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ABSTRACT

Thisbookletdevelopsin nearly200pagesthebasicsof combinatorialenumerationthrough
anapproachthatrevolvesaroundgeneratingfunctions.Themajorobjectsof interesthere
arewords,trees,graphs,andpermutations,whichsurfacerecurrentlyin all areasof discrete
mathematics.Thetext presentsthecoreof thetheorywith chapterson unlabelledenumer-
ationandordinarygeneratingfunctions,labelledenumerationandexponentialgenerating
functions,andfinally multivariateenumerationandgeneratingfunctions.It is largely ori-
entedtowardsapplicationsof combinatorialenumerationto randomdiscretestructuresand
discretemathematicsmodels,asthey appearin variousbranchesof science,likestatistical
physics,computationalbiology, probability theory, and, last not least,computerscience
andtheanalysisof algorithms.
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incited us to adda separatechapteron multivariategeneratingfunctionsandto Brigitte Valléefor
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Salvy andPaul Zimmermannhave developedalgorithmsandlibrariesfor combinatorialstructures
andgeneratingfunctionsthatarebasedon the MAPLE systemfor symboliccomputationsandhave
provento beimmenselyuseful.

“SymbolicCombinatorics” is asetof lecturenotesthatareacomponentof awiderbookprojecttitled
AnalyticCombinatorics, whichwill provideaunifiedtreatmentof analyticmethodsin combinatorics.
This text is partly basedon anearlierdocumenttitled “The AverageCaseAnalysisof Algorithms:
CountingandGeneratingFunctions”,INRIA Res. Rep. #1888(1993),116 pages,which it now
subsumes.
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FOREWORD

AnalyticCombinatoricsaimsatpredictingpreciselytheasymptoticpropertiesof struc-
turedcombinatorialconfigurations,throughan approachthat basesitself extensively on
analyticmethods.Generatingfunctionsarethecentralobjectsof thetheory.

Analytic combinatoricsstartsfrom anexactenumerativedescriptionof combinatorial
structuresby meansof generatingfunctions,which make their first appearanceaspurely
formal algebraicobjects. Next, generatingfunctionsare interpretedasanalyticobjects,
that is, asmappingsof the complex planeinto itself. In this context, singularitiesplay a
key rôle in extractingthefunctions’coefficientsin asymptoticform andextremelyprecise
estimatesresult for countingsequences.This chain is applicableto a large numberof
problemsof discretemathematicsrelativeto words,trees,permutations,graphs,andsoon.
A suitableadaptationof the theoryfinally openstheway to theanalysisof parametersof
largerandomstructures.

Analytic combinatoricscanaccordinglybeorganizedbasedon threecomponents:

— SymbolicCombinatoricsdevelopssystematic“symbolic” relationsbetweensome
of themajorconstructionsof discretemathematicsandoperationsongenerating
functionswhich exactlyencodecountingsequences.

— Singularcombinatoricselaboratesacollectionof methodsby whichonecanex-
tractasymptoticcountinginformationsfrom generatingfunctions,oncetheseare
viewedasanalytic(holomorphic)functionsover thecomplex domain.Singular-
ities thenappearto bea key determinantof asymptoticbehaviour.

— RandomCombinatoricsconcernsitself with probabilisticpropertiesof largeran-
domstructures—whichpropertiesholdwith “high” probability, which lawsgov-
ern randomnessin large objects?In the context of analyticcombinatorics,this
correspondsto adeformation(addingauxiliaryvariables)andaperturbation(ex-
aminingtheeffectof smallvariationsof suchauxiliaryvariables)of thestandard
enumerativetheory.

The approachto quantitative problemsof discretemathematicsprovidedby analytic
combinatoricscanbeviewedasanoperational calculusfor combinatorics.Thebooklets,
of which this is the first installment,exposethis view by meansof a very large num-
berof examplesconcerningclassicalcombinatorialstructures(like words,trees,permuta-
tions,andgraphs).Whatis aimedateventuallyis aneffectivewayof quantifying“metric”
propertiesof largerandomstructures.Accordingly, the theoryis susceptibleto many ap-
plications,within combinatoricsitself, but, perhapsmoreimportantly, within otherareas
of sciencewherediscreteprobabilisticmodelsrecurrentlysurface,like statisticalphysics,
computationalbiology, or electricalengineering.Lastbut not least,the analysisof algo-
rithmsanddatastructuresin computersciencehasservedandstill servesasan important
motivationin thedevelopmentof thetheory.

This bookletspecificallyexposesSymbolicCombinatorics, which is a unified alge-
braic theorydedicatedto the settingup of functional relationsbetweencountinggener-
ating functions. As it turnsout, a collectionof general(andsimple)theoremsprovide a
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systematictranslationmechanismbetweencombinatorialconstructionsandoperationson
generatingfunctions. (This translationprocessis a purely formal one, hencethe name
of “symbolic combinatorics”that we have adoptedto characterizeit.) Precisely, as re-
gardsbasiccounting,two parallelframeworkscoexist—onefor unlabelledstructuresand
ordinarygeneratingfunctions,theotherfor labelledstructuresandexponentialgenerating
functions.Furthermore,within thetheory, parametersof combinatorialconfigurationscan
beeasilytakeninto accountby addingsupplementaryvariables.Threechaptersthencom-
posethisbooklet:ChapterI dealswith unlabelledobjects;ChapterII developsin aparallel
way labelledobjects;ChapterIII treatsmultivariateaspectsof the theorysuitablefor the
analysisof parametersof combinatorialstructures.
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LeonhardEuler (born,15 April 1707in Basel,Switzerland;died,18 Sept1783in St Pe-
tersburg,Russia)wasthefirst to relateclassicalanalysisandcombinatoricsin apublication
of 1753.Eulershowedhow to enumeratethetriangulationsof an , -gon:first, hemodelled
the combinatorialcountingproblemby a recurrence,then introducedthe corresponding
generatingfunction; finally hesolvedtheresultingequationandexpandedthegenerating
functionusingclassicalanalysis,therebyproviding a closed-formsolutionto theoriginal
countingproblemanddiscoveringthe“Catalannumbers”.

(Picturesarefrom TheMacTutor History of Mathematicsarchive hostedby theUniversityof St Andrews.)





CHAPTER I

Combinatorial Structur esand
Ordinary GeneratingFunctions

Laplacediscoveredtheremarkablecorrespondencebetween
settheoreticoperationsandoperationson formal power series

andput it to greatuseto solve a varietyof combinatorialproblems.
— GIAN–CARLO ROTA [122]

This chapterandthenext aredevotedto enumeration,wherethequestionis to determine
the numberof combinatorialconfigurationsdescribedby finite rules, and do so for all
possiblesizes. For instance,how many differentpermutationsare thereof size17? of
size , , for general, ? what if someconstraintsare imposed,e.g., no four elementsof
increasingorder in a row? The countingsequencesare exactly encodedby generating
functions, and,aswe shall see,generating functionsare the central mathematicalobject
of combinatorialanalysis.Weexaminehereaframework that,contraryto moretraditional
treatmentsbasedon recurrences,explainsthesurprisingefficiency of generatingfunctions
in thesolutionof combinatorialenumerationproblems.

Thischapterservesto introducethesymbolicapproachto combinatorialenumerations.
Theprincipleis thatmany generalset–theoreticconstructionsadmita directtranslationas
operationsover generatingfunctions. This is madeconcreteby meansof a “dictionary”
basedon a coreof importantconstructions,which includestheoperationsof union,carte-
sianproduct,sequence,set,multiset,andcycle. (Supplementaryoperationslike pointing
andsubstitutioncanbealsobesimilarly treated.)

In this way, a languagedescribingelementarycombinatorialclassesis setup. The
problemof enumeratinga classof combinatorialstructuresthensimply reducesto finding
a properspecification, a sort of formal “grammar”, for the classin termsof the basic
constructions.Thetranslationinto generatingfunctionsthenbecomesapurelymechanical
“symbolic” process.

We show herehow to describein sucha context integerpartitionsandcompositions,
aswell asseveralelementarystringandtreeenumerationproblems.A parallelapproach,
developedin ChapterII, appliesto labelledobjectsandexponentialgeneratingfunctions,
andin contrastthe plain structuresconsideredin this chapterarecalledunlabelled. The
methodologyis susceptibleto multivariateextensionswith which many characteristicpa-
rametersof combinatorialobjectscanalsobe analysedin a unifiedmanner:this is to be
examinedin ChapterIII. It alsohasthe greatmerit of connectingnicely with complex
asymptoticmethodsthatexploit analyticitypropertiesandsingularities,to the effect that
very preciseasymptoticestimatesare usually available whenever the symbolic method
applies—asystematictreatmentformsthebasisof thenext bookletin theseries,Analytic
Combinatorics,SingularCombinatorics(ChaptersIV–VI).
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2 I. UNLABELLED STRUCTURESAND ORDINARY GENERATING FUNCTIONS

I. 1. Symbolicenumerationmethods

First andforemost,combinatoricsdealswith discreteobjects, that is, objectsthatcan
befinitely describedby constructionrules. Examplesarewords,trees,graphs,geometric
configurations,permutations,allocations,functionsfrom a finite setinto itself, andsoon.
A major questionis to enumerate suchobjectsaccordingto somecharacteristicparame-
ter(s).

DEFINITION I.1. A combinatorialclass, or simplya class, is a finite or denumerable
seton which a sizefunctionis defined,satisfyingthefollowing conditions: thesizeof an
elementis a nonnegativeinteger; thenumberof elementsof anygivensizeis finite.

If - is aclass,thesizeof anelement.�/0- is denotedby 1 .21 , or 1 .21 3 in thefew cases
wheretheunderlyingclassneedsto bemadeexplicit. Givena class- , we consistentlylet-54 be the setof objectsin - that have size , andusethe samegroupof lettersfor the
counts6$4 � card78-54:9 (alternatively, also ;�4 � card78-<4:9 ). An axiomaticpresentationis
thenasfollows: a combinatorialclassis a pair 78->=?1 � 1 9 where - is at mostdenumerable
andthemapping 1 � 1@/A7B-DCEGFH9 is suchthattheinverseimageof any integeris finite.

DEFINITION I.2. Thecountingsequenceof a combinatorialclass - is thesequence
of integers I?6 4KJL4@MON where 6 4 � card78- 4 9 is thenumberof objectsin class - that have
size, .

Considerfor instancethe set P of binary words,which arewordsover a binary al-
phabet, PRQ � I�S�S�S 00, 01, 10, 11, 000, 001, 010, S�S�S�= 1001101 =�S�S�S J =
if thebinaryalphabetis - � I 0,1 J . Theset T of permutationsisT � I�S�S�S 12, 21, 123, 132, 213, 231, 312, 321, 1234, S�S�S�= 532614 =US�S�S J =
sincea permutationof V 4 Q �XW � S�SY,[Z is a bijective mappingthat is representableby an
an array \ �  ,][^_] � ����� ] 4a` or equivalently by the sequence]K^b] � ����� ] 4 of distinct

elementsfrom cd4 ; The set e of triangulationsis comprisedof triangulationsof convex
polygonaldomainswhich are decompositionsinto non-overlappingtriangles. (For the
purposeof the presentdiscussion,the readermaycontentherselfwith what is suggested
by Figure1; theformal specificationof triangulationsappearson p. 18.) ThesetsP , T ,
and e constitutecombinatorialclasses,with the conventionthat the sizeof a word is its
length,thesizeof a permutationis thenumberof its elements,thesizeof a triangulation
is the numberof trianglesit comprises.The correspondingcountingsequencesarethen
givenby

(1) f!4 �  4 = gh4 � , * = id4 � �, �j�$k  ,,>l � 7  ,m9 *78, ��� 9 * , * =
wheretheinitial valuesare

(2) n 0 1 2 3 4 5 6 7 8 9 10oqp
1 2 4 8 16 32 64 128 256 512 1024r[p
1 1 2 6 24 120 720 5040 40320 362880 3628800s p
1 1 2 5 14 42 132 429 1430 4862 16796

Indeedelementarycountingprinciples,namely, for finite setst and u
(3) vw x card7yt!z{um9 � card78|}9 � card7B~�9 (provided t!�{u �j� )

card7yt��qum9 � card78|}9 � card78�}9�=
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FIGURE 1. The class e of all triangulations of regu-
lar polygons (with size defined as the number of triangles)
is a combinatorial class. The counting sequence starts asi N � � =�i ^ � � =�i � �  =hi � � � =mi  � ��	 =Ui # � 	� =Uid� � �L"� =�S�S�SmS
Euler determined the OGF i<7 � 9 � � 4 i 4 � 4 asi<7 � 9 � ����� ���!	���� =
from which thereresultsthat i 4 � ^4�� ^ \ � 44 ` . Thesenumbersareknown
astheCatalannumbers (p. 17).

leaddirectly to expressionsfor words( f 4 ) andpermutations7Bg 4 ). Thesequencef 4 � 4 hasa well-known legendassociatedwith theinventionof thechessgame:theinventor
waspromisedby his king onegrainof rice for thefirst squareof thechessboard,two for
thesecond,four for thethird, andsoon; theking naturallycouldnot deliverS�S�S As to the
numberof permutations,it hasbeenknown for morethan1500yearsandKnuth[86, p.23]
refersto theHebrew Bookof Creation(c. A .D.. 400),andto theAnuyogadv̄arasutra (India,
c. A .D. 500) for the explicit formula , * � ����2����� , . Following Euler (1707–1783),the
countingof triangulations( id4 ) is bestapproachedby generatingfunctions: themodified
binomialcoefficientssoobtainedareknown asCatalannumbers(seethediscussionp. 17)
andarecentralin combinatorialanalysis(SectionI. 5.3).�

1.Permutationsandfactorials.For apermutationin � p writtenasasequenceof distinctnumbers,
thereare n placeswhereonecanaccommodaten , n{��� remainingplacesfor n{��� , andso on.
Therefore,by (3), thenumberof permutationsis n��?��n����b�+�'�����And� . ��

2. Necklaces.You aregiventonsof beadsof two colours, � and � . How many differenttypesof
necklacedesignscanyou form with n beads?Herearethepossibilitiesfor n����L������  :
This canbereformulatedastheproblemof finding thecountingsequenceof theclassof necklaces
definedformally asall thepossiblecirculararrangementsof two letters.Thecountingsequencestarts
as ���¡ ��¡¢��¡£���¤����'¢��Y��¥��� L£���£L¥�����¥L¤�����¤�¤��Y ?¦�� . Thesolutionappearslaterin this chapter, p. 40. �

Two combinatorialclasses- andt aresaidtobeisomorphic, whichiswritten -D§� t ,
if f their countingsequencesareidentical. This is equivalentto sayingthat thereexists a
bijection from - to t that preservessize,andonealsosaysthat - and t arebijectively
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equivalent. Sincewe areonly interestedin countingproblems,it provesoftenconvenient
to identify isomorphicclassesandplainly considerthemasidentical.We thenconfinethe
notation - §� t (insteadof - � t ) to the few caseswherecombinatorialisomorphism
ratherthanplain identityneedsto beemphasized.

DEFINITION I.3. Theordinarygeneratingfunction(OGF) of a sequenceIL6$4 J is the
formalpowerseries

(4) 6�7 � 9 �R¨©4�ªUN 6$4 � 4 S
Theordinarygeneratingfunction(OGF)of a combinatorialclass- is thegeneratingfunc-
tion of thenumbers 6 4 � card78- 4 9 . Equivalently, theOGFof class - is

(5) 6<7 � 9 � ©4«MON 6 4 � 4 � ©¬@ 3 �O® ¬ ® S
It is alsosaidthat thevariable

�
markssizein thegenerating function.

We adhereto a systematicnamingconvention: classes,their countingsequences,and
their generatingfunctionsaresystematicallydenotedby the samegroupsof letters: for
instance,- for a class,IL6�4 J (or I?;�4 J ) for thecountingsequence,and 6�7 � 9 (or ;[7 � 9 ) for
its OGF. Also, we let generallyW � 4 Z�¯°7 � 9 denotetheoperationof extractingthecoefficient
of
� 4 in theformalpowerseries̄°7 � 9 �a� ¯�4 � 4 , sothat

(6) W � 4 Z�±² ©4@MON ¯ 4 � 4«³´ � ¯ 4 S
(Thecoefficientextractornotationreadsas“coefficientof

� 4 in ¯°7 � 9 ”.)
TheOGF’scorrespondingto Eq.(1) arethenfµ7 � 9 � ��2���� = g>7 � 9 � ¨©4�ªdN , *'� 4 = i<7 � 9 � ���������� ���
	���� S

TheOGF’s fµ7 � 9 and i<7 � 9 canbe interpretedasstandardanalyticobjects,uponassign-
ing to the formal variable

�
valuesin the complex domain u . In effect, the seriesfµ7 � 9

and i�7 � 9 converge in a neighbourhoodof ¶ andrepresentcomplex functionsanalyticat
theorigin, while theOGF g>7 � 9 is a purelyformal powerseries(its radiusof convergence
is 0) that cannonethelessbe subjectedto the usualalgebraicoperationsof power series;
seeAPPENDIX : Formal powerseries, p. 169. (Permutationenumerationis mostconve-
nientlyapproachedby exponentialgeneratingfunctionsdevelopedin ChapterII.)

Thesecond“combinatorial” form in (5) resultsstraightforwardly from observingthat
the term

� 4 occursas many times as thereare objectsin - having size , . This form
shows thatgeneratingfunctionsarenothingbut a reducedrepresentationof thecombina-
torial class1, where“internal” structuresaredestroyed andelementscontributing to size
(“atoms”)arereplacedby thevariable

�
. Hereis anillustration: startwith a (finite) family

of graphs· , with sizetakenasthenumberof vertices[line 1]. Eachvertex in eachgraphis
replacedby thevariable

�
andthegraphstructureis “forgotten”[line 2]; thenthemonomi-

alscorrespondingto eachgraphareformed[line 3] andthegeneratingfunctionis obtained
[line 4] by gatheringall themonomials:

1This observation of which greatusewasmadeby Scḧutzenberger asearlyasthe1950’s and1960’s “ex-
plains” why many similaritiesareto befoundbetweencombinatorialstructuresandgeneratingfunctions.
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· = ������� ��� ����� ������� � ������� ��������  ��� � ��� � ���  ��� ���  ��� �¸ 7 � 9 =
����� � ���� � ��"��  

For instance,therearethreegraphsof size
	
, in agreementwith thefactthat W �� Z ¸ 7 � 9 � " .

If sizehadbeeninsteaddefinedby numberof edges,anothergeneratingfunction would
haveresulted,namely, with ¹ markingsize:

��� ¹ � ¹ � �! ¹ � � ¹  m� ¹ � . If bothnumberof
verticesandnumberof edgesareof interest,thenabivariategeneratingfunction,

¸ 7 � =�¹+9 ��º�A� � ¹ �A� � ¹ � �A� � ¹ � �A�� ¹ � �A�� ¹  H���� ¹ � ; suchmultivariategeneratingfunctionsare
developedsystematicallyin ChapterIII.

A pathoftentakenin theolderor moretraditionalliteratureconsistsin decomposing
thestructuresto beenumeratedinto smallerstructureseitherof thesametypeor of simpler
types,andthenin extractingfrom sucha decompositionrecurrencerelationssatisfiedby
the IL6 4KJ . In this context, the recurrencerelationsareeithersolved directly—whenever
they aresimpleenough—orby meansof adhocgeneratingfunctions,thenintroducedasa
meretechnicalartefact.

In theframework to bedescribed,classesof combinatorialstructuresarebuilt directly
in termsof simplerclassesby meansof acollectionof elementarycombinatorialconstruc-
tions. (Thiscloselyresemblesthedescriptionof formal languagesby meansof grammars,
aswell asthe constructionof structureddatatypesin programminglanguages.)The ap-
proachdevelopedherehasbeentermed“symbolic”, asit relieson a formal specification
languagefor combinatorialstructures. Specifically, it is basedon so–calledadmissible
constructionsthatadmit direct translationsinto generatingfunctions. In this chapter, the
generatingfunctionsconsideredareordinarygeneratingfunctions.

DEFINITION I.4. Assumethat » is a constructionthatassociatesto a finitecollection
of classest)=¡uH= ����� a new class -µQ � » W t)=¡uH=�S�S�S Z¼=
in a finitary way: each - 4 dependson finitely manyof the I�th½ J =bI�u�½ J =�S�S�S . Then » is
admissibleiff thecountingsequenceIL6$4 J of - only dependson thecountingsequencesIL| ½ J =�I?~ ½ J =�S�S�S of t and u : IL6�4 J �j¾�W IL| ½ J =bI�~ ½ J Z¿S

In that case,thereexists a well definedoperator À relating the associatedordinary
generatingfunctions 6<7 � 9 � À W |q7 � 9�=�~�7 � 9�=�S�S�S Z¿S

As an introductoryexample,take the construction of cartesianproductthat forms
orderedpairs(equivalently, “records”in classicalprogramminglanguages):78;@9 - � t��qu if f - � Ih. � 78Á�=¡ÂU921bÁ�/0t�=mÂ�/qu J =
thesizeof a pair . � 7yÁ�=¡ÂU9 beingdefinedby 1 .Ã1 3 � 1 Á�1 Ä � 1 Â�1 Å . Then,consideringall
possibilities,thecountingsequencescorrespondingto ->=Yt�=�u arerelatedby theconvolu-
tion relation7BÆ�9 6$4 � 4©Ç ªUN | Ç ~Ã4«È Ç S
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We recognizeheretheformulafor a productof two powerseries.Therefore,with 6�7 � 9 �� 4@MON 6 4 � 4 etc,onehas78É�9 6<7 � 9 � |{7 � 9 � ~�7 � 9�S
Thusin ourterminology, thecartesianproductis admissible:A cartesianproducttranslates
asa productof OGF’s.

Similarly, let ->=�t)=¡u becombinatorialclassessatisfying78Ê«9 - � t!z{uH= with t��{u ��� =
with sizedefinedin aconsistentmanner. Onehas78Ë�9 6 4 � | 4 � ~ 4 =
which,at generatingfunctionlevel, means7B¯d9 6<7 � 9 � |{7 � 9 � ~�7 � 9�S
Thus,a disjoint uniontranslatesasa sumof generating functions.

ThecorrespondencesEq. 7B;@9 – 7BÉ�9 and 78Ê«9 – 7B¯d9 summarizedby thetablevw x - � t!z{u �UÌ 6�7 � 9 � |q7 � 9 � ~�7 � 9 (provided t
�>u �j� )- � t��qu �UÌ 6�7 � 9 � |q7 � 9 � ~�7 � 9
areclearly very generalones. (Comparewith Eq. (3).) Their merit is that they canbe
statedasgeneral-purposetranslationrules that only needto be establishedonceandfor
all. As soonastheproblemof countingelementsof a disjointunionor acartesianproduct
is recognized,it becomespossibleto dispensealtogetherwith the intermediatestagesof
writing explicitly coefficient relationslike 7B¯d9 or recurrenceslike 7¿Æb9 . This is the spirit
of the symbolicmethodfor combinatorialenumerations.Its interestlies in the fact that
severalpowerful set-theoreticconstructionsareamenableto sucha treatment.

I. 2. Admissible constructionsand specifications

Themaingoalof thissectionis to introduceformally thebasicconstructionsthatcon-
stitutethecoreof a specificationlanguagefor combinatorialstructures.This coreis based
on disjoint unions(or sums)andon Cartesianproductsthat we have just discussed.We
shall introducethe constructionsof sequence,cycle, multiset,andpowerset. A classis
(fully) constructibleif it canbedefinedfrom primal elementsby meansof theseconstruc-
tions. Thegeneratingfunctionof any suchclasssatisfiesfunctionalequationsthatcanbe
transcribedsystematicallyfrom a specification;seeFigure2.

First,weassumegivenaclassÍ calledtheneutral classthatconsistsof asingleobject
of size0; any suchan objectof size0 is calleda neutral object. andis usuallydenoted
by symbolslike Î or Ï . Thereasonfor this terminologybecomesclearif oneconsidersthe
combinatorialisomorphism -D§� Í��Ð-D§� -Ñ�0Í�S
We alsoassumeasgiven an atomicclass Ò comprisinga singleelementof size1; any
suchelementis calledanatom;theatommayusedto describea genericnodein a treeor
graph,in which caseit mayberepresentedby a circle ( Ó or Ô ), but alsoa genericletter in
a word, in which caseit maybe instantiatedas ;O=�Æ?=YÉ�=�S�S�S . Distinct copiesof the neutral
or atomicclassmayalsobesubscriptedby indicesin variousways.Thus,for instancewe
may usethe classesÒºÕ � IL; J , ÒºÖ � I?Æ J (with ;K='Æ of size1) to build up binary words
over thealphabetIL;K=�Æ J , or Òº× � I�Ó J , ÒºØ � I�Ô J (with Ó@=�Ô takento beof size1) to build
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1. Themainconstructionsof union,product,sequence,set,multiset,andcycle andtheir
translationinto generatingfunctions(TheoremI.1).

Construction OGF

Union - � t � u 6�7 � 9 � |q7 � 9 � ~�7 � 9
Product - � tj�{u 6�7 � 9 � |q7 � 9 � ~�7 � 9
Sequence - �jÙ ILt J 6�7 � 9 � ���� |{7 � 9
Set - �ÛÚ ILt J 6�7 � 9 �ÛÜ�Ý@Þ k |{7 � 9 � � |q7 � � 9 ������� l
Multiset - �Ûß I�t J 6�7 � 9 �ÛÜ�Ý@Þ k |{7 � 9 � � |q7 � � 9 ������� l
Cycle - ��à I�t J 6�7 � 9 �Ûáãâ�ä ���� |q7 � 9 � �)áãâ�ä ���� |q7 � � 9 �������

2. Thetranslationfor sets,multisets,andcyclesconstrainedby thenumberof components
(TheoremI.2). å�æ?ç�èHéëêíì

�yî?�
æ

ï�ð ç�èHéëêòñUóõôYöã÷ð �
ñUóøôY÷'öðù ð ç�èHéëêòñUóõôYö ÷ðûú ñUóøô ÷ öðü ð ç�èHéëêòñUóõôYöã÷ðûú ñUóøôY÷'öðï�ý ç�èHéëêòñUóõôYöãþÿ �
ñUóøô'ö�ñdóõô ÷ öð ú ñdóõô�þ�öýù ý ç�èHéëêòñUóõôYöãþÿ ú ñUóøô'ö�ñdóõô ÷ öð ú ñdóõô�þ�öýü ý ç�èHéëêòñUóõôYö þý ú ð ñUóøô þ öýï�� ç�èHéëê ñUóõôYö �ð � �
ñUóøô'ö ÷ ñUóõô ÷ ö� ú ñUóøô'ö ñdóõô þ öý ú ñdóõô ÷ ö ÷� �

ñUóøô � ö�ù � ç�èHéëê ñUóõôYö �ð � ú ñUóøô'öã÷'ñUóõô�÷Yö� ú ñUóøô'ö ñdóõô þ öý ú ñdóõô�÷'öã÷� ú ñUóøô � ö�ü � ç�èHéëê ñUóõôYö �� ú ñUóøôY÷'öã÷ð ú ñUóõô � öð��
3. Theadditionalconstructionsof pointingandsubstitution(SectionI. 6).

Construction OGF

Pointing - � � t 6�7 � 9 � ����
	 |q7 � 9
Substitution - � t
Ô�u 6�7 � 9 � |q7B~�7 � 9�9

FIGURE 2. A “dictionary” of constructionsapplicableto unlabelled
structures,togetherwith their translationinto ordinarygeneratingfunc-
tions(OGFs).(Thelabelledcounterpartof this tableappearsin Figure2
of ChapterII, p. 67.)
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trees. Similarly, we may introduce Í��2=YÍ ^ =�Í � to denotea classcomprisingthe neutral
objects�='Î ^ =YÎ � respectively. Clearly, thegeneratingfunctionsof a neutralclassÍ andan
atomicclassÒ are � 7 � 9 � � = �<7 � 9 � � =
correspondingto theunit

�
, andthevariable

�
, of generatingfunctions.

I. 2.1. Basic constructions. Here are describeda few powerful constructionsthat
build upondisjoint unionsandcartesianproducts,andform sequences,sets,andcycles.

