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Analytic Variations on Redundancy Rates of Renewal
Processes
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Abstract—Csiszar and Shields have proved that the minimax re- term of the redundancy00,/n/logn or 2logn? And so
dundancy for a class of (stationary) renewal processes ®(4/n)  forth. In this paper, we address these questions by providing an

wheren is the block length. This interesting result provides anon- 5y mptotic expansion of the redundancy for renewal sources
trivial bound on redundancy for a nonparametric family of pro-
up to theO(log n) term.

cesses. The present paper gives a precise estimate of the redun-= g ) .
dancy rate for such (nonstationary) renewal sources, namely, Regarding coding theory, we shall follow the notation and the
presentation from [4]. A cod€,,: A" — {0, 1}* is defined as

2 2 an injective mapping from the sgt® of all sequences of length
log 2 <? - 1) n + O(logn). n over the finite alphabet to the set{0, 1}* of all binary se-
quences. We consider here only uniquely decodable (lossless)
This asymptotic expansion is derived by complex-analytic methods coding. A message of arbitrary lengthwith letters indexed
forms, singularty analyis. and saddie-paint estimates, This work 'O L1018 denoted by, so that: € A", We write X{ to
placeé itsglf With¥n the)ll‘ramework of aneFt)Iytic information theory. d‘?”Ote the rand_qm_ variable representing a message of length
o . . Given a probabilistic source model, we txz7) be the proba-
In_d_ex Ter_ms—AnaIytlc information theory, Mellin transform, __bility of the message?; given a code”,,, we letL(C,,, z7') be
partitions oflntegers, redqndancy, renewal processes, saddle-point the code length far™. Information—theoretic quantities are ex-
method, tree function, universal coding. TR 107 . -
pressed in binary logarithms writtég := log,. We also write
log := Iln.
. INTRODUCTION From Shannon’s works, we know that the entropy
ECENT years have seen a resurgence of interest in . I "
redundancy rates of lossless coding; see [4], [15], [17], Hn(P) = - Z Plap)lg Pler)
[19]-[22], [26], [27], [29]. The redundancy-rate problem of o
universal fixed-to-variable length coding for a class of sourcés an absolute lower bound on the expected code length, and
consists in determining by how much the actual code lengthlg P(z7) can be viewed as the “ideal” code length. The next
exceeds the optimal (ideal) code length. In a minimax scenan@tural question is to ask by how much the lenbts’,,, z7) of
one finds the best code for the worst source. While Shieltise codeC,, differs from the ideal code length, either for indi-
[20] proved that there is no functiar{n) which is a rate bound vidual sequences or on average. Thuspibietwise redundancy
on the redundancy for the class all ergodic processes, it R,(C,, P; x7') and theaverage edundancyR,,(C,,, P) are
has been known for some time (cf. [17], [27]) that, for certaidefined as
parametric families of sources (e.g., memoryless and Markov
sources), the redundancy can be as smath@sg ») wheren

R (Cp, P; 2¥) = L(Ch, 27) +1g P(a1)

is the block length. There was no interesting bound for a class R, (Cy, P) =Ep[R,(C,, P; XM
of sources that lies betweed(logn) and generab(n) until
recently, when Csiszar and Shields [4] designed a renewal class =E[L(Cn, XT)] — Hn(P)

of sources that yields @(+/r) bound. Still, one would like to . - .
. . . where the underlying probability measuraepresents a partic-
know more about this bound. What is, for instance, the constant )
X . ) ular source model anB denotes the expectation. Another nat-
in front of v/n, if there is one? (See [15] for an example where ) )
: . . dral measure of code performance is thaximalredundancy
fluctuations are involved in the redundancy rate.) Is the neXLe od as
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viewed as the penalty paid for estimating the underlying probalphabet). Then, one needsiaiformasymptotic expansion of
bility measure. Theveak redundancy-rate problefor the class R, and, clearly, second-order terms vatintributeto the final
S of sources can be roughly viewed as finding a bound on tbhetcome.

redundancy rate for a sequence of codgver allP € S (cf. e Csiszar and Shields [4] have studied ordestationary
[4]). The (asymptoticktrong redundancy-rate probleconsists Markov renewal sequences in whichlais inserted every
in determining for a clasS of source models the rate of growthTy, 77, ... of 0's, where{T;} is either an i.i.d. or Markov, or
either of the average minimax redundancy or the maximal mir-order Markov process. We denote such source® asThe
imax redundancy, respectively authors of [4] proved that

_ _ . — - % _ (r+1)/(r+2 .

R,.(S) = min max {R,.(Cy, P)} R,(R,)=R:(R,)=0(n ), forr=1,2,...

R*(S) = minmax {R(C,, P)} which specializes t®(/n) whenr = 0.

