r e a c h  

an  absorb ing  s ta te  in O((~) m) steps.  We prove the  somewha t  surpr is ing  

resu l t  t h a t  in this case  the  limiting d is t r ibut ion  of absorb ing  s t a t e s  is uni- 
fo rm,  so tha t :  

3 
A (m) ,,. , 

and  m e m o r y  shar ing  is a real  advantage .  We also prove t h a t  the  normal i sed  
s topp ing  t imes obey  a limiting ezponential dis t r ibu t ion  of a simple form. Note 
t h a t  for  a flzed value of m ,  as p - , 0 ,  Knuth  s t a t e s  t h a t  the  probabi l i ty  distr i-  
bu t ion  of z t ends  to a quas i -un i fo rm dis t r ibu t ion  so t h a t  t h e n  again: 

l imAp(m)  ~ - ~  
p - * u  - -  

Thus r a t h e r  different  s i tua t ions  o c c u r  depending  on the  relat ive posi t ion  
of p and q. Note t h a t  Yao's  proof  of case  (ii) is based  on probabilistic approxi- 
mations with the  expanding c h a r a c t e r  of the  r a n d o m  walk "built in" the  com- 
b ina tor ia l  reasoning,  so t h a t  it c a n n o t  be ex t ended  to cover  the genera l  prob-  
lem. In c o n t r a s t  in this  paper ,  we p ropose  to give analytic e~Tressi0ns for  the  
probabi l i ty  d is t r ibut ion  of absorb ing  s ta tes ,  f rom which prec ise  a s y m p t o t i c  
expans ions  may be obta ined.  

P lan  of t h e  paper :  The analysis  of the  sha red  m e m o r y  a l locat ion s c h e m e  
d e c o m p o s e s  into s impler  and  s impler  combina to r i a l  s u b t a s k s  which we shall  
explore  in the  s u b s e q u e n t  sect ions:  

(i) The p rob lem of es t imat ing  the  probabi l i ty  d i s t r ibu t ion  of abso rb ing  
s t a t e s  r e d u c e s  to the  p rob lem of coun t ing  t r a j ec to r i e s  (walks) in a t r i a n g u l a r  
subse t  of the  in teger  la t t ice  NxN; the  probabi l i t ies  are  r e l a t ed  in a simple way 
to the  generating functions of p a t h  counts .  

(ii) Using an adequa t e  ex tens ion  of the  reflection principle of Andre (see 
e.g. [2]) the  coun t ing  of walks in a t r iangle  is r e d u c e d  to a 2-dimensional 
counting of walks in a square (with adequa t e  b o u n d a r y  condit ions) ,  

(iii) Walks in a square  are  in t u r n  d e c o m p o s e d  as shuffles of 1- 
d imensional  walks over an interval (again with sui table  b o u n d a r y  condi t ions) ,  
an  o p e r a t i o n  which c o r r e s p o n d s  to p r o d u c t s  of e=ponential generating func- 
tions. 

(iv) Walks over  an in teger  in terval  have g e n e r a t i n g  func t ions  n a t u r a l l y  
express ible  in t e rms  of continued fractior~ [ 1, 3] and  we t r e a t  t h e m  using the  
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genera l  t heo ry  set  up in [3]. 

The express ions  ob ta ined  f rom this cha in  of combina to r ia l  r educ t ions  
are  t hen  sub jec ted  to a sympto t i c  analysis.  Essentially, this involves s tudying 
the  a sympto t i c  d is t r ibu t ion  of poles of a class of ra t ional  func t ions  re la ted  to 
Tchebychef f  polynomials.  F rom there ,  limiting d is t r ibut ions  of absorbing  
s t a t e s  and absorp t ion  t ime are obta ined.  

Radically different  behav iours  o c c u r  in the  3 cases:  expanding,  meta -  
s table  and  con t rac t ing .  To save space,  we shall no t  develop the  t r e a t m e n t  of 
the  expanding  case  co r r e spond ing  to Yao's  result .  