Firstconsiderthedisjointunionalsocalledthecombinatorialsumof classes,theintent
beingto capturetheunionof disjoint sets,but without theburdenof carryingextraneous
disjointnessconditions.We formalizethe (combinatorial)sumof two classest and u as
theunion(in thestandardset–theoreticsense)of two disjoint copies,say t � and u�� , of t
and u . A picturesqueway to view theconstructionis asfollows: first choosetwo distinct
coloursandrepaintthe elementsof t with the  -colour andthe elementsof u with the�

-colour. This is madepreciseby introducingtwo distinct “markers”  and
�

, eacha
neutralobject(i.e., of sizezero); the disjoint union t � u of t�=�u is thendefinedasthe
standardset-theoreticunion,t � u
Q � 7¡I� J �0t�9Kz
7¡I � J �quU9dS
Thesizeof anobjectin adisjoint union - � t � u is by definitioninheritedfrom its size
in its classof of origin. Onereasonbehindthedefinition2 adoptedhereof disjoint union
is thatthecombinatorialsumof two classesis alwayswell-defined.Furthermore,we have7 §� representscombinatorialisomorphism)t � u §� t�z{u whenever t!�>u �j� S
Disjoint union in the above senseis thus equivalent to a standardunion whenever it is
appliedto disjoint sets.Then,becauseof disjointness,onehastheimplication- � t � u �UÌ 6$4 � |�4 � ~�4 �UÌ 6<7 � 9 � |{7 � 9 � ~�7 � 9�=
so thatdisjoint union is admissible.Note that, in contrast,standardset-theoreticunion is
not admissiblesince

card7yt�4�z{u@4+9 � card7yt�4+9 � card7yu@4O9 � card7yt�4�� u@4+9b=
andinformationon the“internal structure”of t and u (i.e., thenatureof this intersection)
is neededin orderto beableto enumeratetheelementsof theirunion.

With theconventionof identifyingisomorphicclasses,sumandproductacquirepleas-
antalgebraicproperties:sumsandcartesianproductsbecomecommutativeandassociative
operations,e.g.,7B- � t�9 � u � - � 7yt � um9�= -µ�
78t��quU9 � 78-µ�0t29Ã�quH=
while distributivity holds, 78- � t29$� u � 7B- � um9 � 78t �!um9 . (The proofsaresimple
verificationsfrom thedefinitionsandthenotionof combinatorialisomorphism.)

Next, we turn to the sequenceconstruction. If u is a classthenthe sequenceclassÙ I�u J is definedastheinfinite sumÙ I�u J � I?Î J � u � 7�u
�{um9 � 7�u
�{u
�{um9 �������
2It would have beeninconvenient to have a constructionthat translatesinto generatingfunctionsunder

someexternalcondition—disjointness—ofa logical naturethatwould needto beestablishedseparatelyin each
particularcase.
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with Î beinga neutralstructure(of size0). (The neutralstructurein this context playsa
rôle similar to that of the “empty” word in formal languagetheory, while the sequence
constructionis somewhat analogousto the Kleenestar operation(‘ � ’); seeAPPENDIX :
Regular languages, p. 171.) It is thenreadily checked that the construction- � Ù I�u J
definesa properclasssatisfyingthefinitenessconditionfor sizesif andonly if u contains
noobjectof size ¶ . Fromthedefinitionof sizefor sumsandproducts,thereresultsthatthe
sizeof asequenceis to betakenasthesumof thesizesof its components:Â � 78. ^ =�S�S�S�=Y.���9 �UÌ 1 Â�1 � 1 . ^ 1 �������?� 1 .���1õS�

3. Natural numbers. Let � ê
�
ç � é with � anatom(of size1). Then � � å�ç � é � ç � é is a way

of describingnaturalintegersin unarynotation: � � ç � � ��� � ����� � �
��� é . ThecorrespondingOGFis� �yî��d��î � �¼���0î��U��î ú î ð ú î ý ú ���'� . ��
4. Interval coverings.

Let � ê
�
ç � é beasbefore. Then � � � ú � �! "� � is a setof two elements,� and � � � � � ,whichwe chooseto draw as

ç � � � – �
é
. Then # � å)ç � é containselementslike� � �U� � � –� � �U� –� � � – �U� � � –�U� – � � ���}��� �With thenotionof sizeadopted,theobjectsof size n in # � å�ç � ú � �$ %� � é are(isomorphicto)

thecoveringsof theinterval & ¥��¡n ' by matchesof lengtheither1 or 2. Thegeneratingfunction( �yî?�m��� ú î ú �dî ð ú  Uî ý ú ¦mî � ú ¤Uî ) ú �� mî ÿ ú ���Oî * ú  �¢mî � ú ¦L¦dî + ú ¤ , î -/. ú ���'�O�is, aswe shallseeshortly(p. 24), theOGFof Fibonaccinumbers. �
Cyclesaremerelysequencesdefinedupto acircularshift of theircomponents,theno-

tation being à I�t J . Thus, à I�t J Q � Ù I�t J1032 with 2 the equivalencerelation between
sequencesdefinedby 7B. ^ =�S�S�Sb='.54L9 2 78Á ^ =�S�S�Sb=�Á64�9 if f thereexists somecircular shift ]
of W � S�SY,[Z suchthat for all 7 , Á ½�� .98;: ½=< ; in other words, for some Ê , one has Á ½��. ^ � : ½ � � <?>A@�B 4 . Hereis for instancea depictionof the cyclesformedfrom the 8 and16
sequencesof lengths3 and4 overtwo typesof objects( ;K=�Æ ): thenumberof cyclesis 4 (for, � " ) and6 (for , � 	 ). Sequencesaregroupedinto equivalenceclassesaccordingto the
relation 2 . C�C�CC�C3D�C�DECFDEC�CC3D=D�DEDECGD=C�DDED=D C�C�C�CC3C�C�D�C�C3D=CFC�DEC�CHD=C�C3CC�C3D=D�DEDED=CHDED=C�CHDEC�C�DC�D=C3D�D=C3D=CC�D=DED�DED=DECHD=DEC�D�DEC�DEDD=DEDED
Thisconstructioncorrespondsto theformationof directedcycles.We makeonly a limited
useof it for unlabelledobjects;however, its counterpartplaysaratherimportantrôle in the
context of labelledstructuresandexponentialgeneratingfunctions.

Multisetsarelikefinite sets(thatis theorderbetweenelementdoesnotcount)but arbi-
trary repetitionsof elementsareallowed.Thenotationis - �jß ILt J when - is obtained
by forming all finite multisetsof elementsfrom t . The preciseway of defining ß I�t J
is asa quotient: ß I�t J Q � Ù I�t J10�I with I theequivalencerelationbetweensequences
definedby 78. ^ =�S�S�S�=Y. 4 9 I 7yÁ ^ =�S�S�Sb=YÁ 4 9 if f, thereexists somearbitrarypermutation] ofW � S�SY,[Z suchthat for all 7 , Á@½ � .98;: ½=< . The powersetclass(or setclass) - � Ú ILt J is
definedastheclassconsistingof all finite subsetsof classt , or equivalently, astheclassÚ I�t JKJ ß I�t J formedof multisetsthat involve no repetitions. We againneedto make
explicit theway thesizefunction is definedwhensuchconstructionsareperformed:like
for productsand sequences,the size of a compositeobject—set,multiset, or cycle—is
definedasthesumof thesizesof its components.

In what follows, we alsowant to imposerestrictionson the numberof components
allowedin sequences,sets,multisets,andcycles.Let L beany of Ù = à = ß = Ú andlet M be
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a predicateover the integers,then LONHI?- J will representthe classof objectsconstructed
by L but with a numberof componentsconstrainedto satisfy M . Then,thenotationsÙ ª Ç (or simply Ù Ç ) = Ù"P Ç = Ù ^�QRQ Ç
refer to sequenceswhosenumberof componentsare exactly S , larger than S , or in the
interval

� S�SES respectively. For example,onehas

Ù Ç I�t J Q � ÇUTWV >AXZY[ \�] ^t�� ����� t`_�t Ç = ß Ç I�t J Q � Ù Ç ILt J�01I = Ù M Ç ILt J$§� t Ç � Ù ILt J S
Similarly Ùa@�BbB = ÙcXed
XZf will denotesequenceswith anoddor evennumberof components,
andsoon.

I. 2.2. The admissibility theoremfor ordinary generatingfunctions. This section
showsthatany specificationof aconstructibleclasstranslatesdirectlyinto generatingfunc-
tion equations.Thecycle constructioninvolvestheEuler totient function g27WS+9 definedas
the numberof integersin W � =ES�Z that arerelatively prime to S (APPENDIX : Arithmetical
functions, p. 165).

THEOREM I.1 (Admissible unlabelledconstructions). The constructionsof union,
cartesianproduct, sequence, multiset,powerset, and cycle are all admissible. The as-
sociatedoperatorsare

Union: - � t � u �mÌ 6<7 � 9 � |{7 � 9 � ~�7 � 9
Product: - � t��qu �mÌ 6<7 � 9 � |{7 � 9 � ~�7 � 9
Sequence: - �aÙ ILt J �mÌ 6<7 � 9 � ���� |q7 � 9
Cycle: - �jà I�t J �mÌ 6<7 � 9 � ¨©Ç ª ^ gÃ7hS+9S áãâ�ä ���� |q7 � Ç 9 .
Multiset: - ��ß I�t J �mÌ 6<7 � 9 � viiiw iiix

j4«M ^ 7 ���A� 4 9 È6kmlÜbÝ@Þ k ¨©Ç ª ^ �S |{7 � Ç 9 l
Powerset: - ��Ú ILt J �mÌ 6<7 � 9 � viiiw iiix

j4«M ^ 7 ����� 4 9 kmlÜbÝ@Þ k ¨©Ç ª ^ 7 ��� 9 Ç È ^S |{7 � Ç 9 l
For thesequence, cycle, andsetconstructions,it is assumedthat |�N � ¶ .
TheclassÍ � I?Î J consistingof theneutralstructureonly, andtheclassÒ consistingof a
single“atomic” object(node,letter)of size

�
haveOGFs� 7 � 9 � � and �<7 � 9 � � S

PROOF. Union: Let - � t � u . Sincethe union is disjoint, and the size of an- –elementcoincideswith its sizein t or u , onehas6$4 � |)4 � ~Ã4 and6<7 � 9 � |{7 � 9 � ~�7 � 9�=
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ashasdiscussedearlier. Alternatively, thetranslationrule follows directly from thecom-
binatorialform of generatingfunctionsas©¬+ 3 � ® ¬ ® � ©¬+ Ä � ® ¬ ® � ©¬@ Å � ® ¬ ® S

CartesianProduct:Theadmissibilityresultfor - � tq�2u hasbeendiscussedalready.
It follows from 6�4 � � 4 Ç ªdN | Ç ~Ã4«È Ç that6<7 � 9 � |{7 � 9Ã�ë~�7 � 9�S
Notealsothealternativedirectderivationbasedon thecombinatorialform of GF’s,©¬+ 3 � ® ¬ ® � ©:on�p q <  : Ä�r«Å < � ® n ® � ® q ® � ±² ©n  Ä � ® n ® ³´ � ±² ©q  Å � ® q ® ³´ =
asfollows from distributing productsoversums.Theresultreadilyextendsto anarbitrary
numberof factors.

Sequence:Admissibility for - � Ù I�t J (with t N � � ) follows from the union and
productrelations.Onehas- � ILÎ J � t � 78t��qt�9 � 7yt��0t��qt�9 ������� =
sothat 6<7 � 9 � ��� |q7 � 9 � |q7 � 9 � � |{7 � 9 � ������� � ���� |{7 � 9 =
wherethegeometricsumconvergesin thesenseof formalpowerseriessince W � N Z |q7 � 9 � ¶ ,
by assumption.

Set(or powerset)construction:Let - ��Ú ILt J andfirst take t to befinite. Then,the
class- of all thefinite subsetsof t is isomorphicto aproduct,Ú I�t J §� jn  Ä 7¡ILÎ J � ILÁ J 9
with Î a neutralstructureof size ¶ . Indeed,distributing theproductsin all possibleways
formsall thepossiblecombinations,i.e.,sets,of elementsof t with norepetitionallowed.
Thetechniqueis similar to whatis requiredto establishidentitieslike7 �2� ;@9b7 ��� Æ�9b7 ��� É�9 � ��� W ; � Æ � É�Z � W ;@Æ � ÆbÉ � ;«É�Z � ;@Æ�É�=
whereall combinationsof variablesappear. Then,directly from thecombinatorialform (4)
of OGF’sandthesumandproductrules,wefind6�7 � 9 � jn  Ä 7 �Ã��� ® n ® 9 � j 4 7 �Ã��� 4 9 kml S
The“exp-log transformation”, 6<7 � 9 ��ÜbÝ@Þ 7 á â�ä 6<7 � 9Y9 , thenyields

(7)

6�7 � 9 � ÜbÝ@Þ \ ¨©4�ª ^ | 4 á â�ä 7 ����� 4 9 `� ÜbÝ@Þ \ ¨©4�ª ^ | 4 � ¨©Ç ª ^ � 4 ÇS `� ÜbÝ@Þ�\ |{7 � 9� � |q7 � � 9 � |{7 � � 9" ������� ` =
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wherethesecondline resultsfrom expandingthelogarithm,áãâ�ä 7 ���ts 9 � s � � s � � s �" �������
andthethird line resultsfrom exchangingsummations.

The proof extendsto the caseof t being infinite by noting that each - 4 depends
only on thoseth½ for which 7vu , , to which the relationsgivenabove for the finite case
apply. Precisely, let t :xwzy < � � y Ç ª ^ - ½ and - :xwzy < � Ú I�t :xw6y < J . Then,with {�7 � y � ^ 9
denotingany seriesthathasno termof degree u`| , onehas6<7 � 9 � 6 :/w6y < 7 � 9 � {�7 � y � ^ 9 and |{7 � 9 � | :xwzy < 7 � 9 � {�7 � y � ^ 9�S
Ontheotherhand,6 :xw6y < 7 � 9 and | :xwzy < 7 � 9 areconnectedby thefundamentalexponential
relation(7) , since - :xwzy < is finite. Letting | tendto infinity, therefollows in thelimit6�7 � 9 �ÛÜbÝ@Þ \ |{7 � 9� � |q7 � � 9 � |{7 � � 9" ������� ` S
(SeeAPPENDIX : Formalpowerseries, p. 169for definitionsof formal convergence.)The
necessarycondition for validity is that W � N Z�|{7 � 9 � ¶ , a restrictionthat also appliesto
multisetsandcycles.

Multiset: First for finite t (with t N �D� ), themultisetclass- � ß I�t J is definable
by ß ILt J §� jn  Ä Ù ILÁ J S
In words,any multisetcanbesorted,in whichcaseit canbeviewedasformedof asequence
of repeatedelementsÁ ^ , followedby asequenceof repeatedelementsÁ � , whereÁ ^ =�Á � =�S�S�S
is acanonicallisting of theelementsof t . Therelationtranslatesinto generatingfunctions
by theproductandsequencerules,6�7 � 9 � jn  Ä 7 ���
� ® n ® 9 È ^ � ¨j4�ª ^ 7 �º�
� 9 Èzk l� ÜbÝ@Þ \ ¨©4�ª ^ | 4 áãâ�ä 7 ���A� 4 9 È ^ `� ÜbÝ@Þ \ |{7 � 9� � |q7 � � 9 � |{7 � � 9" ������� ` =
wherethe exponentialform resultsfrom the “exp-log transformation”. The caseof an
infinite classt followssimilarly by a continuityargument.

Cycle: Thetranslationof thecycle relation - �jà ILt J is6�7 � 9 � ¨©Ç ª ^ g27WS:9S áãâ�ä ���� |{7 � Ç 9 =
where g27WS:9 is theEulertotient function: gÃ7hS+9 equalsthenumberof integersin W � =
S�Z that
arerelatively primeto S , with g27 � 9 � � . Thefirst terms,with } Ç ��á â�ä 7 ��� |q7 � Ç 9�9 È ^ are6�7 � 9 � �� } ^ � � } � � " } � � 	 }  � 	 � } # � ~ }�� � ~ � }O� ������� S
This translationwasfirst establishedby Readwithin the framework of Pólya’s theoryof
counting[115]. An elementarycombinatorialderivationbasedon [58] is givenin APPEN-
DIX : Cycleconstruction, p. 168. 
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Theresultsfor sets,multisets,andcyclesareparticularcasesof thewell known Pólya
theory that dealsmoregenerallywith the enumerationof objectsundergroupsymmetry
actions[113, 115]. This theoryis exposedin many textbooks,seefor instance[28, 76].
The approachadoptedhereconsistsin consideringsimultaneouslyall possiblevaluesof
thenumberof componentsby meansof bivariategeneratingfunctions.Powerful general-
izationswithin thetheoryof speciesarepresentedin thebook[13].

Restrictedconstructions.An immediateformulafor OGF’s is thatof thediagonal �
of acartesianproduct t��qt definedas-�_$�07yt��0t29�Q � I«7yÁ�=YÁ�9Ã1�Á�/0t J S
Then,clearly 6 � 4 � | 4 sothat 6�7 � 9 � |q7 ��� 9bS

The diagonalconstructionpermitsus to accessthe classof all unorderedpairs of
(distinct) elementsof t , which is - �ÑÚ � ILt J . A direct argumentthenrunsasfollows:
theunorderedpair I?.�=YÁ J is associatedto the two orderedpairs 7B.�=YÁ�9 and 78Á�=Y.°9 except
when . � Á , wherean elementof the diagonalis obtained.In otherwords,onehasthe
combinatorialisomorphism,Ú � I�t J � Ú � ILt J � �07B| �0|}9�§� | �0|{=
meaningthat  6�7 � 9 � |q7 ��� 9 � |{7 � 9 � S
Theresultingtranslationinto OGFsis thus- ��Ú � I�t J �UÌ 6�7 � 9 � �U|{7 � 9 �º� �d|q7 ��� 9bS
Similarly, for multisets,we find- ��ß � I�t J �UÌ 6�7 � 9 � � |q7 � 9 � � � |q7 � � 9�=
while for cyclesonehas à � §� ß � , and- �aà � ILt J �UÌ 6<7 � 9 � � |{7 � 9 � � � |{7 � � 9bS

This type of direct reasoningcould be extendedto treat triples, andso on, but the
computations(if not the reasoning)tend to grow out of control. An approachbasedon
multivariategeneratingfunctionsgeneratessimultaneouslyall cardinality restrictedcon-
structions.

THEOREM I.2 (Component-restrictedconstructions). TheOGF of sequenceswith S
components- �aÙ Ç I�t J satisfies 6<7 � 9 � |{7 � 9 Ç S

TheOGFof sets,- ��Ú Ç I�t J , is a polynomialin thequantities|{7 � 9b=�S�S�S�='|{7 � Ç 9 ,6<7 � 9 � W s Ç Z Ü�Ý«Þ k s � |{7 � 9 � s � |q7 � � 9 � s �" |{7 � � 9 ������� l S
TheOGFof multisets,- ��ß Ç I�t J , is6<7 � 9 � W s Ç Z Ü�Ý«Þ k s � |{7 � 9 � s � |q7 � � 9 � s �" |{7 � � 9 ������� l S
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TheOGFof cycles,- �aà Ç I�t J , is6<7 � 9 �DW s Ç Z ¨© � ª ^ g27���9� á â�ä �����s � |q7 � � 9 S
Theexplicit formsfor smallvaluesof S aresummarizedin Figure2.

PROOF. The result for sequencesis obvious since Ù Ç I�t J meanstµ� ����� ��t ( S
times).For theotherconstructions,theproof makesuseof thetechniquesof TheoremI.1,
but it is bestbasedon bivariategeneratingfunctionsthatareotherwisedevelopedfully in
ChapterIII to which we refer for details. The ideaconsistsin describingall composite
objectsandintroducinga supplementarymarkingvariableto keeptrackof thenumberof
components.

Take L to be a constructionamongstÙ = à = ß = Ú , set - � L�I�t J , and let ��7B.h9 for.�/ë- betheparameter“numberof t –components”.Definethemultivariatequantities6 4 p Ç Q � card ��.�/ -��� 1 .Ã1 � ,H=��Ã78.°9 � S��6�7 � = s 9 Q � © 4 p Ç 6 4 p Ç s Ç � 4 � ©¬@ 3 � ® ¬ ® sz� : ¬ < S
For instance,a directcalculationshows that,for sequences,thereholds6<7 � = s 9 � ©Ç MON s Ç |q7 � 9 Ç� �����s |{7 � 9 S
Formultisetsandpowersets,asimpleadaptationof thealreadyseenargumentgives6�7 � = s 9
as 6�7 � = s 9 � j 4 7 ����sK� 4 9 È6kml = 6<7 � = s 9 � j 4 7 �2��s[� 4 9 kml =
respectively. Theresultfollowsfrom thereby the“exp-logtransformation”uponextractingW s Ç Z�6<7 � = s 9 . �

5. Vallée’s identity. Let � � ù
ç # é , � � ï

ç # é . Separatingelementsof # accordingto the
parityof thenumberof timesthey appearin a multisetgivesriseto theidentity� �yî��U� r �yî?� � �yî ð � �(Hint: a multisetcontainselementsof eitherodd or even multiplicity.) Accordingly, onecande-
ducethe translationof powersetsfrom theformula for multisets.Iteratingtherelationabove yields� �yî��U� r �yî?� r �yî ð � r �yî � � r �yî � �@�'���O� thatis closelyrelatedto thebinaryrepresentationof numbers
andto Euler’s identityonpage28. ��

6. Setswith distinctcomponentsizes.Let � betheclassof thefinite setsof elementsfrom

è
, with

theadditionalconstraintthatno two elementsin a sethave thesamesize.Onehas� �yî?�d� ��p�� - �¼� ú ì p î p � �
Similar identitiesserve for instancein theanalysisof polynomialfactorizationalgorithms[49]. ��

7. Sequenceswithoutrepeatedcomponents.Thesehave generatingfunctionformally givenby� �.��E�3����m�æb� - �¼���b���¡  -1¢ �£ � �yî���� ¤¥§¦  ©¨�ª ¢ �
(This form is basedon theEulerianintegral: « ���t¬ �. ¦ ¨ ¢

æ
ª�n .) �



I. 2. ADMISSIBLE CONSTRUCTIONSAND SPECIFICATIONS 15

I. 2.3. Constructibility and combinatorial specifications. In theframework just in-
troduced,theclassof all binarywordsis describedbyP � Ù I?- J where - � IL;K='Æ J =
thegroundalphabet,comprisestwo elements(letters)of size

�
. Thesizeof a binaryword

thencoincideswith its length(thenumberof lettersit contains).In otherwords,we start
from basicatomicelementsandbuild up wordsby forming freely all the objectsdeter-
minedby thesequenceconstruction.Sucha combinatorialdescriptionof a classthatonly
involvesa compositionof basicconstructionsappliedto initial classesÍ�=YÒ is saidto be
an iterative (or nonrecursive) specification. Otherexamplesalreadyencounteredinclude
binarynecklaces(Ex. 2, p. 3) andthenaturalintegers(Ex. 3, p. 9) respectively definedby �aà ILÒ � Ò J and c �aÙ M ^ ILÒ J S
Fromthere,onecanconstructevermorecomplicatedobjects.For instance,T ��ß I'c J _ ß I Ù M ^ I?Ò J�J
meanstheclassof multisetsof naturalintegers,which is isomorphicto theclassof integer
partitions(seeSectionI. 3 below for adetaileddiscussion).As suchexamplesdemonstrate,
a specificationthat is iterative canbe representedasa singleterm built on Í�=YÒ andthe
constructions

� =���= Ù = à = ß = Ú . An iterative specificationcanbe equivalently listed by
namingsomeof thesubterms(for instancepartitionsin termsof naturalintegersthemselves
definedassetsof atoms).

We next turn our attentionto trees(cf. also APPENDIX : Tree concepts, p. 174 for
basicdefinitions).In graphtheory, atreeis classicallydefinedasanundirectedgraphthatis
connectedandacyclic. Additionally, atreeis rootedif aparticularvertex is distinguished—
the“root”. Computerscientistscommonlymake useof treescalledplanethatarerooted
but alsoembeddedin the plane. In otherwords,the orderingof subtreesattachedto any
nodematters.Here,we will give the nameof “generalplanetrees”to suchrootedplane
treesandcall · their class,wheresize is the numberof vertices;see[130]. (The term
“general”refersto thefactthatall nodesdegreesareallowed.) For instancea generaltree
of size16,drawn with therooton top, is:® �
As a consequenceof the definition, if one interchanges,say, the secondand third root
subtrees,thenthis will result in a differenttree—theoriginal treeandits variantarenot
homeomorphicallyequivalent.(Generaltreesarethuscomparableto graphicalrenderings
of genealogies,wherechildrenareorderedby age.).Althoughwe have introducedplane
treesas2-dimensionaldiagrams,it is obviousthatany treealsoadmitsa linear represen-
tation: a tree ® with root ¯ androot subtrees®?^ =�S�S�S�= ® 4 (in thatorder)canbe seenasthe
object ¯ ®?^ =�S�S�S�= ® 4 , wherethe box enclosessimilar representationsof subtrees.Typo-

graphically, abox
�

maybereducedto amatchingpairof parentheses,‘ 7 � 9 ’, andonegets
in thiswaya lineardescriptionthatillustratesthecorrespondencebetweentreesviewedas
planediagramsandfunctionaltermsof mathematicallogic andcomputerscience.

Treesarebestdescribedrecursively. A treeis a root to which is attacheda (possibly
empty)sequenceof trees.In otherwords,theclass· of generaltreesis definableby the
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recursiveequation

(8) · � Òµ� Ù I?· J =
whereÒ comprisesa singleatomwritten ¯ anddenotinga genericnode.

Althoughrecursivedefinitionsarefamiliar to computerscientists,thespecification(8)
may look dangerouslycircular to some. Oneway of makinggoodsenseof it is via an
adaptationof thenumericaltechniqueof iteration.Startwith ·O° N²± � � , theemptyset,and
definesuccessively theclasses · ° ½ � ^ ± � Òµ� Ù I�· ° ½ ± J S
For instance,·O° ^ ± � Ò � Ù I � J � I�7h¯@=YÎ�9 J5§� I1¯ J describes(thelinearrepresentationof)
thetreeof size1, and·O° � ± � ³ ¯+=U¯ ¯ =U¯ ¯+=6¯ =A¯ ¯@=´¯+=´¯ =�S�S�S�=¶µ·O° � ± � · ¯@=A¯ ¯ =A¯ ¯@=´¯ =A¯ ¯@=z¯@=´¯ =�S�S�S¯ ¯+= ¯ =A¯ ¯+= ¯@=´¯ =A¯ ¯@= ¯+=´¯ =U¯ ¯+= ¯@=´¯ = ¯+=´¯ =�S�S�S�¸ÃS
First,each·O° ½ ± is well-definedsinceit correspondsto apurelyiterativespecification.Next,
we have theinclusion ·O° ½ ± J ·O° ½ � ^ ± , ( ·¹° ½ ± admitsof a simpleinterpretationastheclassof
all treesof height º»7 ). We canthereforeregardthe completeclass · asdefinedby the
“limit” of the ·¹° ½ ± : ·�Q �$¼ ½ ·O° ½ ± . (There,‘ z ’ representstheusualset-theoreticunion.)�

8. Limessuperiorof classes.Let

ç �¾½ �²¿ é beany increasingsequenceof combinatorialclasses,in
the sensethat �¾½ �²¿ÁÀ �¾½ �=Â - ¿ . If �c½ � ¿ �ÄÃ � �¾½ �²¿ is a combinatorialclass,thenthe correspond-

ing OGF’s satisfy
� ½ � ¿ �yî?�Ã�ÆÅÈÇoÉ �=Ê � � ½ �²¿ �yî�� in the formal topology(APPENDIX : Formal power

series, p. 169). �
In all generality, a specificationfor an Ë –tuple Ì- � 78- : ^ < =�S�S�S�=Y- : 4 < 9 of classesis a

collectionof Ë equations,

(9)

viiiiiiw iiiiiix
- : ^ < � ¾ ^ 78- : ^ < =�S�S�Sb=Y- : 4 < 9- : � < � ¾ � 78- : ^ < =�S�S�Sb=Y- : 4 < 9�����- : 4 < � ¾ 4�78- : ^ < =�S�S�S�=Y- : 4 < 9

whereeach¾AÍ denotesa termbuilt from the - ’s usingtheconstructionsof disjoint union,
cartesianproduct,sequence,set, multiset, and cycle, as well as the “initial structures”Í and Ò . We alsosay that the systemis a specificationof - : ^ < . A specificationfor a
classof combinatorialstructuresis thusa sortof formal grammardefiningthatclass.The
system(9) correspondsto an iterative specificationif it is stictly upper-triangular, that
is, - : 4 < is definedsolely in termsof initial classesÒ =�Í ; the definition of - : 4bÈ ^ < only
involves - : 4 < , etc,sothat - : ^ < canbeequivalentlydescribedby a singleterm.Otherwise,
thesystemis saidto berecursive. In thelattercase,thesemanticsof recursionis identical
to theoneintroducedin thecaseof trees:startwith the“empty” vectorof classes, Ì-�° N=± Q �7 � =�S�S�Sb= � 9 , iterate Ì-�° ½ � ^ ± � Ì¾ÏÎ Ì-Ï° ½ ±ÑÐ , andfinally take thelimit.