Cn PeS ¢ Shields [20] proved that there is no functiptn) = o(n)

asn — ooc. In this paper, we deal with the stronger versioyvhich is a weak-rate bound forthe class of al! ergodic processes.

namely. with the maximal minimax redundangy for arbitrary ~ ® Louchard and Szpankowski [15], Savari [19], Wyner [29],

renewal sources. and Jacquet and Szpankowski [14] proved that the Lempel—Ziv
The redundancy rate problem is typical of a situation whef@des in the class of i.i.d. and Markov processes have either rate

second-order asymptotics play a crucial role since the leadig’/10g») (for LZ'78) or ©(nloglogn/logn) (for LZ'77

term of L(C,,, X7') is known to ben H, whereH is the entropy code). Interestingly, in [15] it was shown that for LZ’78 the

rate. This problem is an ideal candidate for “analytic informd0und®(n/logn) cannot be improved to an asymptotic equiv-

tion theory” that applies complex-analytic tools to informatioft/€nce since a fluctuating function is involved. More precisely,

theory. As argued by Odlyzko [16]Analytic methods are ex- fora _blnary alph_abet with’s generated with probability and

tremely powerful and when they apply, they often yield estimafeg With probabilityq = 1 — p, the authors of [15] showed that

of unparalleled precisiori We shall see this principle at work _ n nloglogn

for the redundancy problem. (Other examples are provided by £n(LZ) = H(x + 8(n)) i~ — + O <1—2>

[12], [13], [15], [22], [24], [26].) In fact, in his1997 Shannon s o8

Lecture[30], Ziv presented compelling arguments for “backingvhereH = —plgp — (1 — p)lg(1 — p) is the entropy rate and

off” to a certain degree from the (first-order) asymptotic analysjg is an explicitly determined constant. What is more surprising

of information systems in order to predict the behavior of reéd the occurrence of the functidifz) that fluctuates with mean

systems where we always fafieite (and often small) lengths zero and a tiny amplitude féog p/ log ¢ rational (the amplitude

(of sequences, files, codes, etc.) One way of overcoming thedeé () is smaller than 10° for the unbiased case, where=

difficulties is to increase the accuracy of asymptotic analysis= 0.5), but satisfiedim,_... §(x) = 0 otherwise.

and replace first-order analyses (e.qg., a leading term of the avin this paper, we revisit Csiszar and Shields renewal process

erage code length) by more complete asymptotic expansioasd present a precise analysis of the maximal minimax

thereby extending their range of applicability to smaller valuggdundancy rate for the class of basic renewal sodRge

while providing more accurate analyses (like constructive erroorresponding to- = 0. However, instead of analyzing sta-

bounds, large deviations, local or central limit laws). tionary renewal sequence we consider a nonstationary renewal
A substantial literature is available on the redundangequence that starts withla(see Section Il for details). Our
problem. Some known results are listed in what follows. main result is as follows.

0 If Miis a class of independent and |Qent|cally distributed Theorem 1: Consider the clasig, of nonstationary renewal
(i.i.d.) processes or a class of Markov chains, or more generall

g P -~ . .
the process belongs to a finitely parameterizable class of dim S&-'u(;;e)s.s:?itsgesﬁ 1 ~ 0.645. Then the minimax redundancy
sion K, then Rissanen [17] (cf. also [26]) established ni 0

2 5 1
— K ven — = lg —loglog
Ry (M) ~ B (M) ~ - lgn log2 V"7 8 Bt g oelosn
_ 2 1 1
It was also found in [26], [27] that the next term &f, (M) and < R (Ro) < g2 V" T g lgn + 5 loglogn 1)

R (M) is O(1). In fact, Szpankowski [22] (cf. also [26]) has
established a full asymptotic expansion & (A1) for memo- for largen.

ryless sources over an-ary alphabet, namely We believe that a more refined analysis of Lemma 1 that fol-

n v lows could allow us to conclude that the upper bound of (1) is
5) +lg < ) +. the correct asymptotic expression #@f up toO(1) term. Actu-

ally, some recent results of [6] may lead to a precise calculation
wherel(z) is the Euler gamma function. In passing, we obsenaf theO(1) term as well. Furthermore, it would be interesting to
that when the alphabet size is large, the second-order termssee if the constant of the leading term of the maximal minimax
may contribute significantly t& . More importantly, the above redundancy?} (R,) is the same as for the average minimax re-
formula s true only whem: is fixed, while in some applications dundancy,,(R,). The answer to the latter question would shed
m may depend om. (e.g., image size is comparable to imageome light on a wider problem, namely, whettigr ~ R? for

. -1
Ry (M) = "= 1 (

I(m/2)
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a class of stationary and ergodic processes. Some prelimin@hys implies the lower bound as follows:

results in this direction can be found in [6]. . ) n o
This paper is organized as follows. In Section I1, the problem R.(8) 2 i le(1/q(Y)) +1g P(7)]

is reduced to estimating a certain combinatorial sum that is of

independent interest (cf. (7)). Next, we present the main ingre- ) n

dients of the proof in Section Ill. The heart of the analysis is zle Z;S’up Play)

Lemma 2 that is established in Section IV. The proof is analytic

and uses such diverse tools as the Mellin transform, singularity + minsup [1g P(E7) —1gsup P(z7)

analysis, and the saddle point method. We believe that the ana- Cn Q Q

lytic approach discussed in this section is of general interest and

hope it may find further applications in information theory. For =lg Z sup P(z})

this reason, as well as for convenience of exposition, we adopt a a

tabular presentation of the two main tools used here: the Mel

transform (Fig. 1) and the saddle point method (Fig. 2).