2. WALKS OVER AN INTEGER IN2~RVAL 

Consider  the  g r a p h  F m whose se t  of ver t ices  is the  in teger  interval  [1..rn] and 
se t  of edges  is: 

~(x ,z+l )  I O<z<ml U I(z,  z - l )  I O<x<m~ U I(o,o);(rn,m)l .  (1) 

The 3 ca t egor i e s  of edges  in (1) are  called respect ively  forward  edges, bac~- 
ward  edges and loops. We let Uk,~, t deno te  the  se t  of pa th s  in P m f rom ver tex  
0 to ver tex  /¢ compris ing  a to ta l  of n steps,  ou t  of which t a re  loops. The 
p rob lem is to es t imate  U k,.,t = ca rd  Uk.~, t . 

The a p p r o a c h  uses  gene ra t ing  funct ions .  Let 

v~(=,~) = Z vk.n.,znu' 
. ,$:.0 

One has: 

Lemma 1: The gene ra t ing  func t ion  of the  U0,,~,t has  the con t inued  f rac t ion  
expansion:  

Uo(=,~) = l (2) 
z2 

l--zzz Z 2 
1 

z2 
I 

Z 2 

! --XU 

where the number of z 2 in the fraction is equal to rn. 

Let V <m> deno te  the gene ra t ing  func t ion  of pa th  in the  g raph  Fm t h a t  do no t  
t r ave r se  the  loop a round  (0,0). We find, using t echn iques  akin to those  of [ t ]  
and [3]: 

fm +I(z )-zuFrn (z ) 
v<~>(x'u ) = r~+2(x )-xuF~.1(= ) (3) 

where the F m are the FiboTzaccipoly~tornials: 

Po(z)=O ; P l ( z )= l  ; Pm+a(x)=fm+l(z)-z2Pm(x)  . (4) 

From there ,  we can  de te rmine  the  quant i t ies  U~, for  gene ra l  k; decom-  
posing pa th s  acco rd ing  to the i r  last  passages  a t  levels O, 1,2, • • • , we find: 

V~(x,u) = Uo(X,u)zy<~-'>(z,u)xv<'-2>(x,u) . . -xv< ' -~>(x ,u)  (5) 
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so  t h a t  Uk ( x , u )  is e q u a l  to :  

1 --xu --x 2 V<m-1 >(x ,u ) 
- -  v <~-~>(x,u) v <'n-¢>(x.u) - .  - ~'~-~ >(x,u). 

A f t e r  s i m p l i f i c a t i o n s ,  we o b t a i n :  

P r o p o s i t i o n  l a :  The  g e n e r a t i n g  f u n c t i o n s  Uk(x,u ) s a t i s f y :  

uk(x,u ) = x k F,~_~+1(x)-xur~_~(~) 
F~+2(x ) -2xur~+l(= )+z2uer~ (x ) 

(6) 

T h e r e  is  a n  o b v i o u s  c o n n e c t i o n  b e t w e e n  F i b o n a c c i  p o l y n o m i a l s  a n d  Tche- 
bycheffpolynomials .  C o m p a r i n g  t h e i r  r e c u r r e n c e  r e l a t i o n s  s h o w s  t h a t :  

Fm( 1 1 ~rn-~ sinm ~ 
E c ~  -) = ( 2cos~- -~n~ (v) 

P r o p o s i t i o n  I b :  The  g e n e r a t i n g  f u n c t i o n s  Uk(x,u ) s a t i s f y :  

U,~ ( -Ee o~T0-,u ) = 2cos~ ------sinL~ ,~__+ i)~ -u  sin L~__-I¢ )~ 
s i n ( m  +2)~  - 2 u  s i n ( m  + 1)~ + u e s i n m  

(8) 

This  l a s t  f o r m  is n e c e s s a r y  in o r d e r  to  d e t e r m i n e  t h e  inverse Laplace 
t rans form of U~ t h a t  will b e  r e q u i r e d  l a t e r .  To p r e p a r e  fo r  t h a t  t a s k ,  we c o m -  
p u t e  h e r e  t h e  partial  fract ion expansion of U k ( x , u ) .  F o r  c o n v e n i e n c e  r e a -  
s o n s ,  we f i r s t  s e t :  