DEFINITION I.5. A classof combinatorialstructuresis said to beconstructibleiff it
admitsa (possiblyrecursive)specificationin termsof sum,product,sequence, set,multiset,
andcycleconstructions.
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At this stage,we have thereforedefineda specificationlanguagefor combinatorial
structureswhich is somefragmentof settheorywith recursionadded.Eachconstructible
classhasby virtue of TheoremI.1 an ordinary generatingfunction for which defining
equationscan be producedsystematically. In fact, it is even possibleto usecomputer
algebrasystemsin orderto computeit automatically! See[56] for thedescriptionof such
asystem.

COROLLARY I.1. Thegenerating functionof a constructibleclassis a componentof
a systemof generating functionequationswhosetermsarebuilt from� = � = � =)��=�»GÒº=�»GÓK=�»FÔ�=�»FÕ)=
where

viiiiw iiiix
» Ò�W ¯OZ � ���� ¯ = » Ó[W ¯OZ � ¨©Ç ª ^ g27WS:9S á â�ä ���� ¯°7 � Ç 9 =»FÔ W ¯OZ � Ü�Ý@Þ×Ö ¨©Ç ª ^ ¯°7 � Ç 9S Ø = »FÕ W ¯OZ � Ü�Ý«Þ�Ö ¨©Ç ª ^ 7 ��� 9 Ç È ^ ¯°7 � Ç 9S Ø S

Thus,iterativeclasseshaveexplicit generatingfunctionsinvolving compositionsof theba-
sicoperatorsonly, while recursivestructureshaveOGF’s thatareonly accessibleindirectly
via systemsof functionalequations.As weseeatvariousplacesin thischapter, thefollow-
ing classesareconstructible:binarywords,binary trees,generaltrees,integerpartitions,
integercompositions,nonplanetrees,polynomialsoverfinite fields,necklaces,andwheels.

For instance,theOGFof binarywordscorrespondingto P � Ù 7BÒ � Ò}9 isfµ7 � 9 � ����A�� =
whencetheexpectedresultthat f 4 �  4 .

For the class · of generaltrees,constructibility leadsto an equationdefining
¸ 7 � 9

implicitly, ¸ 7 � 9 � ���� ¸ 7 � 9 S
From this point on, basicalgebradoesthe rest. First the original equationis equivalent
(in the ring of formal power series)to

¸ � ¸ � ��� � ¶ . Next, the quadraticequationis
solvableby radicals,andonefinds¸ 7 � 9 � ^� \ ��� � ���!	�� `� ����� � ��H� � ������ �����	�� # ��	«H� � ����"�H� � ��	�3Ù��ÛÚH�������� ©4«M ^ �, k  , ��, ��� l � 4 S
(Theconjugateroot

¸ 7 � 9 is to bediscardedsinceit involvesaterm
� È ^ aswell asnegative

coefficients;theexpansionresultsfrom Newton’sbinomialtheoremappliedto 7 �Ã�ÝÜ 9 ^²Þ �
at
Ü � ��	�� .)

Thenumbers

(10) ß 4 � �, ��� k  ,, l � 7  ,m9 *7y, ��� 9 * , * with OGF ß)7 � 9 � ����� ���!	����
areknownastheCatalannumbers(EISA000108)3 in thehonourof Eug̀eneCatalan(1814-
1894),a FrenchandBelgianmathematicianwho developedmany of their properties.In

3 Throughoutthisbook,areferencelikeEISA000108pointsto Sloane’sEncyclopediaof Integer Sequences
thatis availablein electronicform [132] or asabookby SloaneandPloufe[133].
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summary, general treesare enumeratedbyCatalannumbers:¸ 4 � ßÃ4«È ^ _ �, k  , ��, ��� l = where ßÃ4 is a Catalannumber.

For this reasonthetermCatalantreeis oftenemployedassynonymousto “general(rooted
unlabelledplane)tree”.

Wecannow concludewith theenumerationof triangulations,oneof our threeleading
examplesat the beginningof this chapter. Fix , pointsregularly spacedon a circle and
conventionallynumberedfrom 0 to , �j� (for instancethe , th rootsof unity). A trian-
gulationis definedasa maximaldecompositionof theregular , -goninto , �� triangles;
the sizeof the triangulationis taken asthe numberof triangles,that is, , �� . Given a
triangulation,we defineits “root” asa trianglechosenin someconventionalandunam-
biguousmanner(e.g.,at thestart,thetrianglethatcontainsthetwo smallestlabels).Then,
a triangulationdecomposesinto its root triangleandtwo subtriangulations(thatmaywell
be“empty”) appearingon theleft andright sidesof theroot triangle;thedecompositionis
illustratedby thefollowing diagram(wherethearrow pointsto apossiblechoiceof roots):

= 

T

T

T:

{  }

+

ε

Theclasse of all triangulationscanbespecifiedrecursively ase � I?Î J � 78eµ��à �Ðe�9[=
provided that we considera 2-gon(a diameter)asgiving rise to an emptytriangulation.
Consequently, theOGFsatisfiestheequationi � ����� i � andi<7 � 9 � ��� \ ��� � ���
	�� ` S
As aresult,triangulationsareenumeratedbyCatalannumbers:id4 � ßÃ4�_ �, ����k  ,, l = where ßÃ4 is a Catalannumber.

Thisparticularresultgoesbackto EulerandSegner(1753),a centurybeforeCatalan;see
Figure1 for first valuesandp. 48 for relatedbijections.�

9. A variant specificationof triangulations.Considertheclassá of “nonempty”triangulationof
the n -gon,thatis, weexcludethe2-gonandthecoresponding“empty” triangulationof size0. Then,á �tâ � ç � é admitsthespecificationá �tã ú �/ã  �á � ú � áÆ ã�� ú � áä ã  �á �whichalsoleadsto theCatalannumbersvia å ��î��¼� ú å � ð . �



I. 2. ADMISSIBLE CONSTRUCTIONSAND SPECIFICATIONS 19

2^n

n!

C_n

0

50

100

150

200

250

300

log10 f(n)

20 40 60 80 100 120 140 160 180 200

n

FIGURE 3. Thegrowth regimesof threesequences¯°78,m9 �  4 =mßÃ4[=[, * ,
with a plot of áãâ�ä ^ N ¯°78,m9 versus, .

I. 2.4. Asymptotic interpretation of counting sequences.Even in simplestcases,
countingsequencesdeliveredby the symbolic methodmay not be too easyto interpret
directly. Ontheotherhand,from aquickglanceat thetableof initial valuesof f 4 =Yg 4 =�i 4
givenin Eq.(2), it is apparentthat f 4 growsmoreslowly thani 4 , whichitself growsmore
slowly than g�4 . Theclassificationof growth ratesof countingsequencesbelongsproperly
to asymptoticanalysis,of whichathoroughtreatmentis presentedin ChaptersIII–V. Here,
we contentourselveswith a few remarksbasedon elementaryreal analysis. (The basic
notationsaredescribedin APPENDIX : AsymptoticNotation, p. 166.)

The sequencef!4 �  4 grows exponentiallyand, in suchan extremesimplecase,
theexact form coincideswith theasymptoticform. Thesequenceg 4 � , * mustgrow at
a fasterasymptoticregime. But how fast? The answeris providedby what is known as
“Stirling’s formula”, thatis, anapproximationto thefactorialnumbersdueto theScottish
mathematicianJamesStirling (1692–1770):

(11) , * �çæ , Ë9è 4 � �é , k ��� {�7 �, 9 l 7y, E �¾ê 9bS
This formulashows thatthefactorialnumbersgrow superexponentiallyfast,andin partic-
ular, grow muchfasterthan f�4 . Theratiosof theexactvaluesto Stirling’sapproximations

n : 1 2 5 10 100 1,000nd�n p
¦   p©ë �¡ì´í : 1.084437 1.042207 1.016783 1.008365 1.000833 1.000083

showsanexcellentquality of theasymptoticestimate:theerroris only 8% for î×ï�ð , less
than1%for îñï�ðóò , andlessthan1 perthousandfor any î greaterthan100.

Stirling’s formulain turngivesaccessto theasymptoticform of theCatalannumbers,
by meansof a simplecalculation:ôFõ ï ðî�ö÷ðùøWú î�û�üø îAü û²ýñþ ðî×øWú î�û ý

õ©ÿ�� ý õ � ��� îî�ý õ ÿ � ý õ ú � î �
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� ��
�� �	�
1 1 2.25 2.2567583341910251477923178

10 16796 18707.89 1.113830512752445̇8943789064

100 ��� ������������������� ��� ������������������� 1.0112632841245405225713957

1000 ��� ���! ���������� �#"�$ ��� ���! ��! %����� �#"�$ 1.001125132815424164701282

10000 ��� ���! ���&%������'�(*) � ��� ���! ����+������'�(*) � 1.0001125013281279291351406

100000 ���,�.-!�����%����� '�(*) "�" ���,�.-!�����+����� '�(*) "�" 1.0000112500132812529296322

1000000 ��� ����&���&%����� '�(0/#( � ) ��� ����&���&+����� '�(0/#( � ) 1.0000011250001328125029296

FIGURE 4. The Catalan numbers

ô õ
, their Stirling approxima-

tion

ô 1 õ ï � õ 2 � � î43 , andtheratio

ô 1 õ 2 ô õ
.

whichsimplifiesto

(12)

ô õ þ � õ� � î43�5
Thus,thegrowth of Catalannumbersis roughlycomparableto anexponential,

� õ
, modu-

latedby a“polynomial” factor, here ð 2 � � î 3 . A surprisingconsequenceof thisasymptotic
estimateto theareaof booleanfunctioncomplexity appearsin Example12 below.

Altogether, theasymptoticnumberof generaltreesandtriangulationsis well summa-
rizedby asimpleformula.Approximationsbecomemoreandmoreaccurateas î becomes
large. Figure1 exemplifiesthe quality of theapproximationwith subtlerphenomenaap-
parenton thefiguresandwell explainedby asymptotictheory. Suchasymptoticformulæ
thenmakecomparisonbetweenthegrowth ratesof sequenceseasy.6

10. Thecomplexity of coding. A company specializedin computeraideddesignhassold to you
a schemethat(they claim) canencodeany triangulationof size í 798�:;: usingat most

8;< = í bits of
storage.After readingthesepages,whatdo you do? [Hint: suethem!] SeealsoEx. 21 for related
codingarguments. >6

11. Experimentalasymptotics.From the dataof Figure4, guessthe valueof ? 
 )@(0ACB ? )@( A and
of ? 
 �.D )@(�E B ? �.D )@( E to 25D. (See,e.g., [89] for relatedasymptoticexpansionsand [22] for similar
properties.) >

The interplaybetweencombinatorialstructureandasymptoticstructureis indeedthe
principalthemeof this book. We shallseethata vastmajority of thegeneratingfunctions
providedby thesymbolicmethod,however complicated,leadto similarly simpleasymp-
totic estimates.

I. 3. Integer compositionsand partitions

This sectionandthe next oneprovide first illustrationsof the symbolicmethodand
of countingvia specifications.In this framework, generatingfunctionsareobtainedwith
hardly any computation. At the sametime, many countingrefinementsfollow from a
basiccombinatorialconstruction. The most direct applicationsdescribedhererelateto
the additive decompositionof integersinto summandswith the classicalcombinatorial-
arithmeticstructuresof partitionsandcompositions.The specificationsare iterative and
they simply combinetwo levelsof constructionsof type F � G � H � I .
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I. 3.1. Compositionsand partitions. First thedefinitions:

DEFINITION I.6. A compositionof an integer î is a sequenceø J	K � J ý � 5L5;5 � J	M û of
integers (for someN ) such thatî�ï J	K ö J ý öPO;OLO�ö JQM � JSRUT ð 5
A partition of aninteger î is a sequenceø JCK � J ý � 5L5;5 � J	M û of integers(for someN ) such thatî×ï JCK ö J ý öVOLO;O�ö JQM and JCKWTXJ ý T OLOLO TYJ	M 5
In bothcases,the J[Z ’s are called thesummandsor the partsand the quantity î is called
thesizeof thecompositionor thepartition.

Graphically, compositionsmaybeseenasas“ragged-landscapes”(representthesum-
mandsvertically) or equivalently as alignmentsof balls with dividing lines, the “balls-
and-bars”model;in contrast,partitionsappearas“staircases”alsoknown asFerrersdia-
grams[28, p.100];seeFigure5. Welet \ and] denotetheclassof of all compositionsand
all partitions.Sincea setcanalwaysbepresentedin sortedorder, thedifferencebetween
compositionsandpartitionslies in the fact that the orderof summandsdoesor doesnot
matter. This is reflectedby the useof a sequenceconstruction(for \ ) againsta multiset
construction(for ] ). In this perspective, it provesconvenientto regard ò asobtainedby
theemptysequenceof summands( N�ïÆò ), andweshalldo sofrom now on.

First, let ^!ï`_Ûð � ú � 5L5;5 a denotethecombinatorialclassof all integersat least1 (the
summands),andlet thesizeof eachintegerbeits value.Then,theOGFof ^ is

(13) b ø c û¹ïedõ f K c õ ï cðhg c �
since b õ ï§ð for î T ð , correspondingto thefact that thereis exactly oneobjectin ^ for
eachsize î T ð . If integersarerepresentedin unary, sayby smallballs,onehas,

(14) ^tïe_Ûð � ú �jiS� 5;5L5 a ïk_ml � lnl � lolol � 5L5L5 a þï F f K _pl a �
which is anotherway to view theequality b ø c û¹ï c 2 ø ðqg c û .Fromtheir definition,theclasses\ and ] canthenbespecifiedas

(15) \�ïrFs_*^ a � ] ï H _*^ a 5
In sequences,theorderof componentsis takeninto accout,which preciselymodelscom-
positions.In multisets,orderis not taken into account(while repetitionsareallowed),so
that we do have an adequatespecificationof partitions. In both cases,size is correctly
inheritedadditively from summands.

FIGURE 5. Graphicalrepresentationsof compositionsandpartitions:
(left) the composition ð ö i ö!ð�ö � ö ú ö i ï ð � with its “ragged-
landscape”and“balls-and-bars”models;(right) thepartition tAöotAöouAöv ö � ö � ö � ö ú ö ð6ö ðAï � i with its staircase(Ferrersdiagram)model.
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0 1 1
10 512 42
20 524288 627
30 536870912 5604
40 549755813888 37338
50 562949953421312 204226
60 576460752303423488 966467
70 590295810358705651712 4087968
80 604462909807314587353088 15796476
90 618970019642690137449562112 56634173
100 633825300114114700748351602688 190569292
110 649037107316853453566312041152512 607163746
120 664613997892457936451903530140172288 1844349560
130 680564733841876926926749214863536422912 5371315400
140 696898287454081973172991196020261297061888 15065878135
150 713623846352979940529142984724747568191373312 40853235313
160 730750818665451459101842416358141509827966271488 107438159466
170 748288838313422294120286634350736906063837462003712 274768617130
180 766247770432944429179173513575154591809369561091801088 684957390936
190 784637716923335095479473677900958302012794430558004314112 1667727404093
200 803469022129495137770981046170581301261101496891396417650688 3972999029388
210 822752278660603021077484591278675252491367932816789931674304512 9275102575355
220 842498333348457493583344221469363458551160763204392890034487820288 21248279009367
230 862718293348820473429344482784628181556388621521298319395315527974912 47826239745920
240 883423532389192164791648750371459257913741948437809479060803100646309888 105882246722733
250 904625697166532776746648320380374280103671755200316906558262375061821325312 230793554364681

FIGURE 6. For î`ï ò � ð�ò � ú ò � 5L5L5 � ú v ò (left), thenumberof composi-
tions w õ (middle)andthenumberof partitions(right). Thefigureillus-
tratesthedifferencein growth betweenw õ ï ú

õ� K
and x õ ï ÿ y+z|{ õ } .

First, the specification\ ï~Fs_*^ a admits,by TheoremI.1, a direct translationinto
OGF:

(16) w ø c û¹ï cðhg�b ø c û 5Thecollectionof equations(13), (16) thusfully determinesw ø c û :w ø c û ï ððhg �K � � ï ðhg cðhg ú cï ð ö c ö ú c ý ö � c 3 ö�t c�� ö÷ð;u c�� ö i ú c�� öVOLOLO 5Fromthere,thecountingproblemfor compositionsis solvedby a straightforwardexpan-
sionof theOGF:onehasw ø c û¹ï �� dõ f[� ú

õ c õ�� g �� dõ f[� ú
õ c õ � K �� �

implying w õ ï ú
õ� K � î T ð�� w � ï!ð 5

(Naturally, the w õ bearno relationto the Catalannumbers,

ô õ
.) This agreeswith basic

combinatoricssinceacompositionof î canbeviewedastheplacementof îUgñð separation
barsbetweenî alignedballs (the“balls andbars”modelof Figure5), of which thereare
clearly ú

õ� K
possibilities.

Next, the form of the partition generatingfunction derives from TheoremI.1; the
generaltranslationmechanismprovidestherelation

(17) x ø c û¹ï9�L�����b ø c û�ö ðú b ø c ý û�ö ði b ø c 3 û�öVOLO;O�� with b ø c û¹ï cðhg c 5
In a specialcaselike this, it is just as easy, however, to appealdirectly to the product
representationandgetthemorefamiliar form
(18)x ø c û ï ���q� K ððhg c �ï ð ö c ö ú c ý ö i c 3 ö v c�� öY� c�� öÆðÛð c�� ö÷ð v c�� ö ú3ú c�� ö i ò c�� öVOLOLO 5
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Spec. OGF coeff. asympt.

Composition �����¡  ) �;¢¤£�£ 8+¥o¦8+¥o§;¦ § ��¨ ) 8§ § �
—, sum. ©«ª ����� )�¬#¬@ �L¢®£;£ 8+¥o¦8%¥¯§L¦n°«¦ �±�/ Eq.(19) ² .³ ¨�
—, ´ sum. �¶µ·���U  ) �L¢®£;£ ¦ µ¸ 8+¥¹¦pº µ » í ¥¼8´ ¥«8L½ í µ ¨ )¸ ´ ¥¼8�º.¾
Partitions ¿Y�;�¡  ) �L¢®£;£ ÀÁÂ+Ã ) ¸ 8+¥o¦ Â º ¨ ) —

8Ä íQÅ Æ	Ç�È Å ÉËÊÌ—, sum. ©«ª ¿Y�;� )�¬#¬@ �;¢¤£�£ ÁÂ+Ã ) ¸ 8+¥o¦ Â º ¨ ) — í  ¨ )ª ¾ ¸ ª ¥¼8�º.¾
—, ©�´ sum. ÍÎÏ¿Y��� )�¬Ë¬ µ·�;¢¤£�£ µÁÂ+Ã ) ¸ 8+¥o¦ Â º ¨ ) — í µ ¨ )´ ¾ ¸ ´ ¥�8�º.¾
Cycliccomp. Ð[���U  ) �;¢¤£�£ Eq.(23) Eq.(24)

§ �íPart., distinctsum. Ñ¡���¡  ) �;¢¤£�£ ÀÁÂ+Ã ) ¸ 8j°¯¦ Â º — Æ;Ò0Ó�Ô8�§ í Ò0Ó�Ô Ç�È Å Ê Ì
FIGURE 7. Partitions and compositions: specifications,generating
functions,countingsequences,andasymptoticapproximation.

Contraryto compositionsthat arecountedby the explicit formula ú
õ� K

, so simpleform
exists for Õ õ . Asymptoticanalysisof theOGF(17) basedon thesaddlepoint shows thatx õ ï ÿ y+zÖ{ õ }

. In facta very famoustheoremof HardyandRamanujanlater improvedby
Rademacher, see[4], providesafull expansionof which theasymptoticallydominantterm
is x õ þ ð� î � i ���×�¼Ø �%Ù ú îi¯Ú 5
Thereareconsequentlymuchfewerpartitionsthancompositions(Figure6).6

12.A recurrencefor thepartition numbers. Logarithmicdifferentiationgives¦	ÛqÜ ¸ ¦pºÛ ¸ ¦pº Î ÀÝ� Ã ) í ¦ �8+¥¹¦ � implying í Û � Î �m¨ )ÝÞ Ã )�ß ¸áà º Û �m¨ Þpâ
where ß ¸ í º is the sumof the divisorsof í (e.g., ß ¸äã º Î 8¤°X§h° Æ ° ã Î 8�§

). Consequently,Û ) â <*<!< â ÛCå canbecomputedin æ ¸äç / º integer-arithmeticoperations.(The techniqueis generally
applicableto powersetsandmultisets;seealsoEx. 33. Ex. 18 furtherlowerstheboundin thecaseof
partitionsto æ ¸äç Å ç º .) >

Whenconsideringvariationsof thescheme(14),a numberof countingresultsfollow
ratherstraightfowardly. We discussbelow the caseof compositionsandpartitionswith
restrictedsummands,aswell aswith a fixednumberof parts.First,we state:

PROPOSITION I.1. Let èêér^ be a subsetof the positiveintegers. TheOGF of the
classes\�ëíìoïïîs_pî ë _�ð a�a and ]ñëíìoï H _mî ë _�ð a�a of compositionsand partitions
havingsummandsrestrictedto è is givenbyw ë ø c û¹ï ððhg�ò õó�ô c õ ï ððhg�õ ø c û� x ë ø c û¹ï �õó ë ððhg c õ 5

PROOF. Thestatementresultsdirectly from TheoremI.1. ö
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EXAMPLE 1. Compositionswith restrictedsummands.In order to enumeratethe class\�÷ K!ø ý�ù of compositionsof î whosepartsareonly allowedto betakenfrom theset _Ûð � ú a ,simply write \ ÷ K�ø ý�ù ïrîs_!^ ÷ K!ø ý�ù a with ^ ÷ K!ø ý�ù ïk_Ûð � ú a 5Thus,in termsof generatingfunctions,therelationw ÷ K�ø ý�ù ø c û¹ï ððhg�b ÷ K!ø ý�ù ø c ûholds(seeEq.(16)),with b ÷ K!ø ý�ù ø c û¹ï c ö c ý 5Then, w ÷ K�ø ý!ù ø c û¹ï ððhg c g c ý ï�ð ö c ö ú c ý ö i c 3 ö v c � ö öWt c � öÆð i c � öVOLO;O
andthenumberof compositionsof î in this classis expressedby a Fibonaccinumber,w ÷ K!ø ý�ùõ ïVú õ � K where ú õ ï ð� vXû Ø ð¹ö � vú Ú

õ güØ ðhg � vú Ú
õ�ý
5

In particular, therateof growth is of theexponentialtype þ õ , whereþÿìoï ð ö � vúis thegoldenratio.
Similarly, compositionssuchthatall their summandslie in theset _Ûð � ú � 5L5;5 ��� a have

generatingfunctionw ÷ K!ø������,ø � ù ø c û¹ï ððqg c g c ýqgYO;OLO c � ï ððqg c K � � �K � � ï ðhg cðhg ú c ö c � � K �andthecorrespondingcountsaregivenby generalizedFibonaccinumbers.A doublecom-
binatorialsumexpressesthesecounts

(19) w ÷ K�ø������ ø � ùõ ï � c õ � d R � c ø ðhg c � ûø ðhg c û � R ï d R.ø M ø g¾ð�û M � � N �¼� î g � N g`ð� g`ð � 5
Asymptotically, for any fixed � , onechecksthatthereisauniqueroot 	 � of thedenominatorð¶g ú c ö c � � K in ø Ký � ð�û , that this root dominatesall theotherroots,andthat it is simple.
Consequently, onehas

(20) w ÷ K�ø������ ø � ùõ þ�
 � 	 �6õ� for fixed � as î��� .

Thequantity 	 � playsa rôle similar to thatof thegoldenratio when � ï ú . Detailsof the
asymptoticanalysisarediscussedin Chapter4. ö6

13. Compositionsinto primes. The additive decompositionof integersinto primesis still sur-
roundedwith mystery. For instance,it is not known whetherevery evennumberis thesumof two
primes(Goldbach’s conjecture).However, thenumberof compositionsof í into primesummands
(anynumberof summandsis permitted)is � � Î�� ¦ ��� � ¸ ¦·º where� ¸ ¦pº Î �� 8%¥ Ý� prime

¦ ���� ¨ ) Î�� 8+¥¹¦ / ¥¹¦ Ò ¥¹¦ � ¥ ¦ � ¥¹¦ )�) ¥������! ¨ )Î 8�°«¦ / °�¦ Ò °«¦ Ô ° Æ ¦ � °¼§C¦ ' ° ã ¦ � ° ã ¦ $ °Ï8�:4¦ " °Ï8 ã ¦ )@( °"���#�(EISA023360) andcomplex asymptoticmethodmakeit easyfrom thereto determinetheasymptotic
form � � Í :�< Æ : Æ ã =$��8;< Ä&% ã §�§ � ; seeChapter4. >
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EXAMPLE 2. Partitionswith resrictedsummandsanddenumerants. Wheneversummands
arerestrictedto a finite set, the specialpartitionsthat result arecalleddenumerants.A
populardenumerantproblemconsistsin finding the numberof waysof giving changeof
99 centsusingcoins that arepennies(1 /c), nickels (5 /c), dimes(10 /c) andquarters(25
/c). (Theorderin which the coinsaretaken doesnot matterandrepetitionsareallowed.)
For thecaseof a finite è , we predictfrom Proposition2 that x ë ø c û is alwaysa rational
functionwith polesthatareat rootsof unity; alsothe x ëõ satisfyalinearrecurrencerelated
to thestructureof è . Thesolutionto theoriginal coin changeproblemis foundto be� c �.� � ðø ðhg c û ø ðhg c � û ø ðhg c K � û ø ð g c ý � û ï ú � ú 5

In thesamevein,oneproves[28, p. 108] thatx ÷ K�ø ý!ùõ ï(' ú î�ö i� ) x ÷ K!ø ý ø 3!ùõ ï*' ø î"ö i û ýð ú ) 5
There ' J ),+�- J ö Ký ) denotesthe integer closestto the real number J . Suchresultsare
typically obtainedby thetwo stepprocess:(i) decomposetherationalgeneratingfunction
into simple fractions; (ii) computethe coefficientsof eachsimple fraction andcombine
themto getthefinal result[28, p. 108].