1

P—%r the upper bound, Shtarkov proposed to take the Shannon
codeC,, for the distributiong(z7) of length

Il. REDUCTION TO A COMBINATORIAL SUM L(Cn, 7)) = [—1gq(a})]

We start with a precise definition of the cla& of non- which gives the desired upper bound by the following simple
stationary renewal process and its associated sources. ihgilications:
T1,1>--- be a sequence of i.i.d. positive-valued random

variables with common distributio®(j) = Pr{l3 = j}. R,(S) < Sgplr;?x [[=1g1/q(27)] +1g P(a7)]
Throughout we assume thdE[Ti] < oo. The process
11,1y +T>,... is called the (nonstationary) renewal process. "
: : . <lg ’ .
With such a renewal process there is associateinary <l Z Sgp Plap) | +1

renewal sequendhbat is a0, 1-sequence in which thBs occur

exactly at the renewal epoclis, 77 +7%, etc. Accordingly, we This completes the derivation of (2).

start the renewal sequence with gut at the zeroth position. We shall derive asymptotics @t};(S) up to O(log ») term.

In passing we observe that sinde and @ determine one We first define

another, we freely identify the underlying probability measure . N

P defined on{0, 1} with the distribution() that it induces. = sup P(a1)- (3)
We should mention that Csiszar and Shields considestata =

tionary renewal sequence so that starts with some irit@bf gy Shtarkov's inequality (2), we know thhgr is within O(1)

length7; satisfying from the maximal redundandg; (Ro).
In order to estimate we need to comput&(z}) and an-
. a1 — —1 ,~ n . 1
Pr{To = i} = E[11] Z QW) alyzesup,, P(z}) that we discuss next. Observe that the non-

gz stationary renewal sequencg = 1z} can be represented as

We now briefly discuss the mathematical aspect of the redun- 2 =101 ---10%10---0

dancy problem. Our goal is to derive asymptotics of 0 T
R} (S) = min sup max [L(C,, 27) + lg P(z7)] where0 < o; <nfori=1,...,1 <n.Letk, be the number

©r Qcs of i such thaty; = m, wherem =0, 1, ..., n — 1. Then

vyhere the supremum is takerl over .aII porresponding distribu- PED) = QM (1)QM (2) - Q" (n)Pr{T1 > k*}  (4)
tions @ or P°. Shtarkov's maximum-likelihood technique [21]
implies subject toQ(1) + Q(2) + --- + Q(n) < 1 and

ko+2k1 4+ -+ nkn_1 + k¥ =n. (5)
g > Sup P | < Ry(S) <l > sup P(f)|+1.  To simplify somewhat the next presentation we get =

Q(i + 1), that is,¢; describes the distribution of the number

(2)  of zeros between two renewals. (By definition, we set
Indeed, for the lower bound, Shtarkov [21] observed that g1 = Q0) = 0.)

sup P(z7) As a check, we verify thaP(zy) is a probability distribution,
a(ah) == that is,zmg P(zp) = 1 for all n > 0, where, by definition,
' > Sgpp(x?) P(z§ = 1) = 1. We prove it using generating functions (cf.

also Section IV and [9], [23]). In particular, we shall show that
is a probability distribution, and by Kraft's inequality there exfor |z| < 1, we have

istsz} such that o0 1
e DoAY Plag) = (6)
L(C,, #7) > —lgq(@?]). n=0 ap
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Indeed, letc = kg + -- - k,,—1 whereky, ..., k,_; satisfy (5). Lemma 1: Foralln > 0
Introducing two new variables andv, recalling that .
G =Pr{l} =i+1} =QG +1) T R P (10)
. m=0
and definingF(v) =3,5,qv", we have withn* = n—k*
(the first three lines of the below summation is over tuplesgherer,, is defined in (7)—(9).
(ko, ..., kn—1) satisfying (5) andc = k¢ + - - - k,,—1, but, for Proof: Let, as beforeg; = Q(¢ + 1) = Pr{T =i + 1}.

simplicity, we are not showing it below explicitly) By (4), we have

ZEZ( )qgoqflm Py =gt g (l—qo—aq1 — - — qeem1) (12)

n>0k>0k*>0

ke subjecttogo + --- +gp—1 < 1,k > 0, and
(1_QO_"'—Qk*—1)Z u"y
ko ki g 1 — 2vF(zv) ko 42k +---+nknp_1 <n. (12)
:ZZ 0/{}1 COR R 1—2v
nr20kz0 Observe that in (12), we haven instead of=n (cf. (8) where
1= 2vF(2v) m is replaced by:). We denote such a set of partitions (i.e., sat-
T 1 Z Z ko, /ﬁ, isfying (12) and (9) in whichn is replaced by:) asP(<n, k).

k>0 n* >0

(o)™ ()™ -

_ 1—2vF(2v) Z (zuF(z))k

Upper Bound: We now proceed as follows:

K —1

sup gy’ g (1= g0 —qu = = g 1)
q

- & < sup VST (13)
1= 2vF(2v) 1 F\ R0 L Kyt
C 1l—2w 1—wzF(2)’ = <ZO> . < nk_l> (14)

Substituting in the last line = 1 andv = 1 proves (6).
It turns out that the problem of estimatinf can be reduced providedP(<n, k) holds. The second line of the above is a

to the evaluation of a purely combinatorial sup defined in consequence ofl — g0 — g1 — --- — gx+—1) < 1. The last
(7) that we study throughout the rest of the paper (by conventithhe of the above follows from solving a simple optimization
here® = 1) problem with the constraintg + ¢1 + - + g.—1 < 1. By the
m Kuhn—Tucker condition or otherwise, it is seen that
Tm = Z Tm, k i kz o
k=0 Pl for0 <i,7<n-1
b Fo\" (kw1 ) v
Tm, k = Z E k Z ) k ko k 1
Plm, k) M0 Ml maximizes the produci;’¢;" -+ - g o providedn andk sat-