D e f i n i t i o n  1: Let  E (~ )  be  a f u n c t i o n  of ~, s u c h  t h a t :  ~ = F ( c o s ~ ) ,  f o r  s o m e  
s in~  

p o l y n o m i a l  F(z) .  A m u l t i s e t  @ of r o o t s  of e q u a t i o n  E(~)=O is s a i d  t~ b e  a p r f n -  
cipal set of r o o t s  iff t h e  m u l t i s e t  Z = I c o s ~ l  is  t h e  m u l t i s e t  of r o o t s  of  P ( z )  
e a c h  a p p e a r i n g  wi th  i t s  m u l t i p l i c i t y .  

P r o p o s i t i o n  l c :  F o r  a f i xed  u > 0 ,  a n d  m l a r g e  e n o u g h ,  t h e  p o l e s  of U~(x,u), 
t a k e n  a s  a f u n c t i o n  of x ,  a r e  al l  s i m p l e .  F u n c t i o n  U k a d m i t s  t h e  p a r t i a l  f r a c -  
t i o n  d e c o m p o s i t i o n :  

c~(~) 
u~ (x ,u) = -~® (z_ax eos~) ' 

w h e r e  @ is a s e t  of p r i n c i p a l  r o o t s  of e q u a t i o n :  

E(~) =- s in(m +2)~-2us in (m +l)~+u2sinm~ = 0 

a n d  e L (~) is g i v e n  by:  

sin(rn - k  + 1) ~--u sin(rn - k  )~ 
c k (~) = 2sin~ (rn ÷2)cos(rn +2 )~ -2 ( rn  + 1 )u cos (m + 1)~+rnu2cosrn 

1 if ~=0.  f o r  ~ # 0 ,  w i th  e L (~) = -  m + T  

The  p r o o f  r e l i e s  on  t h e  t r i g o n o m e t r i c a l  f o r m  of U k. The  q u a n t i t y  E(~) / s in (~)  
r e p r e s e n t s  a p o l y n o m i a l  of d e g r e e  m + l  in  c o s ~  t h a t  h a s ,  f o r  g e n e r a l  u ,  r n + l  
distinct  r o o t s .  In  p a r t i c u l a r ,  f o r  t h e  s p e c i a l  c a s e  w h e n  u = l ,  f o r  e v e n  m t h e  
r o o t s  of E (~)  a r e  s i m p l y  
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~r~÷l 

a fac t  to be used in la te r  ana lyses  of the  me tas t ab le  case.  

3. WALKS IN THE SQUARE 

We now cons ide r  walks on a square  lat t ice.  Define A m to be the (multi-) g r a p h  
whose set  of ver t ices  is: 

I [x l ,=~]  I o < = . = 2 < m  I • 
and  se t  of edges: 

I ([= 1.=2],[ l= 1+ 11-.=2]) I U I ([z 1,=~].[ Ix 1-11 *.=2]) I 
UI ([=.=2],[=. 1=2+11-]) ]UI ([= ~,=2],[=. 1=~-11*]) l 

where  ~1,=~ are  in the  in teger  interval  [ l . .m] ,  and  
]y I + = if u>O t h e n  u else O; 

lY I -  = if u < m  then  u else rn. 
]~e let  Qk,,k~,na deno te  the  n u m b e r  of pa th s  c o n n e c t i n g  the  origin [0,0] to the  
poin t  [k 1,k2] in n steps, ou t  of which t a re  loops. We have: 

Lemma 2: The exponent ia l  genera t ing  func t ion  of the  Q~,,k=,n,t satisfies: 

~, , ,k , (= ,u)  -= E Okl,k,,.,,tu' =" .,,=.0 ~ = O~,(=,u) O~,(=,u) 
where  the  O k are  the  exponent ia l  gene ra t ing  func t ions  of the  n u m b e r s  of l -  
d imensional  walks: 

. t ~ t  
0~(=,~) = E uk,.,,u -~-T. 