The generalargumentalso gives the generatingfunction of partitionswhosesum-
mandslie in theset _;ð � ú � 5;5L5 �.� a as

(21) x ÷ K�ø������ ø � ù ø c û¹ï ���q� K ððhg c � 5
In otherwords,we areenumeratingpartitionsaccordingto the valueof the largestsum-
mand.Onethenhasby lookingat thepolesx ÷ K!ø������ ø � ùõ þ�
 M î M � K with 
 M ï ðNzü ø Nñg ð�û¡ü 5A similarargumentprovidestheasymptoticform of x ëõ when è is anarbitraryfinite set:x ëõ þ ð/ î � � Kø � g`ð¶û�ü with / ìoï �õ×ó ë î , � ìoï cardø èKû 5
This resultis dueto Schurandis provedin ChapterIV. ö

We next examinethestatisticof thenumberof summands.Let \ z M } denotetheclass
of compositionsmadeof N summands,N afixedinteger T ð . Onehas\ z M } ï�^�0 ^�0¼O;OLO10 ^ �
wherethe numberof termsin the cartesianproductis N , and ^ still representsthe sum-
mands,i.e., theclassof positive integers.Fromthere,thecorrespondinggeneratingfunc-
tion is foundto be w z M } ï32Ëb ø c û.4 M with b ø c û¹ï cðhg c 5
Thenumberof compositionsof î having N partsis thusw z M }õ ï � c õ � c Mø ðhg c û M ï~� î g ðNñg`ð � �
a resultwhich constitutesa combinatorialrefinementof w õ ï ú

õ� K
. Note that the for-

mula w z M }õ ï52
õ×� KM � K 4 alsoresultsdirectly from the“balls andbars”modelof compositions

(Figure5).
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Partitions,arenaturally representedascollectionsof points (the staircasemodelof
Figure5) in the 670"6 lattice. A geometricsymmetryaroundthe main diagonal(also
known in the specializedliteratureasconjugation)exchangesnumberof summandsand
valueof largestsummand,sothattheOGF x z98 M } ø c û of partitionswith atmost N summands
coincideswith the OGF of partitionswith summandsall at most N alreadyenumerated
in (21)

(22) x z98 M } ø c û + x ÷ K�ø������ ø M ù ï M��q� K ððhg c � �
consequentlythe OGF of partitionswith exactly N summands,x z M } ø c û ïíx z:8 M } ø c û¶gx z98 M � K } ø c û , evaluatestox z M } ø c û¹ï c Mø ðhg c û ø ðhg c ý�û	OLO;O ø ðhg c M û 56

14. Compositionswith summandsboundedin numberandsize. Thenumberof compositionsof
size í with ´ summandseachat most ª is� ¦ � �<; ¦ 8+¥¹¦ 8+¥o¦>= µ â
andis expressibleasasimplebinomialconvolution. >6

15. Partitions with summandsboundedin numberand size. The numberof partitionsof size íwith at most ´ summandseachatmost ? is� ¦ � � ¸ 8%¥o¦·º ¸ 8+¥o¦ / º1����� ¸ 8+¥o¦ µ ±A@ º¸�¸ 8+¥¹¦pº ¸ 8+¥¹¦ / ºA����� ¸ 8%¥¹¦ µ º�ºB� ¸�¸ 8+¥¹¦pº ¸ 8+¥¹¦ / º1�#��� ¸ 8%¥ ¦ @ º�º <
(Theverificationby recurrenceis easy.) TheGFreducesto thebinomialcoefficient � µ ±A@µ  as

¦DC~8
;

it is known asa Gaussianbinomial coefficient, denoted� µ ±E@µ  GF , or a “ H -analogue”of thebinomial
coefficient [4, 28]. >

Thelastproblemof this sectionexemplifiesthecloseinterplaybetwencombinatorial
decompositionsandspecialfunctionidentities,whichconstitutesarecurrentthemeof clas-
sicalcombinatorialanalysis.Thediagramof any partitioncontainsa uniquelydetermined
square(the“Durfeesquare”)thatis maximal,asexemplifiedby thefollowing diagram:

=

Thisdecompositiongivestheidentity��õ � K ððhg c õ ï dM f[� c M Éø=ø ð g c û	OLO;O ø ðhg c M û=û ý �expressing,via (21) and(22), thecombinatorialisomorphism( N is thesizeof theDurfee
square) ] þïJIM f[�DK ð M É 0 ] z98 M } 0 ] ÷ K!ø������ ø M ù�L �
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itself nothingbut a formal rewriting of the geometricdecomposition.As time goes,we
shallmake greaterandgreateruseof such“direct” translationsof objectdescriptionsinto
generatingfunctionequations.6

16. Stack polyominos.Thesearediagramsof compositionssuchthat for some
à
, onehas

8 ©M ) © M / © ����� © M Þ 7 M Þ ±	) 7N������7 M µ 7ÿ8 . Thediagramrepresentationof stackpolyominos,

k O C P<Q )!R ¬ ¬ ¬ R µ ¨ )TSVUXW µ U Û Q )!R ¬ ¬ ¬ R µ S
translatesimmediatelyinto theOGFY ¸ ¦pº Î ÝµL  ) ¦ µ8+¥o¦ µ 8¸�¸ 8+¥¹¦pº ¸ 8+¥o¦ / ºA���G� ¸ 8+¥o¦ µ ¨ ) º�º / â
onceuseis madeof thepartitionGFs Û Q )!R ¬ ¬ ¬ R µ ¸ ¦pº of (21). Thebookof vanRensburg [144] describes
many suchconstructionsandtheir relationto certainmodelsof statisticalphysics. >

I. 3.2. Integer related constructions. Finally, we say a few words about the two
constructionsof cycle andpowersetthat haven’t beenyet appliedto ^ . First, the classZ ï G _·b a comprisescyclic compositions, that is, compositionsdefinedup to circular
shift; so,for instanceú ö i övðmö ú ö v , i övðmö ú ö v ö ú , etc,areidentified. Alternatively,
we mayview elementsof

Z
as“wheels” composedof circulararrangementsof segments

(takenup to circularsymmetry).

A “wheel” (cyclic composition):

By thecycleconstruction,theOGFis
(23)[ ø c û ï �dM � K þ ø N�ûN \^]`_ �mðhg c Mðhg c M �

� K ï �dM � K þ ø N�ûN 2 \a]�_ ø ð g c M û+g \a]�_ ø ðhg ú c M û�4ï c ö ú c ý ö i c 3 ö v c�� öX� c�� ö÷ð i c�� öÆðcb c�� ö i v c�� öPO;OLO 5Thecoefficientsarethus(EISA008965)

(24)

[ õ ï ðî dMDd õ þ ø N û øWú
õ�e M g`ð¶û + g¾ðOö ðî dMDd õ þ ø N û ú

õ`e M þ ú
õ
î 5

(Notice that

[ õ
is of the sameasymptoticorderas

Kõ w õ , which is suggestedby circular
symmetryof wheels,but

[ õ þ w õ 2 øhú î�û .)More interestinglyperhaps,theclass f$ï I _�b a is thesubclassof ] ï H _�b a corre-
spondingto partitions into distinctsummands: thesearedeterminedlike in Definition I.6
but with thestrict inequalitiesJ	Mhg OLO;O gXJ	K , sothattheOGFisi ø c ûAï �õ f K ø ð ö c

õ û 5
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Thecoefficientsarenotamenableto closedfrom. Howeverthesaddlepointmethod(Chap-
ter6) yieldstheapproximation:

(25)
i õ þ i 3 e �ð ú î 3

e � ���×� � � Ù î i � �
whichhasa shapesimilar to thatof x õ .6

17.Oddversusdistinctsummands.Thepartitionsof í into oddsummandş
:j � º andinto distinct

summandş
lk � º areequinumerous.Indeed,onehasm ¸ ¦pº Î ÀÁÂ+Ã ) ¸ 8j°¯¦ Â º â æ ¸ ¦pº Î ÀÁÞ Ã ( ¸ 8%¥¹¦ / Þ ±	) º ¨ ) <

Equalityresultsfrom substitutinģ
8�°on�º Î ¸ 8+¥,n / º B ¸ 8n¥pn�º with

n Î ¦ Â ,m ¸ ¦pº Îrq ¥,s&t8n¥ ¦ q ¥us&vq ¥us t q ¥psxw8n¥¹¦ Ò q ¥,sxyq ¥,s v q ¥ps�z#{8%¥¹¦ � �#��� Î 88%¥ ¦ 88+¥¹¦ Ò 88+¥¹¦ � ���#� â
andsimplificationof thenumeratorswith half of thedenominators(in boldface). >

Let ^}|c~l�»ï _;ð � ú � � � t � 5L5;5 a be the setof powersof 2. The corresponding] and f
partitionshaveOGFsx�|c~l� ø c û ï ��R � � ððhg c ý��ï ð ö c ö ú c ý ö ú c 3 ö � c�� ö � c�� öÿu c�� ö�u c�� ö÷ðóò c�� öÆð�ò c�� öVOLO;Oi |&~!� ø c û ï ��R � � ø ð ö c ý � ûï ð ö c ö c ý ö c 3 ö c�� ö c�� öVOLO;O 5
Thefirst sequenceð � ð � ú � ú � 5L5L5 is the“binary partitionsequence”(EISA018819); thedif-
ficult asymptoticanalysiswasperformedby deBruijn [34] who obtainedanestimatethat
involvessubtlefluctuationsand is of the global form

ÿ y+z�� ~#� É
õ }

. The function
i |&~!� ø c ûreducesto ø ðng c û

� K
sinceeverynumberhasauniqueadditivedecompositioninto powers

of 2. Accordingly, theidentity ððhg c ï ��R � � ø ð ö c ý � û
first observed by Euler is sometimesnicknamedthe “computerscientist’s identity” as it
expressesthefactthateverynumberadmitsauniquebinaryrepresentation.

Thereexists a rich setof identitiessatisfiedby partition generatingfunctions—this
factowesto deepconnectionswith elliptic functions,modularforms,and � -analoguesof
specialfunctionson the onehand,basiccombinatoricsandnumbertheoryon the other
hand.See[4, 28] for anintroductionto this fascinatingsubject.6

18.Euler’s pentagonalnumbertheorem.This famousidentityexpresses
8 B Û ¸ ¦·º asÁ�   ) ¸ 8%¥¹¦ � º Î Ý µ��c� ¸ ¥h8�º µ ¦ µ�� Ò µ ±	)�� Ó / <

It is provedformally andcombinatoriallyin [28, p. 105]. As a consequence,thenumbers�LÛ Þ £ åÞ Ã (
canbedeterminedin æ ¸äç Å ç º arithmeticoperations. >
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19.Latticepoints.Thenumberof latticepointswith integercoordinatesthatbelongto theclosed

ball of radiusí in � –dimensionalspaceis� ¦ � É � 88%¥ ¦ ¸:�W¸ ¦pº�ºT� where
�W¸ ¦pº Î 8�°«§ ÀÝ� Ã ) ¦ � É <

(SuchOGF’s areusefulin cryptography[93] andestimatesmaybeobtainedfrom thesaddlepoint
method.) >

I. 4. Words and regular languages

First a finite alphabet � whoseelementsarecalled letters is fixed. Eachletter is
taken to have size 1, i.e., it is an atom. A word is then any finite sequenceof letters,
usuallywritten without separators.So,for us,with thechoiceof thelatin alphabet( � ï_ a,. . . ,z

a
), sequenceswritten asygololihq, philology, zgrmblglps arewords. Thesetof

all words(often written as � 1 in formal linguistics)will be consistentlydenotedby �
here. Following a well-establishedtradition in theoreticalcomputerscienceand formal
linguistics,any subsetof � is calleda language(or formal language,whenthedistinction
with naturallanguageshasto bemade).

Fromthedefinitionof thesetof words � , onehas

(26) � þï î _&� a implying � ø c û¹ï ððhg�� c �
where � is the cardinality of the alphabet,i.e., the numberof letters. The generating
functiongivesus(in anadmittedlydeviousway) thecountingresult� õ ï�� õ 5
As is usualwith symbolicmethods,many enumerativeconsequencesusuallyresultfrom a
givenconstruction,andit is preciselythepurposeof thissectionto examinesomeof them.

We shall introducetwo frameworksthateachhavegreatexpressivepower to describe
languages.Thefirst oneis iterative (i.e., nonrecursive)andit basesitself on “regularspec-
ifications” thatonly involvesums,products,andsequences;theotheronethatis recursive
(but of averysimpleform) is bestconceivedof in termsof finite automataandis equivalent
to linearsystemsof equations.It turnsoutthatbothframeworksdeterminethesamefamily
of languages,theregular languages, thoughtheequivalenceis nontrivial, andeachpartic-
ular problemusuallyadmitsa preferredrepresentation.The resultingGFsareinvariably
rationalfunctions.

I. 4.1. Regular specifications.Considerfirst words (or strings)over the binary al-
phabet� ï _&� ��� a . Thereis analternative way to constructbinarystrings.It is basedon
theobservationthat (with a minor adjustmentat thebeginning)a stringdecomposesinto
a successionof “blocks” eachformedwith a single � followed by an arbitrary(possibly
empty)sequenceof � ’s. For instance�E��� � �E� � � � �E� ��� � ��� �E�E� decomposesas�E�E���a� � �E��� � ��� � �E��� � � � �X� � � � �E�E� 5
Omitting redundant4 symbols,wehave thealternativedecomposition:

(27) � þï îs_c� a îs_ � îs_c� a�a 5
4As is usualwhendealingwith words, we omit writing explicitly redundantbraces‘ ����� ’ andcartesian

products‘ � ’. Thus,for instance, ¡�#¢&£¥¤�� and ��¢�¤�� areshorthandnotationsfor  ¡�G�#¢c��£¦�#¤��G� and �G�#¢c�§�¨�#¤��G�L�
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A checkis providedby computingtheOGFcorrespondingto this new specification,

(28) � ø c û¹ï ððhg c ððhg c KK � � �
which reducesto ø ðhg ú c û

� K
asit should.

The interestof the decompositionjust seenis to take into accountvariousother in-
terestingproperties,for examplelongestruns. Denoteby �ª© M ì ï î © M _c� a thecollection
of all wordsformedwith the letter � only andwhoselengthis betweenò and N g÷ð ; the
correspondingOGFis ð¹ö c ö c ý öXOLO;O¡ö c M � K ï ø ðqg c M û 2 ø ð¤g c û . Thecollection �r« M�¬
of wordswhich do not have N consecutive � ’s is describedby an amendedform of (27),
namely

(29) � « M�¬ ï�� © M î _ � � © M a 5
ThecorrespondingOGFobtainsimmediatelyfrom (29)� « M�¬ ø c û¹ï ðhg c Mðhg c O ððhg c K � �GK � � ï ðhg c Mðhg ú c ö c M � K 5
This is thereforethe generatingfunctionsof wordswhoselongestrun of consecutive � ’s
is of length ® N . Fromthis computationandsomeasymptoticanalysis,it canbededuced
that the longestrun of � ’s in a randombinary string of length î is about \a]�_ ý î . Such
asymptoticaspectswill befurtherexploredin laterchapters.6

20.Runsin arbitrary alphabets.For analphabetof cardinality ¯ , thequantity8+¥¹¦ µ8+¥ ¯ ¦n° ¸ ¯ ¥«8�º#¦ µ ±C)
is theOGFof wordswithout ´ consecutive occurrencesof adesignatedletter. >

The caseof longestruns exemplifiesthe expressive power of nestedconstructions
involving sequences.We set:

DEFINITION I.7. An iterative specificationthat only involvesatoms(e.g., letters of
a finite alphabet � ) togetherwith combinatorialsums,cartesianproducts,andsequence
constructionsis saidto bea regularspecification.

A language ° is said to be ± -regular (specification-regular) if there existsa regular
specification² such that ° and ² are combinatoriallyisomorphic,° þï ² .

It is anon-trivial factthatthenotionof ± -regularityintroducedherecoincideswith the
usualnotionof regularity in formal languagetheory. SeeAPPENDIX : Regular languages,
p. 171for explanations.Fromthedefinitionandthebasictheoremregardingadmissibility
(TheoremI.1), onehasimmediately:

PROPOSITION I.2. Any ± -regular language hasan OGF that is a rationalfunction.
This OGF is obtainedfrom a regular specificationof the language by translatingeach
letter into thevariable c , disjoint unionsinto sums,cartesianproductsinto products,and
sequencesinto quasi-inverses,ø ðhgXO û

� K
.

This resultis technicallyshallow but its importancederivesfrom thefact thatregular
languageshavegreatexpressivepowerdevolving from their rich closurepropertiesaswell
astheir relationto finite automatadiscussedin thenext subsection.

EXAMPLE 3. Combinationsand spacings. The specification° ï îs_&� a ø � îs_c� a û Mdescribesunambiguouslythesetof wordsthatcontainexactly N occurrencesof theletter � .
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TheOGFis ³ ø c ûAï c M 2 ø ðhg c û M � K , andthenumberof wordsin thelanguagesatisfies³ õ ï � c õ � c Mø ðhg c û M � K ï � î N � 5
Eachword of length î is characterizedby the positionsof its letters � , which meansthe
choicesof N positionsamongstî possibleones.Formallanguagetheorythusgivesusback
thewell-known countof combinationsby binomialcoefficients.

Let 2
õ M 4 ©µ´ be the numberof combinationsof N elementsamongst

� ð � î � with con-
strainedspacings:no elementcanbe at distance¶ or more from anotherelement. The
refinement °¸· ´.¹ ïrîs_c� a ø � î ©º´ _&� a û M

� K ø � îs_c� a ûprovidesthegeneratingfunctiondõ f[� � î N � ©µ´ c
õ ï c M ø ðhg c ´�û M

� Kø ðhg c û M � K �
which is equivalent to a binomial convolution expressionfor 2

õ M 4 ©º´ . (This problemis
clearlyanalogousto compositionswith boundedsummands.) ö
EXAMPLE 4. Doublerun statistics.By formingmaximalgroupsof equallettersin words,
onefindseasilythat,for abinaryalphabet,� ï î _ � a îs_c�Sîs_c� a � î _ � a�a îs_&� a 5
Let �»«½¼ ø ¾E¬ be the classof all wordsthat have at most ¿ consecutive � ’s andat most À
consecutive � ’s. Thespecificationof � producesa specificationof �r«a¼ ø ¾�¬ , uponreplac-
ing îs_&� a � îs_ � a by î ©º¼ _c� a � î © ¾ _ � a internally, andby î 8 ¼ _&� a � î 8 ¾ _ � a externally. In
particular, theOGFof binarywordsthatnever have morethan � consecutiveequalletters
is foundto be(set ¿�ï�À ï � )
(30) � « �.ø ��¬ ï ø ðhg c � � K û ýðhg ú c ö ú c � � ý®g c ý � � ýRévészin [121] tells thefollowing amusingstoryattributedto T. Varga: “ A classof
highschoolchildrenis dividedinto two sections.In oneof thesections,eachchild is given
a coin which hethrows two hundredtimes,recordingtheresultingheadandtail sequence
on a pieceof paper. In the othersection,the childrendo not receive coins,but aretold
insteadthatthey shouldtry to write down a ‘random’headandtail sequenceof lengthtwo
hundred.Collectingtheseslipsof paper, [a statistician]thentries to subdivide theminto
their originalgroups.Most of thetime,hesucceedsquitewell.”

The statistician’s secretis to determinethe probability distribution of the maximum
lengthof runsof consecutive lettersin a randombinaryword of length î (here î�ï ú ò3ò ).Theprobabilityof thisparameterto equal N isðú

õ
K � « M�ø M�¬õ g"� « M � K�ø M � K.¬õ L

and is fully determinedby (30). The probabilitiesare then easily computedusing any
symbolicalgebrapackage:For î×ï ú ò3ò , thevaluesfoundareÁ

3 4 5 6 7 8 9 10 11 12Â
: ��� �! ���� ¨ $ -;� ��-	��� ¨ Ô ��� ��&�&�� ���,������� ��� ����-* ��� ����&�� ���,�0 ���� ��� ������� ��� �! � �� ��� �������



32 I. UNLABELLED STRUCTURESAND ORDINARY GENERATING FUNCTIONS

Thus,in a randomlyproducedsequenceof length200, thereareusuallyrunsof length7
or more: the probability of the event turns out to be closeto 80% (and thereis still a
probability of about8% to have a run of length 11 or more). On the other handmost
children(andadults)areusuallyafraidof writing down runslongerthan4 or 5 asthis is
felt asstrongly“non-random”.Hence,thestatisticiansimply selectstheslipsthatcontain
runsof length6 or more.Et voilà! ö6

21.Codingwithout long runs. Becauseof hysteresisin magneticheads,certainstoragedevices
cannotstorebinarysequencesthathave morethan4 consecutive 0’sor morethan4 consecutive 1’s.
A codingschemethat transformsanarbitrarybinarystring into a stringobeying this constraintwill
becalled“acceptable”.

FromtheGF, onefinds � ¦ )�) �aÃÅÄ Ô R ÔlÆ ¸ ¦pº Î 8�= Ä ãXÇ § )@( Î 8�:·§ Ä
. Consequently, a codecanbe

built thattranslates10bit blocksinto acceptable11bit blocks,andonly needsabuilt-in tableof size
1024.Sucha codehasa lossfactorof 10%.

Any acceptablecodemustuseasymptoticallyat least1.056í bits to encodestringsof í bits.
(Hint: let È be the root near )/ of

8¤¥¼§ È ° § È ' ¥ È )@( Î :
, which is a poleof

ÃÅÄ Ô R ÔlÆ . OnehasÉËÊcÌ / ¸ 8 B È º Î 8�< :·= ã §m8 .) Thus,alossof atleast5%mustbeincurredbecauseof thecodingconstraint.
SeeEx.10for relatedcodingtheoryarguments.This limit rateof 1.056canbeapproachedarbitrarily
well, albeitwith codesof growing complexity. >
EXAMPLE 5. Patternsin a randomtext. A sequenceof lettersthatoccursin therightorder,
but not necessarilycontiguouslyin a text is saidto bea “hiddenpattern”.For instancethe
pattern“combinatorics” is to befoundhiddenin Shakespeare’sHamlet(Act I, Scene1)

combat in whichour v a lian t Hamlet[. . . ] f or fe i t [. . . ] Whi c h he s tood. . .

A censusshowsthattherearein fact ð 5 u i ðóò 3 � occurrenceshiddensomewhereamongstthe
120,057lettersthatconstitutethetext. Is this thesignof asecretencouragementpassedto
usby theauthorof Hamlet?

Take a fixed finite alphabet� comprising� letters( � ï ú u for English). Let Í�ïÕ K Õ ý O;OLOäÕ M bea wordof length N . ConsidertheregularspecificationÎ ï îs_c� a Õ K îs_c� a Õ ý îs_c� a OLO;O.î _&� a Õ M � K îs_&� a Õ M îs_c� a 5
An elementof

Î
is a øWú N%ö!ð�û -tuple whosefirst componentis an arbitraryword, whose

secondcomponentis the letter Õ K , andso on, with lettersof the patternandfree blocks
alternating. In otherterms,any ÏÑÐ Î representspreciselyonepossibleoccurrenceof the
hiddenpatternÍ in a text built over thealphabet� . TheassociatedOGFis simplyÒ ø c û ï c Mø ð¶g�� c û M � K 5The ratio betweenthe numberof occurrencesandthe numberof wordsof length î then
equals

(31) Ó õ ï � c õ � Ò ø c û�
õ ï�� � M � î N � �

andthis quantityrepresentstheexpectednumberof occurrencesof thehiddenpatternin a
randomword of length î , assumingall suchwordsto beequallylikely. For the parame-
terscorrespondingto the text of Hamlet( î`ï ð ú ò � ò v � ) andthepattern“combinatorics”
( Nñï ð i ), thequantity Ó õ evaluatesto u 5 b�uGðóò 3 � . Thenumberof hiddenoccurrencesob-
served is thus23 timeshigher thanwhat the uniform modelpredicts! However, similar
methodsmake it possibleto take into accountnonuniformletterprobabilities(seeChap-
ter III): basedon thefrequenciesof lettersin theEnglishtext itself, theexpectednumber
of occurrencesis foundto be ð 5 �?ð¹ð�ò 3 � —this is now only within 5% of what is observed.
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Thus,Shakespearedid not (probably)concealin his text any messagerelative to combina-
torics.

In thesamevein,onecandescribeall theoccurrencesof afixedword Í%ï Õ K Õ ý OLO;O@Õ M
asacontiguousblock (a “f actor”) in texts:ÔÎ ï îs_c� a ø Õ K Õ ý O;OLOäÕ M û�îs_c� a �sothattheOGFis ÔÒ ø c û¹ï c Mø ð gÕ� c û²ý 5Consequently, theexpectednumberof suchcontiguousoccurrencessatisfies

(32)
ÔÓ õ ï�� � M ø î¹gÏNcö÷ð�û þ î� M 5 ö

For patterns,the estimationof the meanin (31) and(32) canbe easilyobtainedby
directprobabilisticreasoning.Theexampleis only meantto demonstratea symbolicap-
proachto patternstatisticsthat provesextremelyversatile: it canaccommodatevarious
notionsof patterns(e.g.,we may imposemaximalspacingsbetweenletters)andprovide
valuableinformationson probabilitydistributionsaswell; see[50]. Suchmethodsareof
interestin thestatisticalanalysisof texts andin assessingthesignificanceof patternsde-
tectedin molecularbiology;see[149, Ch.12] for anintroduction.Fromthecombinatorial
standpoint,theseexamplesillustratethecountingof structuresthatarericher thanwords
(namely, patternoccurrences)by meansof regularspecifications.6

22.Patternswith gaps.If lessthan � symbolsof thetext mustseparatethelettersof thepatternin
orderto form a valid occurrence,thentheOGFof occurrencesis¦ µ ¸ 8%¥ ¯ � ¦ � º µ ¨ )¸ 8%¥ ¯ ¦pº µ ±	) <
See[50] for variationsof this theme. >

I. 4.2. Finite automata. Let againa finite alphabet� be fixed. We first definea
simpledevice that is ableto “process”wordsover the alphabetandhaswide descriptive
powerasregardsstructuralpropertiesof words.

DEFINITION I.8. A finite automatonis a directedmultigraphwhoseedgesarelabelled
by letters of the alphabet. It is customaryto call the verticesby the nameof statesand
denoteby

i
thesetof states.An initial state � � Ð i anda setof final states

i×Ö é i are
alsodesignated.A word Ø$ï�Ø K 5;5L5 Ø õ is acceptedby theautomatonif thereexistsa path
in themultigraphconnectingtheinitial state � � to oneof thefinal statesof

i×Ö
andwhose

sequenceof edge labelsis preciselyØ K � 5L5L5 � Ø õ .Anautomatonis saidto bedeterministicif for each pair ø � � ¿Uû with �ÙÐ i and ¿ÚÐ,Û
thereexistsat mostoneedge(onealsosaysa transition)startingfrom � that is labelledby
the letter ¿ . A language is said to be Û –regular (automatonregular) if it coincideswith
thesetof wordsacceptedbya deterministicfiniteautomaton.

Thefollowing equivalencetheoremis briefly discussedin theAppendix(seeAPPEN-
DIX : Regular languages, p. 171):

THEOREM (Kleene–Rabin–Scott).For a language, the following four condi-
tionsare equivalent: ø9Ü û to be ± -regular (i.e., representablebya regular specifi-
cation); ø9Ü�Ü û to be Û -regular (i.e., recognizablebya deterministicfinite automa-
ton); ø9Ü�Ü�Ü û to bethesetof wordsacceptedbya nondeterministicfiniteautomaton;ø9Ü�Ý û to bedescribedbya standard regular expression.
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In thecaseof a deterministicautomaton,it is easyto determinewhethera word Ø is
accepted:it sufficesto startfrom the initial state� � , scanthelettersof theword from left
to right, andfollow at eachstagetheonly transitionpermitted;theword is acceptedif the
statereachedin this way afterscanningthelast letterof Ø is a final state.A deterministic
automatonis thusa simpleprocessingdevice thathasa finite instructionsetgoverningits
evolutionwhencharactersareread.Hereis a rendering:

a b a b b a

Q

As anillustration,considertheclass° of all words Ø thatcontainthepattern� ��� as
a factor(thelettersof thepatternshouldappearcontiguously).Suchwordsarerecognized
by a finite automatonwith

�
states,� � � � K � � ý � � 3 . Theconstructionis classical:state� R is

interpretedasmeaning“ thefirst
�

characters of thepatternhavejust beenscanned”, and
thecorrespondingautomatonappearsin FigureI. 4.2. Theinitial stateis � � , andthereis a
uniquefinal state� 3 .