(7) isfy P(<n, k). Thus, (14) is estabhshed Sin®(<n, k) =
whereP(m, k) denotes the set of partitions of into &k sum- |J;_, P(n — ¢, k), we finally get the upper bound fef;.
mands, that is, the collection of tuples of nonnegative integersLower Bound: The lower bound is more intricate. We first

(ko, k1, ..., km—1) satisfying observe that the last term of the probabilityz7) can be esti-
mated as
m:k0+2/€1+---+mkm—1 (8)
k=ko+ki+- - +kn1 9 (=go— =@ 1) =Pr{T >} 2 Pr{T = k" +1} = g

It can also be observed that the quantity has an intrinsic |n other words, we add an additiorizat the end of the sequence
meaning by its own. Letty,,, denote the set of alh™ sequences (making it of lengthn + 1), but then the last* zeros fall into

of lengthm over the alphabe{0, ..., m — 1}. For a sequence the same distribution as the previous ones, and can be handled
w, takek; to be the number of letteysn w. Then each sequencepy the same optimization technique as in the upper bound case.

w carries a “maximum-likelihood probability#yr.(w) (given A simple calculation reveals that
later by (14)): this is the probability that gets assigned in the

Bernoulli model that makes it most likely. The quantity; is Sup aogt - q£¢+1 g -
also n—
kO ko kk* + 1 k*+1 kn—l kn_1
Tm — Z 7(]\“‘(111). = < ) <
we, k+1 k+1 k+1

Returning to our problem, we present in the following lowesubject tat* > 0 with » andk satisfyingP(n + 1, k + 1). We
and upper bounds fot’, in terms ofr,,. have the following chain of inequalities where bel@n, k);
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is the set ofv-tuples(kg, k1, ..., kn—1) € P(n, k) satisfying where w,, denotes the distribution. Then Stirling’s formula
k; > 0, and we writej = £* for simplicity yields

RN k ko \" Tn _ N™ Tk Snk _ — K Ko
2y Y () () Y Dk Ik g (g, 1

k=0;>0P(n—j, k) 1
(e “s[vR]co(elnt)). @

k+1

B Thus, the problem of finding,, reduces to asymptotic evalua-
— Z Z Z kil <k & Bl ) tions of s,,, E[v/K,], andE[K, 2] The heart of the matter is
. 0, 1,

k=0 ;>0 P(n—j, k) k+1 vkt 1 the following lemma which prowdes the necessary estimates.
ko ko AL h [kt kit . Lemma 2: Lety,, = E[K,,] ands? = Var(K,,), whereK,
k+1 kE+1 kE+1 has the distributionv,, defined above in (16). The following
k=050 (n—|—1 l)j k + 1 k07 k17 ey k17 e 8, ~ eXp <2 /CTL _ g IOgTL + d + 0(1)> (18)
ko k] kj
. ﬂ e k1 - kj - 1 /n n
k41 k+1 k+ 1 unzz\/glongrO(\/ﬁ) (19)
n ko
») k; k+1 ko 02 =0(nlogn) = o(p2) (20)
Iy oy () G
k=020 P(’;‘H k+1) wherec = 72/6 — 1, d = —log2 — 2logc — 3 log .
1
. < k1 ) e The somewhat delicate proof of Lemma 2 constitutes the core
k+1 of the paper and it is deferred till the next section. Once the
(B) - kj k+1 ko ko estimates of Lemma 2 are granted, the moments of &E@r
- Z k4 ko, ... k41 of K, follow by a standard argument based on concentration of
K0P kD 20 the distributionz,.
k 1
. <k Ji 1) Lemma 3: For largen
Sy oy (P (e () E[VE, | =u/2(1+0(1)) (22)
o ko, ...) \k+1 k+1 -1

k=0 P(n+1, k+1) E [Kn } =o(1) (22)
=Tn+1 — 1.
wherey,, = E[K,].
Note that in stedA) we can “add” those terms with; = 0 Proof: We only prove (21) since (22) is obtained in a sim-
because of the factdr; /(k + 1), while in (B), we use the fact ilar manner. The upper bourBi[v/K,] < /E[K,] follows
that}_, k;=k+1. This proves the lower bound and Lemma from concavity of the function/z. The lower bound follows
L from concentration of the distribution. Chebyshev’s inequality

and (20) of Lemma 2 entail, for any arbitrarily smali> 0

Var[ K, @
e2p2 e?

I1l. A STREAMLINED ANALYSIS

Our goal is to estimate asymptoticaily through asymptotics Pr{{Kn — pin| > epin} <
of r,, 1. Adifficulty of finding such asymptotics stems from the
factork'/k’“ present in the definition (7) of, 5. We circumvent where§(n) — 0 asn — co. Then

this problem by analyzing a related pair of sequences, namely,
s, ands,, 1, that are defined as E [V Kn| 2 Z vk Pr{K, 2 k}

k>(1— c)un
- _ 1/2 > (1—
Sp = ank >(1 5) Pr{K, > (1 —¢&)u,}
>(1— 3 _ 6(71) 1/2
E kn_1 (15) _(1 5) 1 52 I’Ln )
—k Z kOO kn 1 .