Proof: The proof  c o r r e s p o n d s  to the  fac t  t h a t  a 2-dimensional  walk in the  
squa re  decomposes  into the  "shuffle" of two 1-dimensional  walks on the line, 
whence  the  r e c u r r e n c e :  

'it, t +.'t~ ==n  

tt+t==t 

• (9) 

Combining Lemma 2 with the resu l t  of Propos i t ion  i c  pe rmi t s  to express  
the  o rd ina ry  gene ra t i ng  func t ion  of the  Qk.1.%,~a: 

Proposit ion 2: The o rd ina ry  gene ra t ing  func t ion  of the  Q~1,~=,n,t is given by: 

Q~l.k,(X.u)--- ~ Qk,.k,.,,.,U'="= Y:. Z_2x(cos(~h)+cos(~2) ) 
'n, ,$>0 ~t,~#ec~ 

Proof: From Propos i t ion  lc, we see t h a t  the  exponent ia l  genera t ing  func t ion  
O~(z ,u )  is: 

O~ (= ,u)  = ~ Ck (~)e ~=°°'" 
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since, by  inverse Laplace t r ans fo rm,  the  exponen t i a l  gene ra t i ng  func t ion  
co r r e spond ing  to an  e lement  ( 1 - a z )  -1 is exp(ax ) .  Thus, by Lemma 2, Q has  
the  expression:  

~ , , ~ , ( z , u  ) = F_, ck , (~1)c l , , (~2)  e 2=¢~°~' '+~°~' )  , 
qot,q~z~'b 

and  Q is ob ta ined  by t r ans fo rming  Q by means  of a Laplace t r ans fo rm:  each  

e lement  exp(flx) in the  above express ion  t r a n s f o r m s  back  to ( l - f i x )  -1. 1 

4. WALKS IN A TRIANGLE AND THE PROBABILITY DISTRIBUTION OF ABSORBING 
STATES 

Andre ' s  reflection principle  has been  originally developed in c o n n e c t i o n  with 
1-dimensional  walks or ballot sequences. 

Definition: A class of walks over the  in teger  la t t ice  defined by a set  of e lemen-  
t a ry  s teps  :E is said to sat isfy the  ref lec t ion principle  for  a s t r a igh t  line 4 if 
the  following i somorph i sm holds, for  all po in t s  A,B: 

Parhel iA  ,B ] ~ Path[  A.Bl / Path n [ s y m  & ( A ),B ] , 

where Path~[X,Y] is the  set  of pa ths  re la t ing X to Y in n steps,  Path~ a 
deno te s  the  subse t  of those  pa th s  t h a t  do no t  t o u c h  4, and  syma(A)  is the  
symmet r i ca l  point  of A with r e spec t  to 4. 

The in t e re s t  of this  principle is to r e d u c e  the  p rob lem of e n u m e r a t i n g  
p a t h s  (with set  of s t eps  E) t h a t  do no t  t o u c h  a given line to e n u m e r a t i n g  to 
sets  of u n c o n s t r a i n e d  paths,  usual ly  a s impler  combina to r i a l  problem. To 
ensure  its applicabili ty,  we essential ly need  t h a t  E be closed by s y m m e t r y  
with r e s pec t  to 4. Indeed,  in this case, each  pa th  f rom A t h a t  t o u c h e s  4 has  a 
first c o n t a c t  s tep (s ta r t ing  f rom A), and  can  be bijectively mapped  onto  a 
p a t h  re la t ing  syma(A ) by ref lect ing (by s y m m e t r y  w.r.t. 4) all the s teps  unti l  
t h a t  first  con tac t .  

Thus the set  of walks in the  in teger  la t t ice  with set  of s teps  North,  South,  
East, West satisfies the  ref lect ion principle  for any  line parallel  to the  second  
diagonal  passing t h r o u g h  one of the la t t ice  points.  A shor t  ref lec t ion shows 
t h a t  the  principle  also applies to the  set  of walks in the  square  when 4 is the  
line of equa t ion  z +y =rn. 