We next examine the way generatingfunctionscan be obtainedfrom a determin-
istic automaton. The processwas first discoveredin the late 1950’s by Chomsky and
Scḧutzenberger[26]. It provesconvenientat thisstageto introduceIverson’sbracketnota-
tion: for a predicatex , thevariable

� � x � � hasvalue1 if x is trueand0 otherwise.

PROPOSITION I.3. Let Þ be a deterministicfinite automatonwith stateset
i ï_c� � � 5L5L5 � ��ß a , initial state � � , and setof final states

i ï~_c� Záà � 5L5L5 � � Z½â a . Thegenerating
functionof the language ° of all wordsacceptedby theautomatonis a rational function
that is determinedundermatrix form as³ ø c ûAï�ã ø b g c õ û

� K#ä 5
There thetransitionmatrix õ is definedbyõ Z@ø R ï card _�¿ÚÐ,� suchthatanedge ø � Z � � R û is labelledby ¿ a �

a b b

a, bb a

a

0 1 2 3

FIGURE 8. Words that containthe pattern � ��� arerecognizedby a
�
–

stateautomatonwith initial state� � andfinal state� 3 .
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the line vector ã is thevector ø ð � ò � ò � 5;5L5 � ò;û and thecolumnvector
ä ï ø:Ý � � 5L5;5 � Ý ß¡ûlå is

such that Ý R ï � � � R Ð i � � .
In particular, by Cramer’s rule, theOGFof a regular languageis thequotientof two

sparsedeterminantswhosestructuredirectly reflectstheautomatontransitions.

PROOF. For
� Ð¼_¶ò � 5L5L5 ��æ a , introducetheclass(language)° R of all wordsØ suchthat

the automaton,whenstartedin state � R , terminatesin oneof the final statesafter having
readØ . Thefollowing relationholdsfor any

�
:

(33) ° R þïèç R ö Ø d¼ ó�é _&¿ a ° zaê ��ë ¼ } Ú �
there ç R is theclass_cì a formedof thewordof length0 if � R is final andtheemptyset( í )
otherwise;thenotation ø � R¥î ¿Uû designatesthestatereachedin onestepfrom state� R upon
readingletter ¿ . The justificationis simple: a language° R containstheword of length0
only if the correspondingstate � R is final; a word of length T ð that is acceptedstarting
from state � R hasa first letter ¿ followed by a word that must leadto an acceptingstate
whenstartingfrom state� R î ¿ .

Thetranslationof (33) is thenimmediate:

(34) ³ R ø c û¹ï � � � R Ð i � � ö c d¼ ó�é ³ zaê �.ë ¼ } ø c û 5
Thecollectionof all theequationsas

�
variesformsa linearsystem:with L ø c û thecolumn

vector ø ³ � ø c û � 5;5L5 � ³ ß ø c û=û , onehas

L ø c û¹ï v ö c õ L ø c û �wherev and õ areasdescribedin the statement.The resultfollows by matrix inversion
uponobservingthat ³ ø c û + ³ � ø c û . ö

For instance,considertheautomatonrecognizingthepattern� ��� asgivenin Figure8.
The languages° R (where ³ R is thesetof acceptedwordswhenstartingfom state� R ) are
connectedby thesystemof equations° � ï ��° K ö � ° �° K ï ��° K ö � ° ý° ý ï ��° K ö � ° 3° 3 ï ��° 3 ö � ° 3 öNì �
which directly reflectsthe graphstructureof the automaton.This givesrise to a setof
equationsfor theassociatedOGFs³ � ï c ³ K ö c ³ �³ K ï c ³ K ö c ³ ý³ ý ï c ³ K ö c ³ 3³ 3 ï c ³ 3 ö c ³ 3 ö÷ð 5
Solving thesystem,we find theOGFof all wordscontainingthepattern � ��� : it is ³ � ø c ûsincetheinitial stateof theautomatonis � � , and

(35) ³ � ø c û¹ï c 3ø ð g c û ø ðqg ú c û ø ðhg c g c ýbû 5Thepartialfractiondecomposition³ � ø c û¹ï ððhg ú c g ú ö cðhg c g c ý ö ððhg c �



36 I. UNLABELLED STRUCTURESAND ORDINARY GENERATING FUNCTIONS

thenyields ³ � ø õ ï ú
õ gÏú õ � 3 öKð �

with ú õ a Fibonaccinumber. In particularthe numberof wordsof length î that do not
contain � ��� is ú õ � 3 g¾ð , a quantity that grows at an exponentialrate of þ õ , with þ ïø ðùö � v û 2 ú the goldenratio. Thus,all but an exponentiallyvanishingproportionof the
stringsof lengthî containthegivenpattern� ��� , afactthatwasotherwiseto beexpectedon
probabilisticgrounds.(For instance,from theprevioussubsection,arandomwordcontains
a largenumber, about þ î 2 t , of occurrencesof thepattern� ��� .)This exampleis simpleenoughthatonecanalsocomeup with anequivalentregular
expressiondescribing° � : an acceptingpath in the automatonof Figure8 loopsaround
state0 with a sequenceof � , thenreadsan � , loopsaroundstate1 with a sequenceof � ’s
andmovesto state2 uponreadinga � ; thenthereshouldbe lettersmakingtheautomaton
passsthroughstates1-2-1-2-O;OLO -1-2andfinally a � followedby anarbitrarysequenceof � ’s
and � ’s at state3. Thiscorrespondsto thespecification° � ï îs_ � a �×îs_&� a � îs_c�Sîs_c� a � a � î _&� ö � a �
whichgivesbacka form equivalentto (35),namely,³ � ø c û¹ï c 3ø ðhg c ûRý ø ðhg � ÉK � � û ø ð g ú c û 5
The generalconstructionthat reducessystematicallyfinite automatato regularspecifica-
tions is due to the logician Kleeneand is discussedin APPENDIX : Regular languages,
p. 171.

EXAMPLE 6. Words containingor excludinga pattern. Fix an arbitrarypattern ÍäïÕ K Õ ý O;OLOäÕ M andlet ° bethe languageof wordscontainingat leastoneoccurrenceof Í as
a contiguousblock. Theconstructiongivenfor theparticularpatternÍ ïï� ��� generalizes
in an easymanner: thereexists a deterministicfinite automatonwith N öÄð statesthat
recognizes° , thestatescorrespondingto theprefixesof thepatternÍ . Thus,theOGF ³ ø c ûis a priori arationalfunctionof degreeatmost N�öäð . (Thecorrespondingautomatonis in
factknown asaKnuth–Morris–Prattautomaton[88].)

The automatonconstructionprovides the OGF ³ ø c û in determinantalform but the
relationbetweenthis rationalform andthestructureof thepatternis not transparent.An
explicit constructiondue to Guibasand Odlyzko [74] nicely circumventsthis problem;
it is basedon an “equational”specificationthat yields an alternative linear system. The
fundamentalnotion is thatof anautocorrelationvector. For a given Í , this vectorof bits
 ï ø 
 � � 5L5;5 �.
 M � K û is mostconvenientlydefinedin termsof Iverson’sbracketas
 Z ï � � Õ K Õ ý OLO;O@Õ M � Z ï Õ Z � K Õ Z � ý OLO;O@Õ M � � 5
In otherwords,thebit 
 Z is determinedby shifting Í right by Ü positionsandputtinga 1 if
theremaininglettersmatchtheoriginal. For instance,with Í%ïÅ��� ��� ��� , onehas

a a b b a a_______________________
a a b b a a 1

a a b b a a 0
a a b b a a 0

a a b b a a 0
a a b b a a 1

a a b b a a 1
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Theautocorrelationis then 
 ï ø ð � ò � ò � ò � ð � ð¶û . Theautocorrelationpolynomialis defined
as 
 ø c û®ì ï M � KdR � �ð
 RLc õ 5
For theexamplepattern,thisgives 
 ø c û¹ï!ð ö c�� ö c�� .

Let ñ bethelanguageof wordswith no occurrenceof Í and è thelanguageof words
thatendwith Í but havenootheroccurrenceof Í . First,by appendinga letterto a wordofñ , onefindsanonemptyword eitherin ñ or è , sothat

(36) ñ�ö�è�ïe_cì a öòñ�0ó� 5
Next, appendinga copy of theword Í to a word in ñ mayonly give wordsthatcontain Í
ator “near” theend.Precisely, thedecompositionbasedon theleftmostoccurrenceof Í inñ}Í is

(37) ñ�0«_�Í a ïVè70 dô�õ.ö� � _.Õ Z � K Õ Z � ý O;OLO Õ M a �
correspondingto theconfigurations ñ 2�2�2�2�2�2 Í 2�2�2�2�2�2ï 2�2�2�2�2�2 Í 2�2�2�2�2�2÷ ø�ù úè Õ Z � K OLOLO Õ M
Thetranslationof thesystem(36), (37) into OGF’s thengives:

TheOGF of wordsnot containingthepattern Í is

(38) ± ø c û¹ï 
 ø c ûc M ö ø ðhgÕ� c û 
 ø c û �where � is the alphabetcardinality, Näï�� Íº� the pattern length,and 
 ø c û the
autocorrelationpolynomial,
 ø c û¹ï ò Z 
 Z c Z .

Similarly, theGF’sof wordscontainingat leastoncethepattern(anywhere)andcontaining
it only onceat theendare³ ø c û¹ï c Mø ð gÕ� c û ø c M ö ø ðhg�� c û 
 ø c û=û×� õ ø c ûUï c Mc M ö ø ðhg�� c û 
 ø c û�respectively. ö6

23.Waiting timesin strings.Let ûÕüÏ��� n âlý £ bealanguageand
Y Î � n â�ý £ À bethesetof infinite

stringswith theproductprobability inducedby þºÿ ¸ n�º Î�� ¸ ý º Î )/ . Theprobability thata random

string ��� Y startswith a word of � is
�� ¸ 8 B §;º , where

�� ¸ ¦pº is the OGF of the “prefix language”
of � , that is, thesetof words ����� thathave no strict prefix belongingto û . TheGF

�� ¸ ¦pº serves
to expressthe expectedtime at which a word in û is first encountered:this is

8 B § �� Ü ¸ 8 B §�º . For a
regularlanguage,this quantitymustbearationalnumber. >6

24. A probabilistic paradoxon strings. In a randominfinite sequence,a pattern 	 of length ´
first occursonaverageat time

§ µ ² ¸ 8 B §�º , where ² ¸ ¦pº is thecorrelationpolynomial.For instance,the
pattern	 Î n ý.ý tendsto occur“sooner”(at averageposition 
 ) than 	 Ü Î n§n§n (at averageposition8 Ä

). See[74] for a thoroughdiscussion.Herearefor instancetheepochsat which 	 and 	 Ü arefirst
foundin asampleof 20 runs	�� Æ â Ä â = â = â ã â ã â % â 
 â 
 â 
 â 
 â��â��â 8�: â 8�8 â 8 Ä â 8�= â 8�= â 8 ã â §m8	�Ü�� Æ â Ä â 
 â 
 â��â 8�: â 8�8 â 8�8 â 8�8 â 8�§ â 8 % â §�§ â § Æ â § % â § % â § % â Ä�Ä â Äx% â =�§ â =;§m<
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Ontheotherhand,patternsof thesamelengthhavethesameexpectednumberof occurrences,which
is puzzling. (Thecatchis that,dueto overlapsof 	 Ü with itself, occurrencesof 	 Ü tendto occurin
clusters,but, then,clusterstendto beseparatedby widergapsthanfor 	 ; eventually, nocontradiction
occurs.) >6

25.Borges’s Theorem.Take any fixedset � of finite patterns.A randomtext of length í contains
all thepatternsof theset � (ascontiguousblocks)with probabilitytendingto 1 exponentiallyfastasí C��

. (Reason:therationalfunctions
Y ¸ ¦ B §�º with

Y ¸ ¦pº
asin (38) have no pole in � ¦ �×© 8 ; see

alsoChapter4.)
Note: similar propertieshold for many randomcombinatorialstructuresThey aresometimes

called“Borges’s Theorem”asa tributeto the famousArgentinianwriter JorgeLuis Borges(1899–
1986)who, in his essay“The Library of Babel”, describesa library so hugeas to contain: “Ev-
erything: the minutely detailedhistory of the future, the archangels’autobiographies,the faithful
cataloguesof theLibrary, thousandsandthousandsof falsecatalogues,thedemonstrationof thefal-
lacy of thosecatalogues,the demonstrationof the fallacy of the truecatalogue,theGnosticgospel
of Basilides,thecommentaryon thatgospel,thecommentaryon thecommentaryon thatgospel,the
true story of your death,the translationof every book in all languages,the interpolationsof every
bookin all books.” >

In general,automataareusefulin establishinga priori therationalcharacterof gener-
atingfunctions.They arealsosurroundedby interestinganalyticproperties(e.g.,Perron-
Frobeniustheorythatcharacterizesthedominantpoles)andby asymptoticprobabilitydis-
tributionsof associatedparametersthatarenormallyGaussian.They aremostconveniently
usedfor proving existencetheorems,thensupplementedwhenpossibleby regularspecifi-
cationsthatmayleadto moreexplicit expressions.6

26.Variable lengthcodes. A finite set �ïü�� , where � Î �����W£ is calleda codeif any word
of � decomposesin at mostonemannerinto factorsthat belongto � (with repetitionsallowed).
For instance� Î � n â n ýLâ!ý#ý £ is a codeand

n§n�n ý.ý#ý Î n � n � n ý � ý#ý hasa uniquedecomposition;� Ü Î � n â n§n â!ý £ is not a codesince
n�n§n Î n � n§n Î n§n � n Î n � n � n . The OGF of the set ���

of all words that admit a decompositioninto factorsall in � is a computablerational function,
irrespectiveof whether� is acode.(Hint: useaconstructionby automaton.)A finite set � is acode
iff
Y � ¸ ¦pº Î ¸ 8¥�� ¸ ¦pº�º ¨ ) . Consequently, thepropertyof beingacodecanbedecidedin polynomial

time usinglinearalgebra.Thebookof BerstelandPerrin[16] developssystematicallythetheoryof
such“variable-length”codes;seealsotheconstructionof the“Aho–Corasick”automatonin [1]. >6

27. Knight’s tours. For thenumberof knight’s tourson an í U � chessboard(with fixed � and
varying í ), theOGFis a rationalfunction. In statisticalphysics,suchautomatarelatedmethodsare
commonlyusedandknown astransfermatrixmethods. >

I. 4.3. Word relatedconstructions. Wordscanencodeany combinatorialstructure.
We detailhereoneexamplethatdemonstratestheusefulnessof suchencodings:it is rel-
ative to setpartitionsandStirling numbers.The point to be madeis that someamount
of “combinatorialpreprocessing”is sometimesnecessaryin orderto bring combinatorial
structuresinto theframework of symbolicmethods.

EXAMPLE 7. SetpartitionsandStirling partition numbers. A setpartition is a partition
of afinite domaininto acertainnumberof nonemptysets,alsocalledblocks.For instance,
if the domainis

Z ï~_c¿ � À � � �  a , thereare15 waysto partition it (Figure9). Let ñ z M }õ
denotethecollectionof all partitionsof theset

� ð 5;5 î � into N non–emptyblocksand ± z M }õ ï
cardø ñ z M }õ û the correspondingcardinality. The basicobjectunderconsiderationhereis a
setpartition (not to beconfusedwith integerpartitionsconsideredearlier).

It is possibleto find an encodingof partitionsin ñ z M }õ of an î –setinto N blocksby
wordsovera N letteralphabet,!`ïe_ � K �#� ý � 5;5L5 ��� M a asfollows:
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"$#&%('
"$#*)+%('",%-).#,'"/'0)+#&%"�)+#&%('#1)2",%('%-)2",#,''3)+"$#&%

"4)+#1)5%('"4).%6).#,'"�) '0)+#&%#*).%-)+"$'#*)2'0)7"8%%6)2'0)2",#
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FIGURE 9. The15waysto partitiona four-elementdomaininto blocks
correspondto ± z K }� ï!ð � ± z ý }� ï � � ± z 3 }� ï u � ± z � }� ï�ð .
Considera setpartition 9 that is formedof N blocks. Identify eachblock by its
smallestelementcalledtheblock leader; thensorttheblock leadersinto increas-
ing order. Definetheindex of a block astherankof its leaderamongstall the N
leaders,with ranksconventionallystartingat ð .
Scantheelementsð to î in orderandproducesequentiallyî lettersfrom theal-
phabet! : for anelementbelongingto theblockof index � , producetheletter � � .

For instanceto îçï u , N ï i , the set partition 9 ï _�_·u � � a � _ v � ð � ú a � _ i�� � � t a�a , is
reorganizedby puttingleadersin first positionof theblocksandsortingthem,

9 ï _ : àù ú�÷ ø_Ûð � ú � v a � : Éù úG÷ ø_ i � � � t a � : Ìù úG÷ ø_ � � u a�a �
sothattheencodingis K ð ú i � v u �rt� K � K � ý � 3 � K � 3 � ý � ý L 5

In this way, a partition is encodedasa word of length î over ! with the additional
propertiesthat: (i) all N lettersoccur;(ii) thefirst occurrenceof � K precedesthefirst occur-
renceof � ý which itself precedesthefirst occurrenceof � 3 , etc.Thus ñ z M }õ is mappedñ z M }õ
into wordsof length î in thelanguage

(39) � K îs_ � K a O � ý îs_ � K ö � ý a O � 3 îs_ � K ö � ý ö � 3 a OLO;O � M îs_ � K ö � ý öVOLO;O�ö � M a 5
(The encodingis clearly revertible.) Graphically, this canbe renderedby an “irregular
staircase”representation,like

wherethestaircasehaslength î andheight N , eachcolumncontainsexactly oneelement,
andthecolumnsexposedNorth-Westaresystematicallyfilled.

ThelanguagespecificationimmediatelygivestheOGF± z M } ø c û¹ï c Mø ð g c û ø ðqg ú c û ø ðhg i c û	O;OLO ø ð gÏN c û 5
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Thepartialfractionexpansionof ± z M } ø c û is readilycomputed,

± z M } ø c û¹ï ðNzü MdR � � � N� � ø g¾ð�û M
� Rðhg � c � sothat ± z M }õ ï ðNzü MdR � K ø g¾ð¶û M

� R � N� � � õ 5
In particular, onehas± z K }õ ï�ð�� ± z ý }õ ï ðú ü øhú

õ g ú û�� ± z 3 }õ ï ði ü ø i
õ g i O ú

õ ö i û 5
Thesenumbersareknown astheStirling numbersof thesecondkind, or better, astheStir-
ling partitionnumbers,andthe ± z M }õ arenowadaysusuallydenotedby ;

õ M=< ; seeAPPENDIX :
Stirling numbers, p. 173. ö

The countingof set partitionscould eventuallybe donesuccessfullythanksan en-
coding into words,and the correspondinglanguageforms a constructibleclassof com-
binatorialstructures(actuallya regular language).In the next chapter, we shall examine
anotherapproachto thecountingof setpartitionsthat is basedon labelledstructuresand
exponentialgeneratingfunctions.

We concludethissectionwith abrief mentionof “circular words”. Let � bea binary
alphabet,viewed ascomprisedof beadsof two distinct colours. The class> ï G _c� a
representsthesetof wordsto takenup to circularshift of their letters.Equivalently, with� ï _pl � î a , theclass> describes“necklaces”(p. 3). TheOGFof necklacesis giventhe
cyle constructionoperator:? ø c û ï �dM � K þ ø N�ûN \a]�_ ððhg ú c Mï ú c ö i c ý ö � c 3 ö�u c�� ö�t c�� ö÷ð � c�� ö ú ò c�� ö i u c�� ö�uÛò c�� öVOLO;O 5
Consequently, onehas

(40)
? õ ï ðî dM¸d õ þ ø N û ú

õ`e M 5
This is sequenceEISA000031andonehas

? õ ï [ õ ö ð where

[ õ
is thewheelcount,

p. 27. [The connectionis easilyexplainedcombinatorially:startfrom a wheelandrepaint
in white all thenodesthatarenot on thebasiccircle; thenfold themontothecircle.] The
sameargumentprovesthatthenumberof necklacesoveran � -aryalphabetis obtainedby
replacingú by � in (40).

I. 5. Treesand tr ee-likestructur es

This sectionis concernedwith basictree enumerations.Treesare, as we saw, the
prototypicalrecursive structure.There,recursive specificationsnormally leadto nonlin-
earequations(andsystemsof suchequations)over generatingfunctions. The Lagrange
inversiontheoremis usefulin solving the simplestcategory of problems.The functional
equationsfurnishedby the symbolicmethodare thenconvenientlyexploited by the as-
ymptotictheoryof Chapter5. a certaintypeof analyticbehaviour appearsto beuniversal
in trees,namelya � –singularity;asa consequence,mosttreesfamiliesoccurringin the

combinatorialworld havecountingsequencesobeying theasymptoticform wÕÛ õ î � 3 e ý .
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I. 5.1. Plane tr ees.Planetreesarealsosometimescalledorderedtrees. There,the
subtreesdanglingfrom a nodeareorderedbetweenthemselves. Alternatively, thesetrees
maybeviewedasabstractgraphstructuresaccompaniedby anembeddinginto theplane;
seeAPPENDIX : Treeconcepts, p. 174 for key conceptsassociatedwith trees. They are
preciselydescribedin termsof unions,cartesianproducts,and sequenceconstructions.
Here,werestrictattentionto rootedtrees.

First,considertheclass@ of “general”planetreeswhereall nodedegreesareallowed;
it satisfiestherecursivespecification(alreadydiscussedon p. 17,

(41) @�ï ð70¯îs_A@ a �
and,accordingly, Þ ø c û is determinedbyÞ ø c û¹ï cðhgÕÞ ø c û � hence Þ ø c û¹ï ðhg � ðhg � cú 5
As aresult,thenumberof generaltreesof size î is theCatalannumber

ôFõ� K :Þ õ ï ðî � ú î g úî¹g ð � ï ðú î g ð � ú î¹g`ðî � ï øhú î¹g ú û�üîAü ø î g ð�û¡ü 5Many classesof treesdefinedby all sortsof constraintson propertiesof nodesappear
to be of interestin combinatoricsand in relatedareaslike logic andcomputerscience.
Let Ó be a subsetof the integersthat contains0. Define the class èCB of Ó -restricted
treesas formed of treessuchthat the outdegreesof nodesare constrainedto lie in Ó .
Thus,for instanceÓ»ï _¶ò � ú a determinesbinary trees,whereeachnodehaseither0 or 2
descendants;Ó ï _¶ò � ð � ú a and Ó÷ï _¶ò �.i a determinerespectively unary-binarytreesand
ternarytrees; the caseof generaltreescorrespondsto Ó ïED f[� . In what follows, an
essentialrôle is playedby the(ordinary)characteristicfunctionof Ó , namelyF ø G ûqìoï dH ó B G H 5
It is in termsof this characteristicfunction that Ó -restrictedtreescanbe enumeratedas
shown by thefollowing statement:

PROPOSITION I.4. The ordinary generating function õ4B ø c û of the class èCB of Ó -
restrictedtreesis determinedimplicitly by theequationõ ø c ûAï c F ø õ ø c û=û �where

F
is the ordinary characteristicof Ó , namely

F ø G ûñì ï ò HJI B G H . Thetreecounts
aregivenby

(42) õ Bõ + � c õ � õ B ø î�û¹ï ðî � G õ� K � F ø G û
õ 5

PROOF. TheGFequationisadirectconsequenceof thespecificationèCB×ï ð î B _·è a
andof theobvioustranslationof Ó -restrictedsequences:��ï î B _LK a ï3M Û ø c û ï F ø K ø c û²û 5Thisshows that õ÷ï9õ4B is relatedto c by functionalinversion:c ï õF ø õ û 5
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TheLagrangeInversionTheorempreciselystatesthattheexpansionof aninversefunction
(hereõ ) aredeterminedsimply by coefficientsof powersof the“direct” function(that in-
volves

F
): seeAPPENDIX : LagrangeInversion, p. 170.This is preciselywhatis expressed

by (42. ö
The statementextendstrivially to the casewhere Ó is a multisetof integers,that is,

a set of integerswith repetitionsallowed. For instance, Ó ï _�ò � ð � ð �*i a corresponds
to unary-ternarytreeswith two typesof unary nodes,say, having one of two colours;
in this case,the characteristicis

F ø G û ï G � ö ú G K ö G 3 . The theoremgivesback the
enumerationof generaltrees,where

F ø G û ï ø ð�g G û
� K

, by way of thebinomial theorem
appliedto ø ð�g G û

�6õ
. In general,it implies that,whenever Ó comprises� elements,Ó ï_�Ï K � 5;5L5 � Ï � a , the tree countsare expressedas an ø � g�ð¶û -fold summationof binomial

coefficients(usethemultinomialexpansion).An importantspecialcasedetailedbelow is
when Ó hasonly two elements.6

28.Forests. Considerordered́ -forestsof treesdefinedby � Î ��µ·��NU£ . TheBürmannform of
Lagrangeinversionimplies � ¦ � � � ¸ ¦pº3O � ¦ � �QP ¸ ¦pº µ Î ´í � R ��¨ µ �TS ¸ R º � <In particular, onehasfor forestsof generaltrees(

S ¸ R º Î ¸ 8+¥ R º ¨ ) ):� ¦ � �B; 8%¥ Å 8+¥ Ä ¦§ = µ Î ´í » § í ¥ ´ ¥¼8í ¥«8 ½VU
thecoefficientsarealsoknown as“ballot numbers”. >
EXAMPLE 8. “Regular” ( W -ary) trees. A treeis saidto be W -regularor W -ary if Ó consists
only of theelements_¶ò � W a . In otherwords,all internalnodeshavedegreeW exactly, hence
the name. Let � ìoï è ÷ � ø å ù . In an elementof � , a nodeis either terminal or it has
exactly W children. In this case,the characteristicis

F ø G û�ï ðcö G å and the binomial
theoremcombinedwith theLagrangeinversionformulagivesÛ õ ï ðî � G õ� K � ø ð ö G å û

õ
ï ðî � îõ×� Kå � provided î + ð6X ]ZY W .

As theformulashows,only treesof total sizeof theform î ï[W�\cö ð exist (a well-known
factotherwiseeasilycheckedby induction),and

(43) Û å2] � K ï ðW�\cö÷ð � W�\cö÷ð\ � ï ðø W�g`ð¶û�\cö÷ð � W�\\ � 5A particularrôle is playedby binarytrees.Thena form equivalentto (43) reads:

Thenumberof planebinary treeshavinga total of ú \aö$ð nodes(i.e., \ binary
nodesand \cöÆð externalnodes)is theCatalannumber

ô
] ï K] � K 2 ý ]] 4 .

In thisbook,weshalluse! todenotetheclassof binarytrees.Sizewill befreelymeasured,
dependingon context andconvenience,by recordinginternal,external,or all nodes.