Pty * ot Hence, for any; > 0, one haf[y/K.,] > 4/ *(1—n) provided
n is large enough. This completes the proof. O

The translation frons,, to r,, is most conveniently expressed
in probabilistic terms. Introduce the random variallgwhose " Summarys, ands, are related by

probability distribution iss, /s, that is, e =snE [ /—27rKn} (1 + o(1))
. _ _ Sn,k
Wyt Pr{K, =k} = s (16) =s, \/m (14 0(1))
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by virtue of (17) and Lemma 3. This leads to Then, since (15) involves convolutions of sequences of the form
k* /K1, we have
Ry :=lgr, =lgs, + 5 lgp, +1g V2r +0(1).  (23) /Rt w v

. S . . . wy kot tk, 1 Ko Ern—t
At this point, it suffices to apply the estimates provided b)g(z7 u) = Z ko 42k 4 (_) 2o ., In=l
Lemmas 2 and 1 to prove the main result. A little calculation Pl k) € kol Fn!
needed to prove the upper bound is provided at the end of Sec- 00
tion IV (since it is the easiest to do through the generating func- = H B(z). (25)
tion machinery introduced in the following section). i=1

We also need access to the first moment= E[K,,] and the
second factorial mome®[K,,( K,, — 1)]. They are obtained as
This section provides precise asymptotic estimates for the n
quantitys,, and for moments of the distributian,, as expressed sn =[2"]5(2, 1)

IV. COMPLEX ASYMPTOTIC ANALYSIS

in (19) and (20) of Lemma 2. It turns out that the quantitigs. [2"]5.,(2, 1)
ands,, have generating function®(z, ) andS(z, 1), respec- Hn = [27]5(z, 1)
tively, that are infinite products involving the tree function of ny gy 1
combinatorial analysis. The corresponding coefficient asymp- EK,.(K,—1)] = w
totics are dictated by the behavior at the singularity of greatest [2%]5(z, 1)

weight [7], [23]—in the case at hand, the positive real singyyhere[~"]F(~) denotes the coefficient at* of F(z), S (z, 1)

larity z = 1—so that we start by investigating asymptotics 0dnd 5/ (z, 1) represent the first and the second derivative of

S(z, 1) asz — 1. This itself requires a dedicated analysis DY (2, u) atu = 1.

means of the Mellin transform (cf. [23]). Once the dominant \e|lin AsymptoticsWe deal here withs,, that is accessible

singular behavior ob(z, 1) nearz = 1 has been found, it re- through its generating function

mains to extract information on the coefficients. This task -

:_nvolves an appeal to 'Fhe saddle point method (summr_alrlzed by S(z, 1) = H B, (26)
emma 4) and necessitates some technical concentration condi- e

tion (Lemma 5). (The whole analysis draws its inspiration from ) ) ) _

amethod of Meinardus in the asymptotic theory of integer parfin€ behavior of the generating functisifz, 1) asz — 1is an

tions; see especially [1, Ch. 6].) Proceeding in this way, the esteSential ingredient of the analysis. _

mate (18) ofs,, in Lemma 2 is established. Finally, the method First, the singularity of the tree functidfi(z) atz = ‘3_1.'5

adapts gracefully to moment estimates, yielding the other n/@bthe square-root type; see [3]. (This results from the failure of

estimates (19) and (20) of Lemma 2. the |_mpI|C|t function theorem a(tz,_T) = (e71, 1) where the

Generating FunctionsThe expression o, ; in (15) in- relation becomes locally quadratic i) Hence, near = 1,

volves quantities of the forrh* /1. We start by introducing the /(2) admits the singular expansion (cf. [3])

well-known “tree function™Z’(z) defined as the solution of 1 1 V2
3 (2) = ——+-— —V(1—2)+0(1 — z).
T(z) = 2l () p) 2(1—2) 3 24 ( ) ( )
that is, analytic atl. The functionT(z) satisfies, by the La-  We now turn to the infinite product asymptoticsas- 1-,
grange inversion theorem with » real. LetL(») = log S(z, 1) andz = 7, so that
e k.k—l X 00
T(z) =Y o (24) L(c™) = logfle ™). (27)
k=1 k=1

for |Z| < 671..The tree function owes its name to its role IrMe|||n transform techniques provide an expansionﬂéé*t)
tree enumerations and we refer to the survey paper [3] for alggoundt = 0 (or equivalentlyz = 1) since the sum (27) falls
braic and analytic properties of this important special functiqihder theharmonic sunparadigm of [8], [23]. The Mellin ap-

of combinatorics. proach is by now a standard technique in the analysis of algo-
Next, define the functiog(z) as rithms. For reader’s convenience, we recall its main properties
ok in Fig. 1, following [8], to which we refer globally for detailed
B(z) = T e Rk validity conditions.
k=0 First, the Mellin transforni* (s) = M(L(e™*); s) of L(e™")

One has (e.g., by Lagrange inversion again or otherwise)  is computed by the harmonic sum property (M3) (see Fig. 1).
ForR(s) € (1, o), the transform evaluates to

1
HNz) = ———.
P& = TGy L7(s) = ¢(5)A(5)
The quantitiess,, ands,,  of (15) have generating functionswherec(s) =3, ., n~* is the Riemann zeta function, and
Sa(uw) =3 snats  S(zu) =) Sa(w)". A(s) = / log (e~ dt.
k=0 n=0 0

Authorized licensed use limited to: UR Rocquencourt. Downloaded on January 17, 2010 at 19:00 from IEEE Xplore. Restrictions apply.