We now define the  quant i t ies  T~l,kz,~, t when k l + k a < m  to  be the  n u m b e r  of 
walks in the  square  (i.e. the  g raph  Am) of l eng th  n compris ing  t loops con-  
nec t ing  the  origin (0,0) to the  point  (kl,/c2) t h a t  do not  t o u c h  the  line 
z + y = m .  It proves  conven ien t  to ex tend the  definition of the  Tk,.k = to the  
s i tua t ion  where k t+k2=m.  In t h a t  case, we let T~l,kz.n, t deno te  the  n u m b e r  of 
walks with te rmina l  point  (k 1,k2) which a p a r t  f rom thei r  t e rmina l  point  do no t  
have any  point  on the  diagonal  x +y =m. 

Such walks are  cal led here  t r iangular  walks.  From the  previous  a rgu-  
ment ,  we obtain:  

Propos i t ion  3: The o rd ina ry  gene ra t ing  func t ion  of t r i angu la r  walks defined 
by 
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& , , k , ( x , u )  = E T k , , ~ , , . , , u ' = "  
,t>O 

s a t i s f i e s  w h e n / c  1 +/¢ 2 <nz : 

&,,~,(= ,u  ) = q~,,: , , (x ,u ) -q , , ,_~ , , , , , ,_~ , (=  ,u ) .  

a n d  f o r / ¢ , + / ¢ z = r n :  

7~,,:, ,(=...  ) = = ( q~,,_~:,,(= , , . )  + q~, ,~ ,_~(= ,~ )  - q~,,..~,~,(=,,., ) - q~,,~,+~(= ,~)). 

We can  now derive the  probabi l i ty  d is t r ibut ion  of absorb ing  s t a t e s  u n d e r  
Knuth ' s  probabil is t ic  model: 

L e ~  3: The probabi l i ty  7rk,,k , of r each ing  the  absorb ing  s t a t e  (kl,k2) (with 
k 1+]c2=m ) is equal  to: 

,P_~.~/2T, (:__)w2 (qu/2~ 

Proof:  Observe t h a t  any  pa th  of length n with t loops is fo rmed with N,S ,E ,  ~' 
s teps  going North, South,  East, West respect ively,  and  it has  probabi l i ty:  

pN+EqY+Sqt : (pq)~/2(qp ) t /2  . I 

Whence our  first theorem:  

T h e o r e m  l: [General  Absorpt ion Probabi l i t ies  Theorem] The probabi l i ty  of  
reaching  absorpt ion in  s tate  (k i,/¢2) satisfies: 

, /e(p_ ~ / e  + (ck ' - l - -ck '+ l )ck '+Ct ' , (ck , - l - -ck '  ÷1) 
" , . k ,  = (Pq) . ) F_, l-2=(cos~,+cosvz) ' 

where x = ~ q )  1/2, u=(  ~_)l/2, ~+ is t0 be i~zteTpreted as a suTr~ w i th  ~1,~2 not  
P 

both O, ¢~ is a set of  pr inc ipa l  roots of equation:  

s in (m + ~ ) ~ - 2 u s i n ( m  + l )~+u2s inm~  = 0 

and  c~---c~ (~) is (c~,~ck,(~l), ck,~-c~,(~e)): 

c k (~) = 2sin~ .. sin(m -/c + 1)~-~ sin(m -/c )~ 
(rn +2)cos(rn +2)~-2(m + t)u cos (rn + l) ~+rnu2eosrn 

1___ i f  ~=O. w i t h  ct¢ ( ~ ) -  m + l 

5. THE M E T A ~ A B ~  CASE 

What we call here  the metas tab le  case is the  s i tua t ion  where p =q = 1 / 4 .  In this  
case,  the  express ions  of Theorem i simplify apprec iab ly  s ince the  set  ¢ is for  
even m :  

0 = 1  ]~--'- [ 0<J ~ 1 
m + l  
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W h e n c e ,  a n  a d a p t e d  f o r m  of T h e o r e m  1 in t h e  m e t a s t a b l e  c a s e :  

Corollary 1 : / r t  the m e t a s t a b l e  case, the absorpt ion  probabi l i t i e s  are g i ven  by." 

rrk,,k. = Ak(im)+Ak(z m) +B~(t,~) 2 , (I I) 

where  

2 m s i n 2 " - ~ - s i n -  j~r 

( l _ c o s  ~n. ) 2 s m ( ( k + ~ - ) r n + l  ) '  
rtl, + 1 " 

_ _ ( - ~ - 7 - i - ) ( 1 - o o ~ - - T T ) ( 1 - ~ - ( o o ~ - - - 7 7 + o o ~ , ~ + t . .  