Thereis a variant of the determinationof (43) that avoids congruencerestrictions.
Let � be the classof W -ary treesanddefinethe class

Ô� of “pruned” treesas treesof �
deprivedof all their externalnodes.The treesin

Ô� now have nodesthatareof degreeat
most W . In orderto make

Ô� bijectively equivalentto � , it sufficesto regardtreesof
Ô�

ashaving 2 åR 4 possibletypesof nodesof degree
�

for any
� Ð � ò � W � : eachnodetype in

Ô�
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FIGURE 10. A generaltree of @ � K (left) and a binary tree of è ÷ � ø ý!ù� K
(right) drawn uniformly at randomamongstthe

ô � � and

ô ý � possible
treesrespectively, with

ô õ ï Kõ � K 2 ý õõ 4 the î th Catalannumber.

plainly encodeswhichof theoriginal W�g � subtreeshavebeenpruned.Theequationsabove
immediatelygeneralizeto thecaseof an Ó with multiplicities. Onefinds

ÔF ø G û¹ï ø ð ö G û!åand
ÔÛ ø c û¹ï c ÔF ø ÔÛ ø c û=û , sothat,by Lagrangeinversion,ÔÛ ] ï ð\ � W�\\ g`ð � �

yetanotherequivalentform of (43),since,by basiccombinatorics,
ÔÛ ] ïÅÛ å2] � K . ö6

29.Motzkinnumbers. Let ^ ¸ ¦pº bethegeneratingfunctionfor unary-binarytrees( _ Î � : â 8 â § £ ):^ ¸ ¦pº Î ¦ ¸ 8�° ^ ¸ ¦pº�° ^ ¸ ¦pº / º Îa` ^ ¸ ¦pº Î 8+¥¹¦q¥ Å 8+¥¯§L¦ ¥ Æ ¦ /§;¦ <
Onehaŝ

¸ ¦pº Î ¦°W¦ / °U§C¦ Ò ° Ä ¦ Ô °  ¦ � °U§p8	¦ ' °U=m8Q¦ � °×����� . Thecoefficients ^ � Î�� ¦ �x� ^ ¸ ¦pº
aregivenin Lagrangeform as ^ � Î 8í Ý µ » í ´ ½ » í ¥ ´´ ¥«8 ½ â
andcalledMotzkin numbers(EISA001006). >6

30.Yet anothervariant of b -ary trees.Let c� betheclassof b -ary trees,but with sizenow defined
asthenumberof externalnodes(leaves).Then,onehasc� Î W ° �¶µp�/c�W£ <
Thebinomialformulafor cd � follows from Lagrangeinversionappliedto cd Î ¦ B ¸ 8+¥ cd6e ¨ ) º . >
EXAMPLE 9. Hipparchusof RhodesandSchröder. In 1870,theGermanmathematician
ErnstSchr̈oder (1841–1902)publisheda paperentitledVier combinatorische Probleme.
The paperhadto do with the numberof termsthat canbe built out of î variablesusing
nonassociativeoperations.In particular, thesecondof his four problemsasksfor thenum-
ber of ways a string of î identical letters,say J , canbe “bracketted”. The rule is best
statedrecursively: J itself is a brackettingandif f K � f ý � 5L5L5 � f M with N T ú arebracketted
expressions,thenthe N -ary product ø f K û ø f ý û	OLO;O ø f M û is abracketting.

Let ñ denotetheclassof all brackettings,wheresizeis thenumberof variables.Then,
therecursivedefinitionis readilytranslatedinto theformal specification

(44) ñ ï ð öXî f ý _�ñ a � ð ïe_ J a 5
To eachbrackettingof size î is associateda treewhoseexternalnodescontainthe vari-
able J (anddeterminesize),with internalnodescorrespondingto brackettingsandhaving
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ø J K ûhg ø J ý$i ø J 3 g J � g J � û i J � û3g ø=ø J � g J � û i ø J � g J K � û²ûgJ K i iJ ý g J �J 3 J � J � g gJ � J � J � JCK �
j M ) M Ò M Ô M �M /

M '
M � M $
M " M )@( j

FIGURE 11. An and–orpositive propositionof the conjunctive type
(top), its associatedtree (middle), and an equivalent planar series-
paralllelnetwork of theserialtype(bottom).

degreeat least2 (while not contributing to size). Thefunctionalequationsatisfiedby the
OGFis then

(45) ± ø c ûUï c ö ± ø c û ýðhgò± ø c û 5This is not a priori of the type correspondingto PropositionI.4 becausenot all nodes
contribute to sizein this particularapplication.However, the quadraticequationinduced
by (45)canbesolved,giving± ø c û ï ð� K ðOö c g�k ðhgÏu c ö c ý Lï c ö c ý ö i c 3 ö÷ð3ð c�� ö � v c�� öÆðcb�� c�� öNbÛò i c�� ö � ú �§b c�� ö ú ò�xb i c��ö÷ðóò i ò � b c K � ö v ð;t�t v b c K*K öVOLO;O �
wherethe coefficientsareEIS A001003. (Thesenumbersalsocountseries-parallelnet-
worksof a specifiedtype(e.g.,serialin Figure11,bottom),whereplacementin theplane
matters.)

In an instructive paper, Stanley [136] discussesa pageof Plutarch’s Moralia where
thereappearsthefollowing statement:

“Chrysippussaysthat thenumberof compoundpropositionsthatcan
be madefrom only ten simplepropositionsexceedsa million. (Hip-
parchus,to be sure, refutedthis by showing that on the affirmative
sidethereare103,049compoundstatements,andon thenegativeside
310,952.)”

It is notablethat the tenthnumberof Hipparchusof Rhodes5 (c. 190–120B.C.) is pre-
cisely ± K � ï ðóò iS� ò � b . This is, for instance,the numberof logical formulæthat canbe
formedfrom ten booleanvariablesJCK � 5L5;5 � JCK � (usedonceeachandin this order)using

5This wasfirst observed by David Houghin 1994; see[136]. In [75], Habsieger et al. further notethat)/ml5n )@( £ n )�)poaq &����c�#���! , andsuggesta relatedinterpretation(basedonnegatedvariables)for theothercount

givenby Hipparchus.
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Treevariety 1 2 3 4 5 6 7 8 í °*�
Planegen. r Î WèU �W�sr�£ 1 1 2 5 14 42 132 429 )� � / ��¨ /��¨ )  Í Ä ��¨ ) B Å ì í ÒPlanebin. N Î W ° � / �sN�£ 1 1 2 5 14 42 132 429 )� � / ��¨ /��¨ )  Í Ä ��¨ ) B Å ì í ÒUnord. gen. t Î W�U ¿Y�utñ£ 1 1 2 4 9 20 48 115

¥ Íwv �px � B í Ò0Ó /Unord. bin. y Î W ° ¿ / ��y £ 1 1 1 2 3 6 11 23
¥ v / �zx �/ B í Ò0Ó /

FIGURE 12. Thenumberof rootedtreesof typeplane/unorderedand
general/binaryfor î�ï ð 5L5 t andthe correspondingasymptoticforms
where { 5ï ò 5 � i b`b ú , À 5ï ú 5 b v�v �mu ; { ý 5ï ò 5 �§b�ð;uÛò , À ý 5ï ú 5 � t i ú v . For
binarytrees,sizeis by conventionthenumberof externalnodes.

and–orconnectivesin alternation(no “negation”),uponstartingfrom thetop in somecon-
ventionalfashion(e.g,with anand-clause);seeFigure116. Hipparchuswasnaturallynot
cognizantof generatingfunctions,but with the technologyof the time (anda ratherre-
markablemind!), hewould still beableto discovera recurrenceequivalentto (45),

(46) ± õ ï � � î T ú � � Ø dõ à �&|}|}| � õ  � õ ±
õ à ± õ É OLOLO�±

õ Ú ö � � î�ï�ð � � �
wherethesumhasonly 42 essentiallydifferenttermsfor îtï ð�ò (see[136] for a discus-
sion),andfinally determine± K � . ö6

31.TheLagrangeanform of Schröder’s GF. Thegeneratingfunction
Y ¸ ¦pº

admitstheformY ¸ ¦pº Î ¦ S ¸ Y ¸ ¦pº�º where
S ¸.~ º Î 8%¥ ~8+¥¯§ ~

is theOGFof compositions.Consequently, onehasY � Î 8í � R �m¨ ) �¸; 8+¥ R8+¥o§ R = �Î ¸ ¥h8�º �m¨ )í Ý µ ¸ ¥¤§;º µ » í´ °Ï8 ½ » í ° ´ ¥¼8´ ½Î 8í ��¨ /Ýµ Ã ( » § í ¥ ´ ¥o§í ¥«8 ½ » í ¥o§´ ½ <
Is therea directcombinatorialrelationto compositions? >6

32. Faster determinationof Schröder numbers. By forming a differential equationsatisfied
by
Y ¸ ¦pº

andextractingcoefficients,oneobtainsa recurrence¸ í °�§�º Y � ±�/ ¥ Æ ¸ § í ° 8�º Y � ±C) ° ¸ í ¥�8�º Y � Î : âthat entailsa fast determination(in linear time) of the
Y � . In contrast,Hipparchus’s recurrence

impliesanalgorithmof complexity Ç � ��� � � in thenumberof arithmeticoperationsinvolved. >
6Any functional term admitsa uniquetreerepresentation.Here,assoonasthe root type hasbeenfixed

(e.g.,an � connective), theothersaredeterminedby level parity. Theconstraintof nodedegrees�¹� in thetree
meansthatno superfluousconnectives areused.Finally, any monotonebooleanexpressioncanbe represented
by a series-parallelnetwork: the � Þ areviewedasswitcheswith the true andfalsevaluesbeingassociatedwith
closedandopencircuits,respectively.
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I. 5.2. Nonplane tr ee. An unorderedtree, alsocallednonplanetree,is a treein the
generalgraph–theoreticsense,sothat thereis no orderdistinctionbetweensubtreesema-
natingfrom a commonnode.Theunorderedtreesconsideredherearefurthermorerooted,
meaningthatoneof thenodesis distinguishedastheroot. Accordingly, in thelanguageof
constructiblestructures,arootedunorderedtreeis arootnodelinkedto amultisetof trees.
Thus,theclass� of all unorderedtrees,admitstherecursivespecification� ï ð70 H _s� a �
which translatesinto thefunctionalequation� ø c û ï c ø ð®g c û

� � à ø ðhg c ý û
� � É ø ðhg c 3 û

� � Ì O;OLOï c ���×� 2 � ø c û�ö ðú � ø c ý û�ö ði � ø c 3 û�öPO;OLO 4 5
Thefirst form is dueto Cayley in 1857[17, p.43]; it doesnotadmitaclosedform solution,
thoughtheequationpermitsoneto determineall the

� õ
recurrently(EISA000081)� ø c û¹ï c ö c ý ö ú c 3 ö � c � öNb c � ö ú ò c � ö � t c � öÆðÛð v c � ö ú t�u c � öX�?ð�b c K � öPO;OLO 5In addition,the local analysisof the singularitiesof

� ø c û (Chapter4) yields a bonafide
asymptoticexpansionfor

� õ
, a factfirst discoveredby Pólya [115] who provedthat

(47)
� õ þ { O À õî43 e ý �

for somepositiveconstants{ 5ï ò 5 � i b`b ú and À 5ï ú 5 b v�v �pu .6
33. Fast determinationof the Cayley–Pólya numbers. Logarithmicdifferentiationof the equa-

tion satisfiedby � ¸ ¦·º provides for the � � a recurrencethat permitsone to compute� � in time
polynomialin í . (Note: a similar techniqueappliesto thepartitionnumbersÛ � ; seep. 23.) >

The enumerationof the classof treesdefinedby an arbitraryset Ó of nodesdegree
immediatelyresultsfrom thetranslationof setsof fixedcardinality.

PROPOSITION I.5. Let Ó�� 6 be a finite setof integers containing0. Definethe
“exponentialcharacteristic” �(�+�0� ������T�

� ��1�T�
TheOGF � �2�=� of nonplanetreeswith degreesconstrainedto lie in � satisfiesthe func-
tional equation � �2�=� � � �h� � �2�=�����w�Z��� � �7�m��� � � �2�¡ �� � �s��� � �
for somepolynomial

�
.

PROOF. Theclassof treessatisfiesthecombinatorialequation,¢ ��£¥¤�¦ �8§ ¢©¨ ª ¦ �&§ ¢©¨�« ����T� ¦ ��§ ¢©¨�¬ �
where the multiset constructionreflectsnon-planarity, sincesubtreesstemmingfrom a
nodecanbefreely rearrangedbetweenthemselvesandmayappearrepeated.TheoremI.2
impliesthatthetranslationof ¦® §L¯ ¨ is ° �2�=� m±³² � plusapolynomialform in § ° �7�  � ¨ L´ � ;
theresultfollows. µ
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Oncemore, thereare no explicit formulæbut only functional equationsimplicitly
determiningthegeneratingfunctions.However, asweshallseein Chapter4, theequations
maybeusedto analysethedominantsingularityof � �7�¡� . It is foundthata“universal”law
governsthesingularitiesof simpletreegeneratingfunctionsthatareof thetype ¶ ·*¸ � ±A¹ ,
correspondingto a generalasymptoticscheme(seeFigure12),

(48) � �º¼»[½ � �+¾ � � º¿ À   �
Many of thesequestionshavetheirorigin in combinatorialchemistry, startingwith Cayley
in the 19th century[17, Ch. 4]. Pólya reexaminedthesequestions,andin his important
paperpublishedin 1937 [113] he developedat the sametime a generaltheoryof com-
binatorial enumerationsundergroup actionsand of asymptoticsmethodsgiving rise to
estimateslike (48). Seethe book by HararyandPalmer [76] for moreon this topic or
Read’seditionof Pólya’spaper[115].Á

34.Binary nonplanetrees.Unorderedbinarytreeswith sizemeasuredby thenumberof external
nodesaredescribedby theequationÂ¼Ã�ÄwÅÇÆÉÈzÊpÂ1Ë . ThefunctionalequationdeterminingÌ�Í+ÎÐÏ
is

(49) Ì�Í+ÎÐÏhÃÑÎ/ÅÓÒÔ0Ì�Í+ÎAÏ È Å®ÒÔ0Ì�Í+Î È ÏpÕÖÌ�Í+ÎÐÏ3ÃÑÎ/Å×Î È ÅÇÎLØ�Å Ô ÎLÙ(Å×ÚLÎÐÛhÅÝÜzÜzÜaÞ
Theasymptoticanalysisof thecoefficients(EIS A001190) wascarriedout by Otter [111] who es-
tablishedanestimateof type(48). (Thevaluesof theconstantsaresummarizedin Figure12.) The
quantity Ì3ß is alsothenumberof structurallydistinctproductsof à elementsundera commutative
nonassociative binaryoperation. áÁ

35. Hierarchies. Definetheclassâ of hierarchiesto be treeswithout nodesof outdegree1 and
sizedeterminedby the numberof externalnodes.ThecorrespondingOGFsatisfies(Cayley 1857,
see[17, p.43]) ã Í+ÎÐÏ3Ã ÒÔ Î$Å ÒÔÇä5åçæTè Í ã Í+ÎÐÏaÅ ÒÔ ã Í+Î È Ï�ÅÝÜzÜzÜéÏ0ê Òçë-ì
from which thefirst valuesarefound(EISA000669)ã Í+ÎÐÏ3ÃÑÎ$ÅÇÎ È Å Ô ÎAØ�ÅÇí�ÎAÙ�Å Ò Ô ÎÐÛhÅ×ÚLÚLÎLî&ÅðïLñ�ÎÐò(Å Ô�ó Ò ÎAô�Å�õ óLó ÎAö&Å Ô Ú Ò Ô ÎT÷2ø&ÅÝÜzÜzÜaÞ
Thesenumbersalsoenumeratetopologicallyequivalentseries-parallelnetworks(with no planeem-
beddingimposed)aswell ashierarchiesin statisticalclassificationtheory[142]. They arethenon-
planaranaloguesof theHipparchus–Schröder’s numbersonp. 43. á

I. 5.3. Treerelatedconstructions. Treesunderlierecursivestructuresof all sorts.A
first illustration is provided by the fact that the Catalannumbers,ù º � úº³û ú3ü � ºº6ý count
generaltrees( þ ) of size

À � · , binarytrees( ÿ ) of size
À

(if sizeis definedasthenumberof
internalnodes),aswell astriangulations( � ) comprisedof

À
triangles.Thecombinatorial-

ist JohnRiordanevencoinedthename“Catalandomain”for theareawithin combinatorics
thatdealswith objectsenumeratedby Catalannumbers,andStanley’sbookcontainsanex-
ercise[137, Ex.6.19]whosestatementalonespanstenfull pages,with alistsof 66typesof
objects(!)belongingto theCatalandomain.We shall illustratetheimportanceof Catalan
numbersby describinga few fundamentalcorrespondencesthe “explain” the occurrence
of Catalannumbersin relationto thealreadyencounteredclassesþ � ÿ � � .

Thecombinatorialisomorphismrelating þ and ÿ (albeitwith ashift in size)coincides
with a classicaltechniqueof computerscience[85, Sec.2.3.2]. To wit, a generaltreecan
be representedin sucha way that every nodehastwo typesof links, onepointing to the
leftmostchild, theotherto thenext sibling in left-to-rightorder. Underthis representation,
if theroot of thegeneraltreeis left aside,thenevery nodeis linkedto two other(possibly
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empty)subtrees.In otherwords,generaltreeswith
À

nodesareequinumerouswith pruned
binarytreeswith

À ¸�· nodes: þ º »� ÿ º�� ú �
Graphically, this is illustratedasfollows:

The rightmosttreeis a binary treedrawn in a conventionalmanner, following a 45� tilt.
This justifiesthenameof “rotationcorrespondence”oftengivento this transformation.

The relation betwenbinary trees ÿ and triangulations� is equally simple: draw a
triangulation;definethe root triangle as the one that containsthe edgeconnectingtwo
designatedvertices(for instance,the verticesnumbered0 and 1); associateto the root
triangletheroot of a binarytree;next, associaterecursively to thesubtriangulationon the
left of theroot trianglea left subtree;dosimilarly for theright subtriangulationgiving rise
to a right subtree.

Underthis correspondence,treenodescorrespondto trianglefaces,while edgesconnect
adjacenttriangles.Whatthis correspondenceprovesis thecombinatorialisomorphism� º »� ÿ º �

We turn next to differenttypesof objectsthatarein correspondencewith trees.These
canbeinterpretedaswordsencodingtreetraversals,andinterpretdgeometricallyaspaths
in thediscreteplane � ¤ � .

EXAMPLE 10. Treecodesand Łukasiewicz words. Any treecanbe traversedstarting
from theroot, proceedingdepth-first(andleft-to-right), andbacktrackingupwardsoncea
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subtreehasbeencompletelytraversed.For instance,in thetree

(50) � � a

b c

d e f g

h i j

thefirst visits to nodestakeplacein thefollowing order� ���A�
	����3�
¡�������Ð��� ���ç��� �
(Note: thetags� ���A� ���s� addedfor conveniencein orderto distinguishnodeshavenospecial
meaning;only the abstracttreeshapemattershere.) This order is known aspreorder or
prefixorder sincea nodeis preferentiallyvisitedbeforeits children.

Given a tree,the listing of the outdegreesof nodesin prefix orderwill be calledthe
preorderdegreesequence.For thetreeof (50), this is� � � � ���J� · ���a���J���J� · � � ���a��� � �
It is a fact that thedegreesequencedeterminesthetreeunambiguously. Indeed,giventhe
degreesequence,thetreeis reconstructedstepby step,addingnodesoneaftertheotherat
theleftmostavailableplace.For � , thefirst stepsarethen

+2 +3 +1 +0 +0

Next, if onerepresentsdegree � by a “symbol” ��� , thenthe degreesequencebecomesa
word over theinfinite alphabet� � § �! T��� ú � ���s� ¨ , for instance,�#" � � �   � ú �  �  �  � ú � � �  �  �
This can be interpretedin logical languagea denotationfor a functional term built out
symbolsfrom � , where � � representsa “function” of degree� . Thecorrespondenceeven
becomesobvious if superfluousparenthesesareaddedat appropriateplaceto delimitate
scope: �#" � � � �   � � ú � �$ � ���$ m���$ � ��� ú � � � � �! m���$ ���p� �
Suchcodesareknown asŁukasiewicz codes7, in recognitionof the work of the Polish

logicianwith thatname.JanŁukasiewicz (1878–1956)introducedthemin orderto com-
pletelyspecifythesyntaxof termsin variouslogical calculi; they provenowadaysbasicin
thedevelopmentof parsersandcompilersin computerscience.

7A lessdignified nameis “Polish prefix notation”. The “reversePolish notation” is a variant basedon
postorderthathasbeenusedin calculatorssincethe1970’s.
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Finally, atreecodecanberenderedasawalk overthediscretelattice � ¤ � . Associate
to any ��� (i.e.,any nodeof outdegree� ) thedisplacement

� · �%� ¸�· � & � ¤ � , andplot the
sequenceof movesstartingfrom theorigin. On theexampleonefinds:

' È ' Ø ' ÷ ' ø ' ø ' ø ' ÷ ' È ' ø ' øÒ Ô ñ ê Ò ê Ò ê Ò ñ Ò ê Ò ê Ò
There,the last line representstheverticaldisplacements.The resultingpathsareknown

asŁukasiewicz paths. Sucha walk is thencharacterizedby two conditions: the vertical
displacementsare in the set § ¸V· ���a� · � � � �s��� ¨ ; all the its points,except for the very last
step,arealwaysin theupperhalf-plane.

By this correspondence,thenumberof Łukasiewicz pathswith
À

stepsis theshifted
Catalannumber, úº ü � º�� �º(� ú ý . µÁ

36. Conjugacyprinciple andcyclelemma. Let ) betheclassof all Łukasiewicz paths.Define
a “relaxed” pathas one that startsat level 0, endsat level ê Ò but is otherwiseallowed arbitrary
negative steps;let * be the correspondingclass. Then,eachrelaxed pathcanbe cut-and-pasted
uniquelyafterits leftmostminimumasdescribedhere:

This associatesto every relaxed path of length + a uniquestandardpath. A bit of combinatorial
reasoningshows that correspondenceis 1-to-+ (eachelementof ) hasexactly + preimages.)One
thushas ,#- Ã.+0/1- . This correspondencepreservesthenumberof stepsof eachtype(

' ø ì ' ÷ ì ÞuÞzÞ ),sothatthenumberof Łukasiewicz with +�2 stepsof type
' 2 isÒ+ 3 465 ÷87 -89ø 7 -;:÷ ÜzÜçÜ%<�= 465 ÷%7 ø Å 7 ÷ Å 4 7JÈ Å 4 È 7 Ø ÅÑÜzÜçÜ8> - Ã Ò+ ? ++ ø ì + ÷ ì ÞzÞçÞ @ ì

underthenecessarycondition Í ê Ò Ï%+ ø ÅÇñ�+ ÷ Å Ò +AÈhÅ Ô + Ø ÅÝÜzÜzÜ³Ã�ê Ò .This combinatorialway of obtainingrefinedCatalanstatisticsis known asthe“conjugacy prin-
ciple” [119] or the“cyclelemma”[40]. Raney hasderivedfrom it apurelycombinatorialproofof the
Lagrangeinversionformula[119] while Dvoretzky & Motzkin [40] haveemployedthis techniqueto
solve a numberof countingproblemsrelatedto circulararrangements. á
EXAMPLE 11. BinarytreecodesandDyck paths. Walksassociatedwith binarytreeshave
a very specialform sincetheverticaldisplacementscanonly be

� · or ¸V· . Theresulting
pathsof Łukasiewicz type are thenequivalently characterizedassequencesof numbersA � � A  ¡� A ú � �s��� � A � º � A � º³û ú � satisfyingtheconditions

(51) A  � �CB A �ED.� for ·GF � F � À B H A � û ú ¸ A ��H � · B A � º³û ú � ¸V· �
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Thesecoincidewith “gamblerruin sequences”,afamiliarobjectfrom probabilitytheory:a
playerplaysheadandtails. Hestartswith nocapital( A  � � ) at time0; his totalgainis A �
at time � ; heis allowedno credit( A � DI� ) andlosesat thevery endof thegameA � º³û ú �¸V· ; hisgainsare J©· dependingon theoutcomeof thecoin tosses( H A � û ú ¸ A � H � · ).

It is customaryto drop thefinal stepandconsider“excursions’that take placein the
upperhalf-plane.The resultingobjectsdefinedassequences

� A  � �J� A ú � �s��� � A � º � � �
satisfyingthefirst threeconditionsof (51)areknown in combinatoricsasDyck paths8. By
construction,Dyck pathsof length

� À
correspondbijectively to binarytreeswith

À
internal

nodesandareconsequentlyenumeratedby Catalannumbers.Let K bethecombinatorial
classof Dyckpaths,with sizedefinedaslength.Thispropertycanalsobecheckeddirectly:
thequadraticdecomposition
(52)

= +
(ε)

D D
DK � §ML ¨ �Ö�ON KQP � ¤ K

inducesfor theOGFof Dyck pathsthequadraticequationR �2�=� � · ���2� R �2�=�é�=� R �7�¡� �
from which the CatalanGF results,and

R � º � úº³û ú ü � ºº ý � asexpected.The decomposi-
tion (52) is known asthe“first passage”decompositionasit is basedon thefirst time the
cumulatedgainsin thecoin-tossinggamepassthroughthevaluezero.

Dyck pathsalsoarisein connectionwill well-parenthetizedexpressions.Theseare
recognizedby keepinga counterthat recordsat eachstagethe excessof the numberof
openingbrackets‘ (’ over closingbrackets‘ )’. Finally, oneof theoriginsof Dyck pathis
thefamous“ballot problem”,whichgoesbackto thenineteenthcentury[99]: therearetwo
candidates° and S thatstandfor election,

� À
voters,andtheelectioneventuallyresultsin

a tie; whatis theprobabilitythat ° is alwaysaheadof or tied with S whentheballotsare
counted?Theansweris R � ºü � ºº-ý � ·À � · �
sincethereare ü � ºº6ý possibilitiesin total,of which thenumberof favorablecasesis

R � º , a
Catalannumber. Thecentralrôleof Dyck pathsandCatalannumbersin problemscoming
from suchdiverseareasof scienceis quiteremarkable. µÁ

37.Dyck pathsandgeneral trees.Theclassof Dyck pathsadmitsanalternativesequencedecom-
position

(53)
=

D D
DD

T ÃVU�ÊsÄXW T W Ä�Ë ì
8Dyck pathsare closely associatedwith free groupson one generatorand are namedafter the German

mathematicianWalther(von)Dyck (1856–1934)who introducedfreegroupsaround1880.
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whichagainleadsto theCatalanGF. Thedecomposition(53) is known asthe“archdecomposition”.
It canalsobedirectly relatedto traversalsequencesof generaltrees,but with thedirectionsof edge
traversalsbeingrecorded(insteadof traversalsbasedon nodedegrees). áÁ

38. Randomgeneration of Dyck paths. Dyck pathsof length
Ô à canbe generateduniformly at

randomin time linear in à . (Hint: By the conjugacy principle of Ex. 36, it suffices to generate
uniformly asequenceof àEY ’sand à4Å Ò[Z ’s, thenreorganizeit accordingto theconjugacy principle.áÁ

39.Motzkinpathsandunary-binarytrees.Motzkin pathsaredefinedby changingthethird condi-
tion of (51) definingDyck pathsinto \ 4 2�] ÷ ê 4 2 \0^ Ò . They appearascodesfor unary-binarytrees
andareenumeratedby theMotzkin numbersof Ex. 29. á
EXAMPLE 12. Thecomplexity of booleanfunctions. Complexity theoryprovidesmany
surprisingapplicationsof enumerativecombinatoricsandasymptoticestimates.In general,
onestartswith a finite setof mathematicalobjects� anda combinatorialclassK of “de-
scriptions”. By assumption,to every objectof _ & K is associatedanelement̀

� _ � & � ,
its “meaning”; converselyany objectof � admitsat leastonedescriptionin K , that is,
the function ` is surjective. It is then of interestto quantify propertiesof the shortest
descriptionfunctiondefinedfor � & � as� � � �ba �dcfehgji H _ H k�ll ` � _ � � �nm �
andcalledthe“complexity” of elementof � (with respectto K ).

Wetakehere� to betheclassof all booleanfunctionson o variables.TheirnumberisH H � H H � � ��p . As descriptions,weadopttheclassof logicalexpressionsinvolving thelogical
connectives q ��r andpureor negatedvariables.Equivalently, K is theclassof binarytrees,
whereinternalnodesaretaggedby a logical disjunction(‘ q ’) or a conjunction(‘ r ’); each
externalnodeis taggedby eithera booleanvariableof § A ú � �s��� � A6s ¨ or anegatedvariable
of §!t A ú � �s��� � t A6s ¨ . Definethesizeof a treedescriptionasthenumberof internalnodes,
thatis, thenumberof logicaloperators.Then,onehas

(54)
R º �vu ·À � · u � ÀÀxwyw.z � º z � � o � ºTû ú �

asseenby countingtreeshapesandpossibilitiesfor internalaswell asexternalnodetags.
Thecruxof thematteris thatif theinequality

(55) {���|} R �E~ H H � H H��
holds,thentherearenotenoughdescriptionsof size Fd� to exhaust� . In otherterms,there
mustexist at leastoneobjectin � whosecomplexity exceeds� . If the left sideof (55) is
muchsmallerthantheright side,then,it mustevenbethecasethat“most” � -objectshave
acomplexity thatexceeds� .