FLAJOLET AND SZPANKOWSKI: ANALYTIC VARIATIONS ON REDUNDANCY RATES OF RENEWAL PROCESSES 2917

{M1) DIRECT AND INVERSE MELLIN TRANSFORMS. Let ¢ belong to the fundamental strip defined below.

o0 4100
() = M(f(z):5) = /D f@e e e f(o)= / fr(s)z™%ds.

278 Jomioo

(M2) FUNDAMENTAL STRIP. The Mellin transform of f(z) exists in the fundamental strip R(s) € (—a, —f8), where

fz)=0@E") (¢—=0), fl@)=0@E")  (z— )

for 8 < a.
(M3) HARMONIC SUM PROPERTY. By linearity and the scale rule M(f(az);s) = a S M(f(z);s),

@) =3 Mglurz) = ) =g'() Y Mg

E>0 k>0

(M4) MaPPING PROPERTIES (Asymptotic expansion of f(z) and singularities of f*(s)).

_1)k
flz) = Z ce x2* (logz)* + O(z™) = fr(s) = Z cﬁ’k(s(:%' (A1)

(&,k)eA (&,k)€A

— (i) Direct Mapping. Assume that f(z) admits as z — 07 the asymptotic expansion (A.1) for some —M < —a
and k > 0. Then for R(s) € (—M, —B), the transform f*(s) satisfies the singular expansion (A.1)

— (ii) Converse Mapping. Assume that f*(s) = O(|s|™") with r > 1, as |s] = oo and that f*(s) admits the singular
expansion (A.1) for R(s) € (=M, —8). Then f(z) satisfies the asymptotic expansion (A.1) at z = 0.

Fig. 1. Main properties of the Mellin transform.

The subsequent treatment is typical of the Mellin analysichis computation is finally completed by the evaluation: ef
of harmonic sums: the singularity structure/ofs) is deduced A(1)
from the asymptotic properties ¢ z). This gives, in turn, the
singularity structure oL.*(s) that is then converted back into an 1 dx
asymptotic expansion df(c*). In effect, by the direct map- ¢ =A(1) = —/ log(1 —T(x/e)) —
ping property (M4), the expansion ¢f>) at> = 1 implies 01 (1-1)

=_/ g1 -1 (=)
0

log B(c~*) = —Llogt — Llog2+ O (\/E)

2
aw
so that, collecting local expansions =6 L.
11 1log2
Als) < (A(D)) oy + <§ 2 3 ?> : In summary, we just proved that, as— 1~
s=0

Bl

S(z, 1) = @ = a(1 — )% exp <1 - 7) (1+0(1)) (30)

On the other hand, classical expansions give (cf. [25])
s=0 1

1 1
¢(s) x <3—1 —i—’y) +<—§—310g\/27r>
- s=1
wherea = exp(—1logm — 3¢).

Term-wise multiplication then provides the singular expansion So far, the main estimate (30) has been establishedeasls

of L*(s) to 1 from the left, by real values. In fact, (28) on which (30)
I*(s) = A(D) 1 log = rests holds focomplext only constrained in such a way that
(5) = <;> 1 <_@  4s ) o —T + ¢ < arg(t) < T — ¢ foranye > 0. The reason is that
I . . ’ the converse mapping property (M#:and, in particular, (28)
An application of the converse mapping property (M4) aIIOWrsely on residues of the inverse Mellin integral that still converges

us to come back to the original function whent is restricted to such a wedge (cf. [8]). Thus, the expan-

Al 1 1 sion (30) actually holds true as— 1 in a sector, say,
L(e*t):¥+Zlogt—zlogw+o(\/%) (28) (30) y ~ y
s
which translates, using— ¢ + O(t?) = e~ = 2, into |arg(l — z)| < 1
A1) 1 1 1
L(z) = +7log(l-2)— 7 logmr—s A()+O (VI==2).  saddle Point Analysist remains to collect the information

(29) gathered orf(z, 1) and recover,, = [2"]S(z, 1) asymptoti-
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Input: A function g(z) analytic in |z| < R (0 < R < +00) with nonnegative Taylor coefficients and “fast growth” as
z = R™. Let h(z) :=logg(z) — (n + 1) log 2.
Output: The asymptotic formula (B.2) for g,, := [2"]g(z) derived from the Cauchy coefficient integral

1 dz 1

In = 5— VQ(Z)W

= h(z)
i e dz (B.1)

= 3 |,
where «y is a loop around z = 0.