[s in  Y'n-=-sin(k 1 Yl rr cos t  k + 1~ Jz rt . Yz ~r . 1 Yz rr 1 y , n  
.~+1 ' + E ) ~ - T £  ' ~ E ' ~ - T / -  + s 'n~W-l-~n(k2+~-)~-Vi-o°~(k~+E)~%-i -] 

16 

m e ~ a t 1 6 / 3 2 / 6 4 / i n f  

F i g u r e  2: C o n v e r g e n c e  to  t h e  l i m i t  d i s t r i b u t i o n  ( T h e o r e m  2) of t h e  e x a c t  
d i s t r i b u t i o n s  c o m p u t e d  b y  m e a n s  of C o r o l l a r y  1, f o r  rn=16 .32 ,  64. 

This  e x p r e s s i o n ,  t h o u g h  r a t h e r  c o m p l i c a t e d ,  l e n d s  i t s e l f  to  e a s y  n u m e r i -  
ca l  e v a l u a t i o n .  F u r t h e r m o r e ,  i t  c a n  be  a s y m p t o t i c a l l y  a n a l y s e d  f o r  l a r g e  m .  
The  d o m i n a n t  c o n t r i b u t i o n  c o m e s  f r o m  s m a l l  v a l u e s  of J,Jl ,J2 in  t h e  
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e x p r e s s i o n s  of A,B. We c a n  jus t i fy ,  f o r  l a r g e  m ,  t h e  n a t u r a l  s u b s t i t u t i o n s :  
• • " 2  

s in -~n---- -* J~-  ; l - c o s  -~n---  -* ~"---~- (12) 
m + l  m m + l  2rn2 ' 

t h e n  e x t e n d  t h e  s u m s  in Coro l l a ry  2 to  i n d i c e s  J,Jl,Ja going  to +oo. 

In t he  p r o c e s s ,  t h e r e  a p p e a r  F o u r i e r  e x p a n s i o n s  of t h e  pe r iod i c  c o n -  

t i n u a t i o n  of f u n c t i o n  ~ - - x  as  well a s  s u m s  t h a t  c a n  be  r e d u c e d  [10, p. 190] 

u s i n g  t h e  F o u r i e r  e x p a n s i o n :  

j s in  j r  rr s inh  a {rr--z_.)_ 
E = - -  (13) j> l  a 2 + j  2 2 s i n h x  

F r o m  t h e s e  c o m p u t a t i o n s ,  we get :  

T h e o r e m  2: [ A s y m p t o t i c s  of  t h e  m e t a s t a b l e  ca se ]  Assume  A ranges  over  any  
f i r e d  sub in terva l  [a;fl] o f  [0;1].  Then in  the me tas tab le  case ( p = q = l / 4 ) ,  as m 
tends  to in f in i t y  i n  such  a w a y  that  A.Tn. is an  integer,  the absorption proba- 
bilities tend  u n i f o r m l y  to a l imi t ing  d is t r ibut ion  w i th  a cont inuous  densi ty:  

l im m.Trxm,(l_x)m = 4 [ 1 + f  (A) + f  ( l - h ) ]  
- - ~  

where  f (z) is the func t ion :  

s inh  n nz ! ( = )  = E cosn~= 
~ I  s i n h n n -  " 

The expec ted  size of  the largest  s tack w h e n  the shared  m e m o r y  a lgor i thm 
stops satisfies: 

1/2 
lira 1---A1/4(m ) ----- a (  ) = g - - 2  f ( f ( x ) + f ( l - x ) ) d =  . 

and  the cons tant  a (1 / 4) evaluates  n u m e r i c a l l y  to: 0.67526.  