In the caseof booleanfunctionsand tree descriptions,the asymptoticform (12) is
available.Thereresultsfrom (54) that,for

À � � gettinglarge,onehasR º ��� � ·�� º o º À �  ��ç�L� � {���|} R � �I� � ·�� { o { � �  ��ç��� �
Choose� suchthatthesecondexpressionis � � H H � H H � . This is ensuredfor instanceby taking
for � thevalue � � o ��a � � s�h��� � o �
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asverified by a simpleasymptoticcalculation. With this choice,onehasthe following
suggestivestatement:

A fraction tendingto 1 (as o���� ) of booleanfunctionsin o vari-
ableshavetreecomplexity at least

� s ± �h��� � o .

Regardingupperboundsonbooleanfunctioncomplexity, a functionalwayshasa tree
complexity thatis at most

� s û ú ¸ � . To seeit, notethatfor o � · , the4 functionsare� « � A ú r t A ú � � · « � A ú q t A ú � � A ú � t A ú �
Next, a functionof o variablesis representableby a techniqueknown asthebinarydeci-
siontree(BDT),� � A ú � ���s� � A�s � ú � A6s � � � t A�s r#� � A ú � �s��� � A6s � ú ��� �p� q � A�s r#� � A ú � ���s� � A�s � ú � · ��� �
which provides the basisof the induction as it reducesthe representationof an o -ary
functionto therepresentationof two

� o ¸¼· � -ary functions,consumingon theway three
logical connectives.

Altogether, basiccountingargumentshaveshown that“most” booleanfunctionshave
atree-complexity thatis “close” to themaximumpossible,namely, � � � s � . A similarresult
hasbeenestablishedby Shannonfor the measurecalledcircuit complexity: circuits are
morepowerful thantrees,but Shannon’sresultstatesthatalmostall booleanfunctionsof o
variableshavecircuit complexity � � � s ± o � . See[143], especiallythechapterby Li and
Vitányi, for a discussionof suchcountingtechniqueswithin theframework of complexity
theory. µ

We finally concludewith a vastgeneralizationof thepreviousexamples.

DEFINITION I.9. A class � of treesis said to be a context-freevariety of treesif it
coincideswith thefirstcomponentof a systemof equations( � �d� ú ) of a recursivesystem

(56) ����� ����
� ú � � ú � £ � � ú � �s��� � �[� �
...

...
...�[� � � � � £ � � ú � �s��� � �[� � �

whereeach

� � is a constructorthat involvesonly theoperationsof combinatorialsum(

�
)

andcartesianproduct( ¤ ).
A combinatorialclass � is said to becontext-free if it is combinatoriallyisomorphic

to a context-freevarietyof trees: � »� � .

Theclassesof generaltrees( þ ) andbinarytrees( ÿ ) arecontext-freevarietiesof trees
sincethey arespecifiableas

�� � þ � £¥¤ �� � §ML ¨ � � þ ¤ � � � ÿ � £ ��� ÿ ¤ ÿ � �
( � designatesorderedforestsof generaltrees.)TheŁukasiewicz languageandthesetof
Dyck pathsarecontext-freeclassessincethey arebijectively equivalentto þ and � .

This terminologyis anextensionof theconceptof context-freelanguagein thetheory
of formal languages;there,onedefinesa context-free languageas the languageformed
with words that are obtainedas sequencesof leaf tags(readin left-to-right order) of a
context-freevarietyof trees.In formal linguistics,theone-to-onemappingbetweentrees
andwordsis not generallyimposed;whenit is satisfied,thecontext-freelanguageis said
to beunambiguous, sincewordsandtreesdetermineeachotheruniquely.
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An immediateconsequenceof admissibilitytheoremsis thefollowing propositionfirst
encounteredby Chomsky andSch́utzenberger[26] in thecourseof their researchrelating
formal languagesandformalpowerseries:

PROPOSITION I.6. A combinatorialclass� that is context-freeadmitsanOGFthat is
analgebraicfunction. In otherwords,thereexistsa bivariatepolynomial� �7� ��� � &���� � �;���
such that � �7� ��� �2�=��� � � �

PROOF. Thecontext-freesystem(56) translatesinto a system

����� ����
� ú �2�=� � � ú �2� � � ú �2�=� � �s�s� � � � �2�=���
...

...
...� � �2�=� � � � �2� � � ú �2�=� � �s�s� � � � �2�=��� �

wherethe � � arepolynomials.This followsby thebasicsumandproductrules.
It is thenwell-known that algebraiceliminationis possiblein polynomialssystems.

here,it is possibleto eliminatethe auxiliary variables
� � � ���s� � � � , oneby one,preserv-

ing the polynomialcharacterof the systemat eachstage.The endresult is thena single
polynomialequationsatisfiedby � �7�¡� « � ú �2�=� .

Methodsfor performingpolynomialeliminationarewell-known in algebra:onemay
appealto arepeateduseof resultants[94] or to Groebnerbasisalgorithms.SeeLang’sclas-
sic treatiseonalgebrafor resultants[95, V. ¡ 10] andtheexcellentintroductionto Groebner
basesprovidedby Cox,Little, andO’Sheain [31]. µ

PropositionI. 5.3 justifiesthe importanceof algebraicfunctionsin enumerative the-
ory and it will be put to usein later chaptersof this book. It constitutesa counterpart
of PropositionI.3 which assertsthat rationalgeneratingfunctionsarisefrom finite state
devices.

I. 6. Additional constructions

This sectionis devotedto thepresentationof two typesof mechanismsthatenrichthe
framework of constructions:theconstructionsof pointingandsubstitution,aswell asthe
useof implicit combinatorialdefinitions,

I. 6.1. Pointing andsubstitution. Two moreconstructions,namelypointingandsub-
stitution,translateagreeablyintogeneratingfunctions.Combinatorialstructuresareviewed
hereasformedof “atoms” (wordsarecomposedof letters,graphsof nodes,etc)whichde-
terminetheir sizes. In this context, pointing means“pointing at a distinguishedatom”;
substitution,written ÿ£¢¤� or ÿ � � � , means“substituteelementsof � for atomsof ÿ ”.

DEFINITION I.10. Let §ML ú � L � � �s��� ¨ bea fixedcollectionof distinctneutral objectsof
size0. Thepointingof a classÿ , noted̄ �¦¥ ÿ , is formally definedby¥ ÿ a � �º ´  ÿ º ¤ §$L ú � ���s� � L º ¨ �

Thesubstitutionof � into ÿ (alsoknownascompositionof ÿ and � ), noted ÿ§¢�� orÿ � � � , is formallydefinedasÿ¨¢¤� « ÿ � � � a � �L´  ÿ ©¤ª©  § � ¨ �
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If S º is thenumberof ÿ structuresof size
À

, then
À S º canbeinterpretedascounting

pointedstructureswhereone of the
À

atomscomposinga ÿ -structurehasbeendistin-
guished(hereby a special“pointer” of size � attachedto it). Elementsof ÿ«¢¬� mayalso
beviewedasobtainedby selectingin all possiblewaysan element

¾ & ÿ andreplacing
eachof its atomsby anarbitraryelementof � .

The interpretationsabove rely (silently) on the fact that atomsin an object can be
eventuallydistinguishedfrom eachother. This canbe obtainedby “canonicalizing”9 the
representationsof objects:first defineinductively the lexicographicorderingfor products
andsequences;next representpowersetsandmultisetsas increasingsequenceswith the
inducedlexicographicordering(morecomplicatedrulescanalsocanonicalizecycles). In
thisway, any constructibleobjectadmitsaunique“rigid” representationin whicheachpar-
ticularatomis determinedby its place.Suchacanonicalizationthusreconcilestheabstract
definition,Definition I.10,andtheintuitive interpretationof pointingandsubstitution.

THEOREM I.3 (Pointingandsubstitution). Theconstructionsof pointingandsubsti-
tutionare admissible10:¯ ��¥ ÿ �® ° �2�=� � ��¯�° S �7�¡�±¯�°²a � 		 �¯ � ÿ£¢¤� �® ° �2�=� � S � � �2�=���

PROOF. By thedefinitionof pointing,onehas° º � À z S º and ° �2�=� � � 		 � S �2�=� �
Fromthedefinitionof substitution,̄ � ÿ � � � implies,by thesumandproductrules,° �2�=� �®�A´  S  z � � �2�=���  � S � � �2�=��� �
andtheproof is completed. µÁ

40.Combinatoricsof derivatives.Thecombinatorialoperation³ of “eraser–pointing” pointsto
anatomin anobjectandreplacesit by a neutralobject,otherwisepreservingtheoverall structureof
theobject.Thetranslationof ³ onOGFsis thensimply ´jµ§´�¶ . Classicalidentitiesof analysisthen
receive simplecombinatorialinterpretations,for instance,´0Í¸·¹Wfº�ÏhÃ Í¸·¹Wj´Cº�Ï�ÅÑÍ»´C·-Ï1Wfº�ÏpÕ
Leibniz’s identity, ´C¼�Í ' Ü�½mÏ6Ã¿¾ 2 = ¼ 2 > Í»´ 2 ' Ï(ÜmÍ»´C¼ 5 2 ½mÏ , alsofollows from basiccombinatorics.
Similarly, for the“chain rule” ´0Í 'ÁÀ ½mÏ0Ã Í�Í»´ ' Ï À ½mÏ�Ü�´�½ . á

As anexampleof pointing,considertheclassÂ of all permutationswritten aswords
overintegersstartingfrom 1. Onecangofrom apermutationof size

À ¸ · to apermutation
of size

À
by selectinga “gap” andinsertingthevalue

À
. Whenthis is donein all possible

ways,it givesriseto thecombinatorialrelationÂ �.Ã � ¥ � £¥¤ Â � � ÃÇ� §$L ¨ �
9Suchcanonicalizationtechniquesalsoserve to developfastalgorithmsfor theexhaustive listing of objects

of a given sizeaswell asfor the rangeof problemsknown as“ranking” and“unranking”, with implicationsin
fastrandomgeneration.See,e.g.,[103, 109,152] for thegeneraltheoryaswell as[118, 157] for particularcases
like necklacesandtrees.

10In this book, we borrow from differential algebrathe convenient notation Ä ¶.Å ÆÈÇÇ ¶ to represent

derivatives.
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andto thecorrespondingordinarydifferentialequationfor theOGF,� �7�¡� � · �w� 		 � �2� � �2�=��� �
whoseformal solutionis � �2�=� ��É º ´  À � � º .

As an exampleof substitution,considerthe class ÿ of (planerooted)binary trees,
whereall nodescontribute to size. If at eachnodethereis substituteda linear chainof
nodes(linkedby edgesplacedontopof thenode),oneformsanelementof theclassÊ of
unary-binarytrees;in symbols:Ê � ÿ¨¢ © § £ ¨ and Ë �2�=� � S u �

·*¸ � w �
Thusfrom theknown OGF, S �2�=� � � ·*¸ ¿ ·*¸¨Ì � � � ± � � �¡� , onederivesË �7�¡� � ·*¸�¶ ·*¸¨Ì � � � ·*¸ �¡� � �� ��� ·-¸ �=� � ú � ·*¸ � ¸ ¿ ·*¸ � � ¸ � � �� � �
whichmatchesthedirectderivationonp. 43 (Motzkin numbers).

I. 6.2. Implicit structur es. Therearemany caseswherea combinatorialclass Í is
determinedby a relation ¯ � ÿ � Í , where ¯ and ÿ areknown. In termsof generating
functions,onehas° �2�=� � S �2�=�h�ÏÎÉ�2�=� , sothat¯ � ÿ � Í �® ÎÉ�7�¡� � ° �2�=� ¸«S �7�¡� �
For instance,theautocorrelationtechniqueof SectionI. 4.2 makesit possibleto describe
theclass� of all wordsin Ð thatdonotcontainagivenpatternÑ , whereasthelanguageof
wordscontainingthepatternis determinedasthesolutionin Í of theequationÐ �d� � Í ;
seep. 36. Similarly, for products,basicalgebragives¯ � ÿ ¤ Í �® ÎÉ�7�¡� � ° �2�=�S �7�¡� �
Herearethecorrespondingsolutionsfor two of thecompositeconstructions.

THEOREM I.4 (Implicit specifications). The generating functionsassociatedto the
implicit equationsin Í ¯ �X© § Í ¨ � ¯ � ¦ § Í ¨
are respectively ÎÉ�7�¡� � ·*¸ ·° �2�=� � ÎÉ�7�¡� �Ó�L´ ú `

� ² �² �Ò�0� ° �7�  � �
where ` � ² � is theMoebiusfunction.

PROOF. For sequences,the relation ° �2�=� � � ·V¸ ÎÉ�2�=��� � ú is readily inverted. For
multisets,startfrom thefundamentalrelationof TheoremI.1 andtake logarithms:�h��� � ° �7�¡�p� ��Ó� | ú ·² Î �2�  � �
Let Ô � �Ò�0� ° and Ô º � � � º � Ô �7�¡� . OnehasÀ Ô º � �ÕxÖ º � 	 Î Õ � �



I. 6. ADDITIONAL CONSTRUCTIONS 57

to which it sufficesto apply Moebiusinversion;seeAPPENDIX : Arithmetical functions,
p. 165. µ
EXAMPLE 13. Indecomposablepermutations.A permutation� � � ú z�z×z � º (writtenhere
asa word of distinct letters)is saidto bedecomposableif, for some

² ~ À
, � ú z�z×z �  is a

permutationof § � ú � �s�s� � �  ¨ , i.e., a strict prefix of thepermutationis itself a permutation.
Any permutationdecomposesuniquelyasa catenationof indecomposablepermutations;
for instance,hereis thedecompositionof � � �ÙØ Ì1· � �ÙÚÜÛ6· �ÞÝ :

1 2 3 4 5 6 7 8 9 10
1
2
3
4
5
6
7
8
9
10

� � 25413 6 87109

ThustheclassÂ of all permutationsandtheclassß of indecomposableonesarerelatedbyÂ �X© § ß ¨ �
Thisdeterminesà �7�¡� implicitly, andTheoremI.4 gives:à �2�=� � ·*¸ ·� �2�=� where � �2�=� � �º ´ ú À �

� º �
Thisexampleillustratestheimplicit structuretheorem,but alsothepossibilityof bona

fidealgebraiccalculationswith power serieseven in caseswherethey aredivergent(AP-
PENDIX : Formalpowerseries, p. 169).Onefindsà �7�¡� � ���É�m�$� � �¡ ,� · � ��á$� Û=· ��â,� Ì��J· ��ã8� � � Ì�Ì�Û �0ä&� z�z×z �
wherethecoefficientsareEISA003319andà º � À � ¸ �å :8æ å×ç;è0åå :�é å×çëê�:

� À ú � À � � �h� �å :8æ å×ç æ å�ì�è0åå :�é å�ç é å×ìëê�:
� À ú � À � � À   � � ¸ z�z×z �

From there,simple majorizationsof the terms imply that à º » À � , so that almostall
permutationsare indecomposable; see[28, p. 262]. µÁ

41.2-dimensionalwanderings.A drunkardstartsfrom theorigin in the íªWfí planeand,at each
second,he makesa stepin eitheroneof the four directions,NW, NE, SW, SE.The stepsarethusî ì;ïÑì%ðÉì;ñ . Considerthe class) of “primiti ve loops” definedaswalks that startandendat the
origin, but do nototherwisetouchtheorigin. TheGFof ) is (EISA002894)/,Í+ÎÐÏ3Ã Ò ê Ò¾Ïòß$ó ø = È ßß > È Î È ß Ã«ô�Î È Å Ô ñ3Î Ù Å Ò õ ó Î î Å Ò�õ õ ó Î ô ÅÝÜzÜzÜaÞ
(Hint: a walk is determinedby its projectionson the horizontalandvertical axes; 1-dimensional
walksthat returnto theorigin in

Ô à stepsareenumeratedby = È ßß > .) In particular
3 Î ß <Ò/$Í+Î!öëôÐÏ is the

probabilitythattherandomwalk first returnsto theorigin in à steps.
Suchproblemslargelyoriginatewith Pólyaandtheimplicit structuretechniqueabovewasmost

likely known to him [114]. See[24] for similarmultidimensionalextensions. á
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EXAMPLE 14. Irreduciblepolynomialsover finite fields. Objectsapparently“non–
combinatorial”cansometimesbe enumeratedby symbolicmethods.Here is an indirect
constructionrelative to polynomialsover finite fields. We fix a primenumber÷ andcon-
siderthebasefield ø�ù of integerstakenmodulo ÷ . Thepolynomialring ø�ù � Î � is thering
of polynomialsin

Î
with coefficientstaken in ø�ù . For all practicalpurposes,onemay

restrictattentionto polynomialsthataremonic,thatis, whoseleadingcoefficient is 1.
First, let Â betheclassof all monicpolynomials,with thesizeof a polynomialbeing

its degree.Sinceamonicpolynomialof degree
À

is describedby achoiceof
À

coefficients,
onehas � »� © § ø ù ¨ and � �7�¡� � ··-¸ú÷ � � � º � ÷ º �
A polynomialis saidto be irreducibleif it doesnot decomposeasa productof two poly-
nomialsof smallerdegrees.By uniquefactorization,eachmonicpolynomialdecomposes
uniquelyinto aproduct(with repetitionsbeingpossible)of monicirreduciblepolynomials.
For instance,over ø   , onehasÎ ú  �ÏÎüû$� · � �ýÎ�� · � � �ýÎ � � � � �ýÎ ã � � Î � � · � �
Let à bethesetof monicirreduciblepolynomials.ThecombinatorialisomorphismÂ »� ¦ § ß ¨
expressespreciselytheuniquefactorizationproperty. Thus,theirreduciblesaredetermined
implicitly from theclassof all polynomialswhoseOGFis known. TheoremI.4 impliesthe
identity à �7�¡� �®�L´ ú `

� ² �² �Ò�0� ··*¸þ÷ �  �
and,uponextractingcoefficients, à º � ·À � Ö º `  ÷ º �  �
In particular, à º is asymptoticto ÷ º ± À . This estimateconstitutesthedensitytheoremfor
irreduciblepolynomials:

Thefractionof irreduciblepolynomialsamongstall polynomialsof degree
À

over
thefinite field ø�ù is asymptoticto úº .

This property is analogousto the Prime NumberTheoremof numbertheory (which is
technicallymuchharder[32]), after which the proportionof prime numbersin the inter-
val � · � À � is asymptoticto úÿ ��� º . (The derivation above is in essencedue to Gauß. See
Knopfmacher’sbook[83] for anabstractdiscussionof statisticalpropertiesof arithmetical
semigroups.) µÁ

42.Square-freepolynomials.Let
�

betheclassof monicsquare-freepolynomials(i.e., polyno-
mials not divisible by thesquareof a polynomial). Onehasby “Vallée’s identity” (p. 14)

� Í+ÎÐÏ6Ã� Í+ÎÐÏ ö � Í+Î È Ï , hence � ß Ã�� ß ê�� ß 5 ÷ Í.à	� Ò ÏpÞ
Berlekamp’s book[14] discussessuchfactstogetherwith relationsto errorcorrectingcodes. áÁ

43.Balancedtrees.Theclass
 of balanced2-3 treesis a familiar datastructure[86], definedas
(rootedplanar)treeswhoseinternalnodeshavedegree2 or 3 andsuchthatall leavesareat thesame
distancefrom the root. Only leavescontribute to size. Balancedtreessatisfyan implicit equation
basedoncombinatorialsubstitution:
 ÃÑÄÑÅ�
 3 Í+Ä�W Ä4Ï�ÅÑÍ+Ä�W©Ä�W Ä4Ï < ì � Í+ÎÐÏ3ÃwÎ$Å � Í+Î È ÅÇÎ Ø ÏpÞ
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Odlyzko [110] hasdeterminedthe growth of
� ß (it is like  ß ö�à , where ÉÃ Í Ò Å�� íLÏ ö Ô is the

goldenratio,but involvessubtlefluctuations). á
I. 7. Notes

Thereareseverallessonsto belearntfrom theusesthatwehavesurveyedof symbolic
combinatorics.

First, for a givenclassof problems,symbolicmethodsleadto a unifiedtreatmentthat
revealsa naturalclassof functionsin which generatingfunctionslie. Thusdenumerants
with a finite setof coin denominationsalwaysleadto rationalgeneratingfunctionswith
poleson the unit circle. Suchan observation is usefulsincethena commonstrategy for
coefficient extractioncanbe applied,in sucha case,basedon partial fractionexpansion.
In the samevein, the run statisticsconstitutea particularcaseof the generaltheoremof
Chomsky andScḧutzenberger to the effect that the generatingfunction of a regular lan-
guageis necessarilya rationalfunction. Theoremsof this sortestablisha bridgebetween
combinatorialanalysisandspecialfunctions.Theexampleof countingsetpartitionsshows
thatapplicationof the symbolicmethodmay requirefinding an adequatepresentationof
thecombinatorialstructuresto becounted.In this way, bijective combinatoricsentersthe
gamein a nontrivial fashion.

Second,ourintroductoryexamplesof compositionsandpartitionscorrespondto classes
of combinatorialstructureswith explicit “iterative” definitions,a fact leadingin turn to
explicit generatingfunctionexpressions.Thetreeexamplesthenintroducerecursivelyde-
finedstructures.In thatcase,therecursive definition translatesinto a functionalequation
thatonly determinesthegeneratingfunction implicitly. In simplersituations(like binary
or generaltrees),the equationcanbe solvedandexplicit countingresultsstill follow. In
othercases(likenon-planartrees)onecanusuallyproceedwith complex asymptoticanal-
ysisdirectlyfrom thefunctionalequationandobtainverypreciseasymptoticestimates; see
ChaptersIV andV.

Modernpresentationsof combinatorialanalysisappearin the booksof Comtet[28]
(a beautifulbooklargely exampledriven),Stanley [135, 137] (a rich setwith analgebraic
orientation),andWilf [153] (generatingfunctionsoriented). An elementarybut insight-
ful presentationof the basictechniquesappearsin Graham,Knuth, andPatashnik’s clas-
sic [71], a popularbook with a highly original design. An encyclopedicreferenceis the
bookof Jackson& Goulden[68] whosedescriptiveapproachverymuchparallelsours.

The sourcesof the modernapproachesto combinatorialanalysisare hard to trace
sincethey areusuallybasedon earlier traditionsandinformally statedmechanismsthat
werewell masteredby practicingcombinatorialanalysts.(Seefor instanceMacMahon’s
book [101] CombinatoryAnalysisfirst publishedin 1917, the introductionof denumer-
ant generatingfunctionsby Pólya as exposedin [116], or the “domino theory” in [71,
Sec.7.1].) One sourcein recenttimes is the Chomsky–Scḧutzenberger theory of for-
mal languagesandenumerations[26]. Rota [122] andStanley [134, 137] developedan
approachwhich is largely basedon partially orderedsets. BenderandGoldmandevel-
opeda theoryof “prefabs”[11] whosepurposesaresimilar to thetheorydevelopedhere.
Joyal [79] proposedan especiallyelegant framework, the “theory of species”,that ad-
dressesfoundationalissuesin combinatorialtheoryandconstitutesthestartingpointof the
superbexpositionby Bergeron,Labelle,andLeroux [13]. Parallel (but independent)de-
velopmentsby the“RussianSchool”arenicelysynthetizedin thebooksby Sachkov [124,
125].
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Oneof thereasonsfor therevival of interestin combinatorialenumerationsandprop-
ertiesof randomstructuresis theanalysisof algorithms,asubjectfoundedin moderntimes
by Knuth [87]. Thesymbolicideasexposedherehavebeenappliedto theanalysisof algo-
rithmsin surveys [46, 147] andarefurtherexposedin ourbook[130]. Flajolet,Salvy, and
Zimmermann[56] haveshown how to usethemin orderto automatetheanalysisof some
well characterizedclassesof combinatorialstructures.



CHAPTER II

Labelled Structur esand
Exponential Generating Functions

Cetteapprochéevacuepratiquementtouslescalculs.
— DOMINIQUE FOATA &

MARCEL P. SCḦUTZENBERGER [64]

Many objectsof classicalcombinatoricspresentthemselvesnaturallyaslabelledstructures
where“atoms” of an object(typically nodesin a graphor a tree)beardistinctive integer
labels.For instancethecycle decompositionof a permutationrepresentsthepermutation
asanunorderedcollectionof circulargraphswhosenodesarelabelledby integers.

Commonlyencounteredclassesof labelledobjectsare permutations,set partitions,
labelledgraphsandlabelledtrees,graphsandmappingsof afinite setinto itself, aswell as
structuresrelatedto occupancy problems.

Operationson labelledstructuresarebasedon a specialproduct,thelabelledproduct
that distributeslabelsbetweencomponents.This operationis a naturalanalogueof the
cartesianproductfor plainunlabelledobjectsThelabelledproductin turn leadsto labelled
analoguesof thesequence,set,andcycleconstructions.

Thelabelledconstructionstranslateoverexponentialgeneratingfunctions.Thetrans-
lation schemesareanalyticallysimplerthanin theunlabelledcaseconsideredin thepre-
viouschapter. Labelledconstructionsenableus to take into accountstructuresthatarein
many wayscombinatoriallyricher, in particularasregardsorderproperties.They therefore
constitutea facetwith powerful descriptive powersof thesymbolicmethodfor combina-
torial enumeration.

II. 1. Labelled classesand labelled product

Throughoutthis chapter, we considercombinatorial classesas broadly definedin
ChapterI: we dealexclusively with finite objects;a combinatorialclassis a setof ob-
jects,with a notion of sizeattached,so that the numberof objectsof eachsizeis finite.
However, theobjectsarenow labelledin thesensethateach“atom” carrieswith it aninte-
gerlabelandall thelabelsoccurringin anobjectaredistinct. Precisely, a weaklylabelled
objectof size

À
bears

À
distinct labelsthatareintegersin � ´  . An objectof size

À
is said

to be(stronglyor well) labelledif it is is weaklylabelledandits collectionof labelsis the
consecutiveintegerinterval � · �s� À � . For a labelledclass,thesizefunctionis systematically
definedasthenumberof labelsthattheobjectcontains.

As anexample,considertheclassþ of labelledgraphs.An elementis by definitionan
undirectedgraphsuchthatlabelsaresupportedby vertices.A particularlabelledgraphof
size4 is then

61
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� � ô ÔÚÒ ,

whichrepresentsagraphwhoseverticesbearthelabels § · � � ���J� Ì ¨ andwhosesetof edges
is §8§ · ��� ¨ � § � ��� ¨ � § � � Ì ¨ � § · � Ì ¨,¨ �
Only the abstractgraphstructurecounts,so that this is the sameabstractgraphasin the
alternativevisualrepresentations� � Ú ÔôÒ , Ò ô ÔÚ

,

sincein all threecases,thelists of edgescoincide.However, this graphis differentfrom� � Ú Ô Òô
,

since,for instance,1 and2 havebecomeadjacent.Altogether, it canbeseenthatthereare
3 differentwaysto build labelledgraphsout of thecommonunlabelledquadranglegraph� ���

.

SeeFigure1 for details.
It is alsoconvenientto introducetheneutral(empty, null) object L thathassize � and

bearsnolabelatall, andconsiderit asaspecialcaseof alabelledobject;theneutral classÃ
is thenby definition Ã�� §ML ¨ . The(labelled)atomicclass £ � § � ¨ is formedof a unique
objectof size1 thatbearstheintegerlabel � .

Thecountingof labelledobjectsis normallyachievedby meansof exponentialgener-
atingfunctions.

DEFINITION II.1. Theexponentialgeneratingfunction(EGF) of a sequence§ ° º ¨ is
theformalpowerseries

(1) ° �2�=� � Ó�º |® ° º
� ºÀ � �

Theexponentialgeneratingfunction(EGF) of a class ¯ º is thegenerating functionof the
numbers ° º � card

� ¯ º � . Equivalently, theEGFof class̄ is° �7�¡� � �º ´  ° º
� ºÀ � � ��J��� � Ö � ÖH �¬H �p�

It is alsosaidthat thevariable

�
markssizein thegenerating function.