(81). SADDLE POINT CONTOUR. Reguire that g'(2)/g(z) = +00 as z — R™. Let r = r(n) be the unique positive root
of the saddle point equation

!
K(r)y=0 or rg (r) =n+1,

so that r — R as n — oo. The integral (B.1) is evaluated on v = {z | |2| = r}.
(S2). BASIC SPLIT. Require that h™ (r)'/3h" (r)=%/2 = 0. Define ¢ = ¢(n) called the “range” of the saddle point by

é= hm(r)—l/Ghu(T)~1/4 ,
so that, as ¢ — 0, h"'(r)¢*> — oo, and A" (r)¢> — 0. Split v = 1o Uy, where yo = {z € v | |arg(2)| < ¢}, ™ =

{z €7 ]|arg(z)] > ¢}
(S3) ELIMINATION OF TAILS. Require that |g(re®®)| < |g(re*)| on ;. Then, the tail integral satisfies the trivial

bound,
/ e 4z
7

(S4) LOCAL APPROXIMATION. Require that h(re®) — h(r) — 1r262h"(r) = O(Jh"'(r)¢*|) on 7o. Then, the central
integral is asymptotic to a complete Gaussian integral, and

=0 (Ie_h(’ew”) :

L[ e go= IO (L o (rye?))) -

2im Joqy, V2rh!{r)

{(85) CoLLECTION. Requirements (S1), (52), (53), ($4), imply the estimate:

Mo(z) = LT (14 o(r(rygy) ~ LD (B2)

V/27h"(r) V2rh ()

Fig. 2. The saddle point algorithm.

cally. The inversion is provided by the Cauchy coefficient forfhen, thenth Taylor coefficient off4 5, «(#) satisfies asymp-

mula, that is, totically, for largen
1 3
Sy = R EICRVR [2"]fa, B,c(2) = exp {2 vAn+ <B - 5) logn
271 2t

where the integration path is any simple loop arogridside +C'loglog 4 /%
the unit disk. The saddle point method [5], [11] summarized in 1
Fig. 2 is now employed. _Zlog (47“3—14/\/])} (1+ o(1)).

First, we provide a formuldor a standard set of functions 2
that exhibit the same growth pattern$&:, 1) nearz = 1. (32)

Proof: Problems of this kind have been considered by
Wright [28] and others who, in particular, justify in detail that
the saddle point method works in similar contexts. Therefore,
)) we only outline the proof here. The starting point (see Fig. 2)

Lemma 4: For positiveA > 0, and realsB andC, define
f(z) = fa,B,c(2) as

is Cauchy’s formula

z 1—=

1
+C'log <— log
-z 1—=2

f(z) = exp <1 A +Blog !

(31) [Zn]f(Z) _ % feh(z) dz

1The computations here and in the rest of the section have been further
checked with the help of the symbolic system Maple. Note that this requirdd1€re
multiscale asymptotic manipulations for which the package based on the works
of Salvy and Shackell [18] proved to be of special importance. h(z) =log fa B c(z) —(n+1)logz.
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In accordance with (S1) of Fig. 2, one chooses a saddle-poltiten o () is continuous on the open intervgl, 1) where it
contour that is a circle of radiusdefined by’ () = 0. Asymp-  satisfiess(r) < 1 while it tends to zero whentends tol. As a
totically, one finds consequence, for eadht> 0, there exists anls; < 1 such that

po1_ A B4 o(n=1) o(r) < As,  forallr satisfyings < r < 1. (34)
"

and 2n Consider the case whege= r¢*® withr» — 1. Setr = ¢~ 7.

n n n The powersz’ form a discrete set of points on a logarithmic

h(r) =2A,/ a + Blog <1 / Z) + Cloglog <1 / Z) spiral that winds aboul. The number of such powers that have
! modulus larger thad is

+ §A+0(1)- log6—1

The “range”¢ = ¢(n) of the saddle point, where most of the
contribution of the contour integral is concentrated asymptotf-» = r¢* and|f| > ¢, then a fraction of these points, namely
cally, is dictated by the order of growth of derivatives; see (S2). log 51
Here,h”(r) = n3/2, while b () ~ n?, so that o —2

— g, —3/4 .
pn) =n="" will lie outside of the regiotarg(z7)| < ¢o. Thus, by the bound
In accordance with requirement (S3), tails are negligible sin¢g4), we find
the functionexp((1 — »)~!) decays very fast when going away ; en e (1
from the real axis. In the central region, the local approximation g(re) = O(c™*/") = 0 ((3 +/ )) . (35)

(S4) applies, as seen by expansions neaf 1. Thus, require-  Tpjg argument adapts wheris close to the real axis as fol-
ments (S1), (S2), (S3), and (S4) are satisfied, implying, by (SR)ys. It is assumed thdtwg(z — 1)| > /4. Thus,arg(z) =

+O(1).

+ O(1)

1 : indi
["f(2) = oh) (1+0(1)). 9 > T Then., the wm/’dlng nqmber .arourﬁljof the polygonal
27|h! (7)] line with vertices thex? and|z?| > § is
Some simple algebra, using log §—1 -1
g6 0] _ logé
W' (r) = 20/n/A (1+ (1) K —— O“)) ﬂ > g TOW
yields the stated estimate (32). L' In other words, fixings small enough ensures that at least one

Now, the function$(z, 1) is only known to behave likg(z) ~full winding takes place. In this case, a number at legst of
of Lemma 4 in the vicinity ofL. In order to adapt the proof of the 2/ satisfying|=’| > ¢ are such thal3(2/)/3(r/)| < As.
Lemma 4 and legitimize the use of the resulting formula, wEhen, an estimate of type (35) holds
need to prove tha¥(z, 1) decays fast away from the real axis. 4