6. THE CONTRACTING CASE 

In t h e  c o n t r a c t i n g  c a s e  w h e r e  p < q ,  t h e  s e t  @ of p r i n c i p a l  r o o t s  of E(~) no  
l o n g e r  h a s  t h e  s imple  f o r m  of r e g u l a r l y  s p a c e d  po in t s .  Rewri t ing  t h e  e q u a t i o n  
E(~)=O u n d e r  t h e  fo rm:  

sin m ~ 2 ( u - c o s ~ )  ' 

one  c a n  p rove :  

L e m m a  4: When p <q, fo r  m l a rge  e n o u g h ,  a se t  @ of p r i n c i p a l  r o o t s  of E(~) is 
f o r m e d  of: 
a. ( m - l )  r o o t s  t h a t  s e p a r a t e  t h e  r e g u l a r l y  s p a c e d  po in t s :  

rr 2rr art ( _ m - l . r i .  m n  
m m m m m 
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b. Two complex  roo t s  ~t and ¢2, cal led d o m i n a n t  roots, sat isfying:  

1 I (u+~-) + o(u-~) cos@1 , cos @2 = ~" 

where u = (_q_)1/2 > 1. p -  

(14) 

It is ac tua l ly  these  two complex roo t s  t h a t  d ic ta te  the  a sympto t i c  
behav iou r  of the  abso rp t ion  probabil i t ies.  F rom detai led a sympto t i c  expan-  
sions (ob ta ined  with the help of the  MACSYMA system) of the  d o m i n a n t  roo t s  
and  co r r e spond ing  express ions  of Theorem 1, we get: 

Theo r em 3: [Asymptot ics  of the  Cont rac t ing  Case] Assume  h ranges  over a n y  
f i xed  sub in terva l  [a;fl] of  [0;1]. Then in  the contract ing case (p<q) ,  as m 
tends  to in f in i t y  in  such  a w a y  that  ~.m is an  integer,  the absorpt ion proba- 
bilities converge u n i f o r m l y  to the un i fo rm d is t r ibu t ion :  

lim m .Trhrn,(l_h) m = 1 

The expected  size of  the largest  s tack w h e n  the shared  m e m o r y  a lgor i thm 
stops satisf ies:  

lim 1---A~(m) -= a (p )  = 3 
m~® m r 4 

Thus the  la rges t  s t ack  has  size app rox ima te ly  0 . 7 5 m  when abso rp t ion  is 
r eached .  The real ly surpr is ing fac t  is t h a t  the  l imitirg d is t r ibu t ion  of absorp-  
t ion s t a t es  is u n i f o r m  in t h a t  case, for fixed p .  (Note: this is quite different  
f rom the  "not  difficult" resul t  c i ted by Knuth  t h a t  c o n c e r n s  the case  where 
p-,:) .  

7. STOPPING TIMES 

Let Wp(m) be the  r a n d o m  variable denot ing  the  t ime when the  sha red  
memory  a lgor i thm stops,  having run  sho r t  of memory.  As ind ica ted  in the  
in t roduc t ion ,  knowledge of this p a r a m e t e r  is of i n t e re s t  if sha r ed  m e m o r y  
a l loca t ion  is to be c o m p a r e d  to s e p a r a t e  m e m o r y  allocation.  F rom previous  
methods ,  we can  prove: 

T h e o r e m  4: [Waiting Times: Metastable Case] /n the me tas tab le  case 
(p =q =1 /4 ) ,  the s topping t ime has .for large m an  expec ta t ion  wh ich  is O(m 2) 
and  it obeys a l imi t ing  bivariate t h e t a  distribution.  

For  lack of space,  we ref ra in  f rom giving he re  the  comple te  express ions  of the  
limiting d is t r ibu t ion  and the implied c o n s t a n t  in t he  O(m 2) result .  

T h e o r e m  5: [Waiting Times: Con t rac t ing  Case] /n the contract ing case 0a <q), 
the norma l i s ed  s topping t ime:  

1 (p__,~ w;(m) =  Wp(m). q) . 

K a cons tant  f o r  f ixed  p ,  has in  the l imi t  an  exponent ia l  dis tr ibut ion:  
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lira Pr[a< Wi~ (rn)<fl] = e -4S-e - a  

In par t icu la r ,  in the  c o n t r a c t i n g  case,  one expec t s  to be able to p rocess  a 

n u m b e r  of r eques t  of the  o rde r  of 0((-~-)'~). 
P 

8. NUMERICAL ESTIMATES AND FINAL CONCLUSIONS 

In o rde r  to a t t a in  numer ica l ly  a c c u r a t e  resul ts ,  we have used the  MAPLE sym- 
bolic c o m p u t a t i o n  sys t em to de te rmine  exac t  ra t iona l  express ions  of s topping 
probabil i t ies .  Figure 3 displays the  probabi l i ty  d is t r ibut ions  of absorbing  
s t a t e s  for re=E0 when p=O.05, 0 . I 0 , . . .  ,0.45. (Note the  g r aphs  have been  
spl ined for eas ier  readabil i ty.)  

,45 

m-20, p-0.05..0.45 
Figure 3: Absorption state probabilities for m=20 and p=0.05(0.05)0.45 
(after splining). 

This provides  a c h e c k  for  the  exac t  express ions  ob ta ined  for  the  meta-  
stable case whose convergence to a limit distribution was depicted in Figure 
2. We also notice the flatness of the curves for low values of p (0.5-0.15) 
which clearly confirms the uniformity of the limiting distribution in the con- 
tracting case. As an other example, when rn =32, the probabilities of stopping 



339 

a t  s t a t e s  4, 8, 12, 16 when p =1/6  are respect ively:  

0.0317708, 0.0332356, 0.0333272, 0 .0333326.  

(The c o m p u t a t i o n  took  15 hours  of CPU time on a VAX 11/780!).  
Thus these  numer ica l  c o m p u t a t i o n s  conf i rm the  usefu lness  and  the  vali- 

dity of these  a sympto t i c  approx ima t ions  even for  small values of the  m e m o r y  
size m.  A s u m m a r y  of the  resul ts  for  this p rob lem is displayed in Table 1. 

Largest  S tack  Stopping Time 
Expect.  Distrib. Expect .  Distrib. 

Expanding 0.5m Dirac (Gaussian) O(m) - 

Metastable 0.6752 m pseudo-Four i e r  O(m 2) biv. t h e t a  

Cont rac t ing  0 , 7 5 m  un i fo rm O(o m ) exponen t i a l  

Table 1: A s u m m a r y  of available resu l t s  for  the sha red  a l loca t ion  algori thm.  

The s e p a r a t e  a l locat ion a lgor i thm can be ana lysed  in an even s impler  way 
(since it co r r e s ponds  to walks in a square ,  of. Sect.  3). It appea r s  f rom Yao's  
result.~ t h a t  not  m u c h  difference resu l t s  in the  expanding  case  when p >q. 
Notice however  t h a t  this s i tua t ion  does no t  seem to model real-l ife s i tua t ions  
too well since then  the a l locat ion a lgor i thms  steadily p rogres s  to a s i tua t ion  
where m e m o r y  gets  exhaus ted .  

The me ta s t ab l e  and  con t r ac t i ng  models  seem more  realistic.  If 
p = q = l / 4 ,  we have seen t h a t  the  a lgor i thm based on shar ing  can a c c o m m o -  
da te  fairly d i ssymmetr ica l  files. That  conc lus ion  is even more  t rue  in the  con-  
t r ac t ing  case where one can f u r t h e r  prove t h a t  the  shar ing a lgor i thm will 
a c c e p t  a n u m b e r  of r eques t s  exponent ia l ly  la rger  t h a n  the  s e p a r a t e  al loca-  
t ion algori thm. 

Therefore ,  an intuitively c lear  conc lus ion  of our  s tudy  could be: 
"Share  with s o m e b o d y  if you can!" 
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