P (77 ) \ y |q(7,610)| _ O(efq/‘r) -0 (efce/(lfr)) (36)

Lemma 5 (Concentration Property)Consider the ratio

A
=11 |50

Then, there exists a constagt> 0 such that

albeit with different constants. The statement follows upon
. takingco = min(cs, c). O

We are now finally ready to return to the estimatesgfin
: Lemma 2. In the regioharg(z—1)| < 7, the Mellin asymptotic
q(ré®y =0 (e*%(l*”)* ) estimates (28) and (30) apply. This shows that in this region

uniformly, for & < » < 1 and|arg(re? — 1) > Z. Sz, 1) =e"Ofy g olz)  (2—1),

Proof: In this proof, the¢; denote positive constants ] ]
whose precise value is immaterial. where the functionf is that of Lemma 4 and the constants

First, by the triangular inequality, a function lilgéz) thathas <» B: ¢ have the values assigned by (30)

nonnegative Taylor coefficients attains its maximum modulus 2
on the positive real axis. More precisely, one has A=e=--1 B=-, =0
AN — A _ .
e |B(re'®)| = B(r). In the complementary regidmrg(z — 1)| > Z, the function

Furthermore, by the converse triangular inequality, the ma\g—(z’ 1)hls expon?ntlallyhsmallctieélthaﬂ'(|z|, 1,) by Lemfrrlia S 4
imum is uniquely attained ofxz| = r as soon as the func- rom these two facts, the saddle point estimates of Lemma

tion is aperiodic, which means the following. There is/i?(@) are seen to apply, by a trivial modification of the proof of that

analytic at0 such thatd(z) = 2*3(z") for integersa, b and lemma. This conclgdes the proof of (18) in Le_mma 2. 5

b > 2. This condition is obviously satisfied here singée:) = Momentsitremains to complete the evaluatiorygf andor,
1+ete+2(et2)? + - following the same principles as before. Start with= E[K,],

Fix some small angle parametgs, for instanceg, = - with the goal of establishing the evaluation (19) of Lemma 2. It
and define ’ 07 10" s necessary to estimafe®]S’ (z, 1), with
B
"(2, 1) =S(z1 SLACY 7

(33) Si(z:1)=5(z1) ) = e (37)

=0

Ve s |20
o= T |

161> ¢0o
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Let We follow in the footsteps of the analysis fey, that is, we
oo y definesY, and observe that its generating function is
Di(z) = Z a(z%) wherea(z) = 2 p (z) " S(z, w)
o 7 B(2) SY(z, u) = %

Via the substitution: = ¢, the functionD; (¢~") falls under In particular, (30) implies

the harmonic sum property (M3) of Fig. 1, so that its Mellin v e .
transform is SY(z, 1) =" = a(l —2) "7 exp <1 — 7) (140(1)).
M (Di(e™); 5) = ()M (ale); s). Thus,
The asymptotic expansion log s¥ = 2+/cn — §1Ogn +0(1)
n 8 N
1 V21 1
—ty_ + _v& L 1 . U U . .
e ) =5~ VAT +0 (\/E) To establisHog 1 (whereu? is the corresponding quantity to

1 defined in Lemma 2) we just repeat the calculations leading
gives the singular expansion of the corresponding Mellin trang- (38) which yield

form, by (M43). This, in turn, yields the singular expansion of o 1
M(Dy(e~?); s). Then, the converse mapping property (k¥ log pin, = 5 logn +loglogn + O(1).

; —t
gives backD(e™) att ~ 0, hence, This establishes the desired upper bound and proves the main

Di(z) = T log L +1 v 1 ﬁ((%) result
Y 21—2 Pl—z 21-2 61—z
. ? V. NUMERICAL ESTIMATES
1 log 1—2 +0(1) Numerical verifications support extremely well the claims

_ _ o made in the Introduction about the accuracy of asymptotic ex-
wherey = 0.577 - - is the Euler constant. The combination of)ansjons based on analytic methods, even when the values of
this last estimate and the main asymptotic formsgt, 1) in gre far from the asymptotic regime. Our main result states that

(30) yields the function
1 c 3 1 1 2 2 4 1
! . . . s o]

Su(z, 1) Bty aexp<1 — 11 log - + loglog 1= z) o(n) = og 2 <F - 1) n—g logsn + 3 log, logn + K
38
(38) where

wherea is the same constant as in (30). Like 8¢z, 1), the 1 72/6 - 1

derivative S/,(z, 1) is amenable to Lemma 4, and this proves K= 3 lg <W) ~ —1.99197

the asymptotic form ofi,,, as stated in (19) of Lemma 2.
Finally, we need to justify (20) that represents a bound dgsuch that,, = ¢(n)+ o(1). In fact, observation of the values

the variance of{,,. The computations follow the same steps asf the difference\(n) = r,, —(n), for which a sample is given

above, so we only sketch them briefly. One needs to estimatbyathe following table:

second derivative

" (2,1) , n: 3 5 10 20 50 100
S 1)~ D)+ A(n): 0223 0.026 0.128 0.055 0.002 —0.010
where shows thatthe quantityp(n) estimatesr,, very well for all
o0 . . . > 3.
o (M) () 2 values ofn > 3
D) =0 G~ o)
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