With thestandardnotationfor coefficientsof series,the coefficient ° º in anexponential
generatingfunctionis thenrecoveredby° º � À � z � � º � ° �7�¡� �
since � � º � ° �2�=� � ° º ± À � by thedefinitionof EGFsandin accordancewith thecoefficient
extractornotation,Eq. (6 of ChapterI.

Note that, like in thepreviouschapter, we adhereto a systematicnamingconvention
for generatingfunctionsof combinatorialstructures.A labelledclass ¯ , its countingse-
quence§ ° º ¨ (or � º ) and its exponentialgeneratingfunction ° �7�¡� (or � �7�¡� ) will all be
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Unlab. Lab.
1 12

1 4

1 12

1 3

1 6

1 1

1 4
1 12
1 3

1 6

1 1

Total: 11 Unlab. 64 Lab.

There are �� á � ��� unlabelled
graphsof size4, i.e., comprising4
nodeswhenany numberof edgesis
allowed(left column).
Eachunlabelledgraphcorresponds
to a variable number of labelled
graphs(indicated in each caseby
the figure in the right column). For
instance, the totally disconnected
graphand the completegraphhave
only 1 labelling. In contrasttheline
graph has ú� Ì � � · � possiblela-
bellings. For size Ì , the numberof
labellings is seenhere to vary be-
tween1 and12.
Thetotal numberof labelledgraphs
found is

� á ����� � � ã
, in agree-

mentwith thegeneralformula� º � � º�� º�� ú � �p� �
Seep. 70 for details.

FIGURE 1. Unlabelledversuslabelledgraphsfor size
À � Ì .

denotedby thesamegroupof letters.Clearly, theEGF’sof theneutralclassandtheatomic
classarerespectively ! �2�=� � · � " �2�=� � · �
EXAMPLE 1. Permutations.Theclass § Â ¨ of all permutationsis prototypicalof labelled
classes.Underthelinearrepresentationof permutations,it startsas

Â � ������ �����
L � � � � ¸ ## ¸ # � � ¸ #4¸ $# ¸ $ ¸ �$�¸ � ¸ ## ¸ � ¸ $� ¸ $ ¸ #$ ¸ � ¸ # � �s�s�

% ����&����' �
so that �  � · , � ú � · , � � � �

, �   � � , etc. There,by definition, all the possible
orderingsbetweenthe distinct atomsare taken into accountso that the class Â can be
equivalentlyviewedastheclassof all labelledlineardigraphs(with animplicit direction,
from left to right, say, in the representation).Accordingly, the class Â of permutations
hasthe countingsequence� º � À � (argument: thereare

À
placesat which to placethe

element· , then

� À ¸�· � possibleplacesfor
�
, etc).ThustheEGFof Â is� �2�=� � �º ´  À �

� ºÀ � � �º ´  � º � ··*¸ � �
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Permutations,asthey containinformationrelative to theorderof their elementsareessen-
tial in many applicationsrelatedto orderstatistics. µ
EXAMPLE 2. Urns. Theclass

¢
of totally disconnectedgraphsstartsas¢ � �� � L � � � � # � � #$ � � #$ ( � � #)$ ( � �s��� % &' �

Orderbetweenthe labelledatomsdoesnot count, so that for each
À

, thereis only one
possiblearrangementand � º � · . The class

¢
canbe regardedasthe classof “urns”,

whereanurn of size
À

contains
À

distinguishableballs in an unspecified(andirrelevant)
order. ThecorrespondingEGFis� �2�=� � �º ´  ·

� ºÀ � �+*-,/. �7�¡� �  ° �
(The fact that theEGF of the constantsequence§ · ¨ is the exponentialfunctionexplains
theterm“exponentialgeneratingfunction”.) Alternatively, presentingelementsof anurn
in sortedorderleadsto a representationof urnsassortedlineargraphs;for instance,� ¸ # ¸ $ ¸ ( ¸ )
is suchan equivalentrepresentationof the urn of size5. Thoughurnsmay look trivial
at first glance,they areof particularimportanceasbuilding blocksof complex labelled
structures(e.g.,allocationsof varioussorts),asweshallseeshortly. µ
EXAMPLE 3. Circular graphs. Finally, theclassof circulargraphs,wherecyclesare
orientedin someconventionalmanner(say, positively here)is� �10 � � 2�# � 2�# $ � 2�$ # � ���s�43×�
Cyclic graphscorrespondbijectively to cyclic permutations. One has � º � � À ¸ · � �
(argument:a directedcycle is determinedby the successionof elementsthat “follo w” 1,
henceby a permutationof

À ¸�· elements).Thus,onehas� �7�¡� � �º ´ ú
� À ¸�· � � � ºÀ � � �º ´ ú

� ºÀ � �h��� ··*¸ � �
where,aswe shall seeshortly, the logarithmis characteristicof circulararrangementsof
labelledobjects. µ

II. 2. Admissible labelledconstructions

We now describea toolkit of constructionsthat make it possibleto build complex
classesfrom simplerones. Combinatorialsumor disjoint union is definedexactly as in
ChapterI: it is theunionof disjoint copies.Novelty herelies in thedefinitionof a product
that is adaptedto labelledstructures.The usualcartesianproductis unsuitablesincean
orderedpair of two labelledobjectsis not well labelled—forinstancethe label 1 would
invariablyappearrepeatedtwice. Thelabelledproducttranslatesnaturallyinto exponential
generatingfunctions,andfrom theresimpletranslationrulesfollow for labelledsequences,
sets,andcycles.
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As apreparationto thetranslationof labelledconstructions,wefirst briefly review the
effect of productsover EGF’s. If � �2�=� ��� �2�=� ��� �2�=� areEGF’s, with � �2�=� � É º � º � º ± À �
andsoon,wehave thebinomialconvolutionformula

(2) � �7�¡� � � �2�=� z � �7�¡� �® � º � º� |} u À ² w �  � º��  �
since,by theusualproductof formalpowerseries,� ºÀ � � º� |} � ² � z � º�� � À ¸ ² � � and u À ² w � À �² � � À ¸ ² � � �
In thesamevein,� �2�=� � � � ú5� �2�=� � � � � �2�=� z×z�z � � � � �2�=� �®
(3) � º � �º : û3º ç û768686 ûhº49 | º u ÀÀ ú � À � � �s�s� � À � w � � ú �º � � � �º z×z×z � � � �º �
In Eq.(3) thereoccursthemultinomialcoefficientu ÀÀ ú � À � � ���s� � À � w � À �À ú � À � � z�z×z À � �p�
This multinomial coefficient alsocountsthe numberof waysof splitting

À
elementsinto: distinguishedclassesof cardinalities

À ú � ���s� � À � . This fact lies at thevery heartof most
enumerativeapplicationsof binomialconvolutionsandEGF’s.

II. 2.1. Labelled constructions. A labelledobjectmay be relabelled.We only con-
sider “consistent” relabellingsdefinedby the fact that they preservethe order relations
betweenlabels.Thentwo dualmodesof relabellingsproveimportant:; Reduction: For a non–canonicallylabelledstructureof size

À
, this operation

reducesits labelsto the standardinterval � · ��� À � while preservingthe relative
orderof labels.For instance,thesequence<OÛ ���J��ÝJ� �>= reducesto < �J� � � Ì � · = . We
note

¹ � � � thereductionof thestructure� .; Expansion: Thisoperationisdefinedrelativeto arelabellingfunction  &§� · ��� À �@?�� ´ ú that is assumedto be strictly increasing.For instance,< �a� � � Ì � · = mayex-
pandas < ���a� �0� � Ì0Ì � ·T· = , <%Û ���a��Ýa� ��= , andsoon. We note  � � � the resultof rela-
belling � by  .

We next definea productcalledthe labelledproduct, or simply product (originally
thiswasnamedpartitional productby Foatawhoproposedanearlyformalizationin [62]).
Given two labelledstructures

¾ & ÿ and A & � , the product

¾CB A comprisesthe finite
collectionof objectsthatareorderedpairs

�+¾ED � A D �
of relabelledcopiesof

�2¾ � A � ,
(4)

¾FB A a � § �+¾ D � A D � ll �2¾ D � A D �
is well–labelled� ¹ �+¾ D � � ¾ � ¹ � A D � � A ¨ �

the relabellingspreservingthe orderstructurepresentin

¾
and A . An equivalentform is

via expansionof labels:

(5)

¾FB A � § �  �+¾�� ��� � A � ll Im

�  �HG
Im

� � � �JI � Im

�  �HK
Im

� � � � � · �s� H ¾ H � H A H � ¨ �
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where¡��� areagainassumedto beincreasingwith rangesIm

�  � � Im � � � . For instance,one
has LMMN # —— OPPPP PPPPQ —— ( ì $ —— )R ö�

SUTTV W LMMN � —— $PPPP PPPP( —— # � # —— $R ö�
SUTTV ì

asseenby reductionof theleft pair or, dually, by expansionof theright pair.

If ÿ and � aretwo classesof combinatorialstructures,thelabelledproduct̄ � ÿ B �
is definedby theusualextensionof operationsto sets:

(6) ÿ B � � XY ��Z@[]\¡�4^ �2¾FB A � �
In summary:

DEFINITION II.2. The labelledproductof ÿ and � , denotedÿ B � , is obtainedby
formingorderedpairsfrom ÿ ¤ � andperformingall possibleorderconsistentrelabellings,
ensuringthat theresultingpairsarewell–labelled,asdescribedby (4) or (5), and(6).

Thecorrespondingcountingsequencessatisfytherelation,° º � �º : û3º ç;| º u ÀÀ ú � À � w S º : � º ç �
Therethebinomialarisessincethethenumberof relabellingsinvolvedin forming all the
elementsof

�2¾_B A � is ü ºº : [ º ç ý , if H ¾ H ¸ À ú , H A H � À �
and

À ú � À � � À
. TheproductS º : � º ç

keepstrack of all the possibilitiesfor the ÿ and � components.By (2), the binomial
convolutioncorrespondsto theproductrelation,° �7�¡� � S �7�¡� z � �2�=� �
relatingEGFs.Thus,the labelledproductsimply translatesinto theproductoperationon
exponentialgeneratingfunctions.

The
²
th (labelled)powerof ÿ is definedas

� ÿ B ÿ z�z×z ÿ � , with
²

factorsequalto ÿ . It is
denoted©  § ÿ ¨ . This correspondsto forming

²
–sequencesandperformingall consistent

relabellings.The(labelled)sequenceclass of ÿ is denotedby © § ÿ ¨ andis definedby© § ÿ ¨a`]bdc� §ML ¨ � ÿ � � ÿfe/ÿ �3��� ÿge/ÿfe/ÿ �3� z×z�z � XA´  ©  § ÿ ¨ �
The productrelation for EGF’s clearly extendsto arbitrary products,as seenfrom the
multinomialconvolutionformula(3), sothat¯ ��©  § ÿ ¨ �® S �2�=� � S �2�=�  �
and(assumingS  ih� � )¯ �X© § ÿ ¨ �® ° �2�=� � Ó� |} S �2�=�  � ··*¸¨S �2�=� �

We denoteby j  § ÿ ¨ the classof
²
–setsformed from ÿ . The powersetclassis

definedformally, like in theunlabelledcase,asthe quotient j § ÿ ¨ a � ©© § ÿ ¨ ±lk where
the equivalencerelation

k
indentifiestwo sequenceswhen the componentsof one are

a permutationof the componentsof the other (p. 9). In simple terms,a “set” is like a



II. 2. ADMISSIBLE LABELLED CONSTRUCTIONS 67

1. Themainconstructionsof union,andproduct,sequence,set,andcycle for labelled
structurestogetherwith their translationinto exponentialgeneratingfunctions.

Construction EGF

Union ¯ � ÿ � � ° �2�=� � S �2�=�3� � �7�¡�
Product ¯ � ÿ B � ° �2�=� � S �2�=� z � �2�=�
Sequence ¯ �X© § ÿ ¨ ° �2�=� � ··*¸«S �7�¡�
Set ¯ � j § ÿ ¨ ° �2�=� �m*],�. � S �7�¡�p�
Cycle ¯ �on § ÿ ¨ ° �2�=� � �h��� ··*¸«S �7�¡�

2. Thetranslationfor sets,multisets,andcyclesof fixedcardinality.

Construction EGF

Sequence ¯ �X©  § ÿ ¨ ° �2�=� � ° �2�=� 
Set ¯ � j  § ÿ ¨ ° �2�=� � ·² � ° �7�¡� 
Cycle ¯ �on3 § ÿ ¨ ° �2�=� � ·² ° �2�=� 

3. Theadditionalconstructionsof pointingandsubstitution.

Construction EGF

Pointing ¯ �X¥ ÿ ° �7�¡� � � ÕÕ ° S �2�=�
Substitution ¯ � ÿ£¢¤� ° �7�¡� � S � � �2�=���

4. The“boxed” product.¯ � � ÿ_p B � � �[ ° �7�¡� �rq ° u 		>s S � s � wdz � � s � 	>s �
FIGURE 2. A “dictionary” of labelledconstructionstogetherwith their
translationinto exponentialgeneratingfunctions(EGF’s). Thefirst con-
structionsare counterpartsof the unlabelledconstructionsof the pre-
vious chapter(the multiset constructionis not meaningfulhere). The
translationfor compositeconstructionsof boundedcardinalityappears
to besimple.Finally, theboxedproductis specificto labelledstructures.
(Comparewith theunlabelledcounterpart,Figure2 of ChapterI, p. 2.)
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sequence,but theorderbetweencomponentsis immaterial.The(labelled)powersetclass
of ÿ , denotedj § ÿ ¨ , is definedbyj § ÿ ¨ `]bdc� §$L ¨ � ÿ � j � § ÿ ¨ � z�z×z � XL´  j  § ÿ ¨ �
A labelled

²
–setis associatedwith exactly

² � differentsequences.(Thereis hereis subtle
differencewith thetheunlabelledcasewhereformulæaremorecomplex asanunlabelled
sequencemaycontainrepeatedelementswhile componentsof a labelledsequenceareall
distinguishedby their labels.)Thusin termsof EGF’s,onehas(assumingÿ  �JI )¯ � j  § ÿ ¨ �[ ° �7�¡� � S �7�¡� ² � �

¯ � j § ÿ ¨ �® ° �7�¡� � Ó� |} S
�2�=� ² � �m*-,/. � S �2�=��� �

Note that the distinction betweenmultisetsand powersetsis here immaterial, sinceby
definition componentsof a setall have distinct labels: in the labelleduniverse,we have¦ « j .

Wealsointroducetheclassof
²
–cycles, n3 § ÿ ¨ andthecycleclass.Thecycleclassis

definedformally, like in theunlabelledcase,asthequotient n § ÿ ¨ a �¦©  § ÿ ¨ ±�t wherethe
equivalencerelation

t
indentifiestwo sequenceswhenthecomponentsof onearea cyclic

permutationof the componentsof the other (p. 9). In simple terms,a “cycle” is like a
sequence,but componentscanbecircularlyshifted.In termsof EGF’s,wehave(assumingÿ  �uI ) ¯ �unh § ÿ ¨ �® ° �2�=� � S �7�¡� ² �

¯ �un § ÿ ¨ �® ° �2�=� � Ó� |} S
�2�=� ² � �Ò�0� ··*¸¨S �2�=� �

sinceeachcycleadmitsexactly
²

representationsasa sequence.In summary:

THEOREM II.1. The constructionsof labelled product,
²
–th power, and sequence

class, ¯ � ÿ B � � ¯ �¦©  § ÿ ¨ � ¯ �X© § ÿ ¨
areadmissible:° �2�=� � S �2�=� z � �2�=� � ° �7�¡� � S �7�¡�  � ° �2�=� � ··*¸«S �7�¡� �
Theconstructionsof

²
–setandpowersetclass¯ � j  § ÿ ¨ � ¯ � j § ÿ ¨ �

areadmissible: ° �2�=� � ·² � S �2�=�  � ° �2�=� �u*-,/. � S �2�=��� �
Theconstructionsof

²
–cycleandcycleclass,¯ �on3 § ÿ ¨ � ¯ �Jn § ÿ ¨ �

areadmissible: ° �2�=� � ·² S �2�=�  � ° �7�¡� � �h��� ··*¸«S �7�¡� �
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Constructible classes.Like in the previous chapter, we saythat a classof labelled
objectsis constructibleif it admitsa specificationin termsof sums(disjoint unions),the
labelledconstructionsof product,sequence,set,cycle,andtheinitial classesdefinedby the
neutralstructureof size � andtheatomicnodev � § · ¨ of size1. Amongsttheelementary
classesdiscussedin SectionII. 1, oneimmediatelyrecognizesthatÂ �¦© § £ ¨ � ¢ � j § £ ¨ � � �on § £ ¨ �
specify permutations,urns, and circular graphsrespectively. Theseare basicbuilding
blocks out of which more complex objectscan be constructed.Set partitions( � ), sur-
jections( w ), permutations( Â ) undertheir cycle decomposition,andalignments

�yx
) are

thenparticularconstructibleclassescorrespondingto�{z j § j ´ ú § £ ¨T¨ � w zX© § j ´ ú § £ ¨T¨ � Â z j § n ´ ú § £ ¨m¨ � x z�© § n ´ ú § £ ¨T¨ �
An immediateconsequenceof TheoremII.1 is thefactthattheEGFof aconstructible

labelledclasscanbecomputedautomatically.

THEOREM II.2. Theexponentialgenerating functionof a constructibleclassof la-
belledobjectsis a componentof a systemof generating functionequationswhoseterms
arebuilt from · and

�
usingtheoperators� � ¤ �}| � � � � ··*¸ � � ! � � � � l~*� Ô � � � � �Ò�0� ··*¸ � �

If we further allow cardinality restrictionsin compositeconstructions,the operators�  (for ©  ), � ³±³² � (for j  ), and � T±T² (for n  ) areto beaddedto thelist.

II. 2.2. Labelled versusunlabelled? Let ¯ bea labelledclass.If this classis con-
structible,it automaticallyhasanunlabelledcounterpart �¯ thatis obtainedby interpreting
all theinterveningconstructionsasunlabelledones,in thesenseof ChapterI. Equivalently,
onemayview objectsin �¯ asobtainedfrom objectsof ¯ by “forgettingthelabels”. This
is formalizedby identifying two labelledobjectif thereis anarbitrary relabelling(not just
order-consistentones,ashave beenusedsofar) that transformsoneinto theother. For an
objectof size

À
, eachequivalenceclasscontainsa priori between1 and

À � elements.We
state:

PROPOSITION II.1. Thecountsof a labelledclass̄ andits unlabelledcounterpart �¯
are relatedby

(7) �° º F�° º F À � �° º or equivalently ·EF ° º�° º F À � �
EXAMPLE 4. Labelledand Unlabelledgraphs. This phenomenonhasbeenalready
encounteredin our discussionof graphs,where4 labellingscanbe attachedto the unla-
belledquadranglegraphof size4. If oneconsidersinsteadthetotally disconnectedgraph
of size4, thenthereexistsexactly onelabelledversion(the“urn” of size4) andoneunla-
belledversion.Let generally

� º and �� º bethenumberof graphsof size
À

in thelabelled
andunlabelledcaserespectively. Onefindsfor

À � · �s� ·�Ú
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� ß (labelled)

1 1
2 2
4 8

11 64
34 1024

156 32768
1044 2097152

12346 268435456
274668 68719476736

12005168 35184372088832
1018997864 36028797018963968

165091172592 73786976294838206464
50502031367952 302231454903657293676544

29054155657235488 2475880078570760549798248448
31426485969804308768 40564819207303340847894502572032

64001015704527557894928 1329227995784915872903807060280344576
245935864153532932683719776 87112285931760246646623899502532662132736

178757772514561170054787819084811417981541647679048466287755595961091061972992

Thesequence§ �� º ¨ constitutesEIS A000088, which canbeobtainedby anextensionof
methodsof ChapterI; see[76, Ch. 4]. Thesequence§ � º ¨ is determineddirectly by the
factthatagraphof

À
verticescanhaveeachof the ü º � ý possibleedgeseitherpresentor not,

sothat � º � � � å ç � � � º�� º�� ú � �ç� �
Thesequenceof labelledcountsobviously growsmuchfasterthanits unlabelledcounter-
part.We maythenverify theinequality(7) in this particularcase.Thenormalizedratios,¹ º a � � º ± �� º � � º a � � º ± � À � �� º � �
areobservedto be à � ß Ã�� ß öH�� ß �=ß Ã�� ß öTÍ.à�� �� ß Ï

1 1.000000000 1.0000000000
2 1.000000000 0.5000000000
3 2.000000000 0.3333333333
4 5.818181818 0.2424242424
5 30.11764706 0.2509803922
6 210.0512821 0.2917378918
8 21742.70663 0.5392536367
10 2930768.823 0.8076413203
12 446946830.2 0.9330800361
14 0.8521603960Ü Ò ñ ÷�÷ 0.9774915111
16 0.2076885783Ü Ò ñ ÷2Ù 0.9926428522
18 0.6387404239Ü Ò ñ ÷2î 0.9976618880

From thesedata,it is naturalto conjecturethat � º tends(fast) to 1 as
À

tendsto infin-
ity. This is indeeda nontrivial factoriginally establishedby Pólya (seeChapter9 of [76]
dedicatedto asymptoticsof graphenumerations):�� º » ·À � � � å ç � » � ºÀ �h�
In otherwords,“almost all” graphsof size

À
shouldadmit a numberof labellingsclose

to
À � . (Combinatorially, thiscorrespondsto thefactthatin arandomunlabelledgraph,with

high probability, all of thenodescanbedistinguishedbasedon theadjacency structureof
the graph; in sucha case,the graphhasno nontrivial automorphismandthe numberof
distinctlabellingsis

À � exactly.) µ
The caseof urnsandtotally disconnectgraphsresortsto the otherextremesituation

where �� º � � º � · �
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The examplesof graphsand urns illustrate the fact that, beyond the generalboundsof
PropositionII.1, thereis no automaticway to translatebetweenlabelledandunlabelled
enumerations,apartfrom computingseparatelythetwo GF’s andcomparingcoefficients.

II. 3. Surjections,setpartitions, and words

Thissectionandthenext aredevotedto whatcouldbetermednonrecursivestructures
of “level 2” definedby the fact that they combinetwo constructions.Here,we examine
classes w ��© § j ´ ú § " ¨m¨ and � � j § j ´ ú § " ¨m¨ �
correspondingto sequences-of-sets( w ) and sets-of-sets( � ) respectively. We shall see
shortly(SectionII. 3.1) thatsuchabstractspecificationsmodelclassicalobjectsof discrete
mathematics,namelysurjections( w ) andsetpartitions( � ). (Theseconstitutein a way la-
belledanaloguesof integercompositionsandintegerpartitionsin theunlabelleduniverse.)
Thesymbolicmethodologythenextendsnaturallyto wordsoverafinite alphabet,whereit
opensaccessto ananalysisof thefrequenciesof letterscomposingwords.This in turnhas
usefulconsequencesfor thestudyof someclassicalrandomallocationproblems,of which
thebirthdayparadoxandthecouponcollectorproblemstandout (SectionII. 3.2).

II. 3.1. Surjectionsandsetpartitions. In elementarymathematics,asurjectionfrom
aset ° to a set S is a functionfrom ° to S thatassumeseachvalueat leastonce(anunto
mapping).Fix someinteger : D · andlet w � � �º denotetheclassof all surjectionsfrom the
set � · �s� À � onto

� · �s� : � whoseelementsarealsocalled : –surjections..Hereis a particular
objectof w � â �� :

1 2 3 4 5 6 7 8 9

1 2 3 4 5

We set w � � ������� w � � �� andproceedto determinethecorrespondingEGF, ����� ������� . First,

let usobserve thatan � –surjection�g��� ������ is determinedby theordered � –tupleformed
with thepreimages,�d�H�H  �5¡¢�-£ �E��  �¥¤��-£]¦§¦]¦]£ �E��  � � �5¨ , themselvesdisjoint nonemptysetsof
integersthatcover the interval © ¡ª¦]¦U«¬ . In otherwords,onehasthecombinatorialspecifi-
cation � ����� �o® �4¯¢°²± £ ° �{³+´ ¯¶µ§± �u·C¸  ¢¯¶¹º± £
where ° designatestheclassof urns(³ ) thatarenonempty. Consequently, theEGFsatis-
fies

(8) � ����� �����ª�»�¥¼¶½¿¾À¡¢� � £
in view of our earlierdiscussionof urns(³ ) with EGF Á �����ª�m¼ ½ .

Equation(8) doessolve thecountingproblemfor surjections.For small � , onefinds� ��Â�� �����ª�u¼ Â ½_¾Ã¤4¼¶½ÅÄu¡�£ � �ÇÆU� �����ª�J¼ Æ ½_¾gÈ�¼ Â ½ÅÄ�È>¼¶½_¾{¡>£
whence,by expanding,� ��Â��� �o¤ � ¾Ã¤/£ � ��Æ��� �uÈ � ¾gÈÊÉ¢¤ � Ä�È_¦
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A surjection,herethemappingfrom ËÍÌEÎ�Î Ï-Ð onto Ë8ÌHÎÑÎ5ÒÑÐ givenby thetableÓºÔ»Õ Ì×ÖÙØÛÚÜÒÞÝÞßÙàÞÏÖáÌ×ÖÛØÞÒÞØÞÒÙØÙÚÃâäã
maybeviewedasanorderedtupleof nonemptyurns,or equivalently, linearsortedgraphs

2
1

3

4

6
8 9

7

5

(1) (2) (3) (4) (5)Ó Ô Ë§å§Ö¶æ ã å]Ø ã Ì]æ ã å-Ý ã Ú ã àlæ ã å]Ïlæ ã å§Ò ã ß¶æçÐÔ è é ã ê —- ë ã ì —- í — î ã ïÅã ð —- ñ�ò
correspondingto thecollectionof preimagesof Ì ã Ö ã Ø ã Ú ã Ò .

FIGURE 3. Thedecompositionof surjectionsassequences-of-sets.

Thegeneralformulafollowssimilarly from expandingthe � th powerin (8) by thebinomial
theorem,andthenextractingcoefficients:

(9)

� �Ç�U�� � «7ó © � � ¬ �ôõUö�÷�ø �ù>ú � ¾û¡¶� õ ¼ �-� õ �� �ôõUö�÷�ø �ù>ú �5¾û¡¢� õ � � ¾ ù � � ¦ü
1. A directderivationof thesurjectionEGF. Onemayverify theresultprovidedby thesymbolic

methodby returningto first principles. Sinceeachpreimageof a surjectionis a nonemptyset,the
numberof ý -surjectionsis expressedby an ý -fold convolution,

(10) þ²ÿ�� �� Ô �ÿ ����� �
	�� � � � � �
 � � ���� ã ��� ã ÎÑÎ�Î ã � ��� ã
thesumbeingtakenover

����� Ì ã � ��� � ����������� � � Ô � . (In this formulathe indices
���

vary
over all allowablecardinalitiesof preimages,andthemultinomialcoefficient countsthenumberof
waysof distributing theelementsof Ë8ÌHÎ�Î � Ð amongstthe ý preimages.)Introducethenumbers� � by�! Ô#" and � � Ô Ì if

�$� Ì . Theformula(10) thenassumesthesimplerform

(11) þ ÿ�� ��&% ��'��� ��	(� � � � � �  � �� � ã � � ã Î�Î�Î ã � � � � ��� � �
	 ����� � �
 ã
wherethe summationnow extendsto all tuples ) � � ã � � ã Î�Î�Î ã � �+* . The EGF of the � � is �,).- * Ô/ � � - ��0 ��1 Ô#2+354 Ì . Thustheconvolution relation(11) leadsto (8). 6

Let 7 �����8 denotethenumberof waysof partitioningtheset © ¡ª¦]¦U«¬ into � disjoint and
nonemptyequivalenceclasses.We set 7²���U�:9<; 8 7 �����8 ; the correspondingobjectsare
calledsetpartitions(thelatternot to beconfusedwith integerpartitionsexaminedin Sec-
tion I. 3). The enumerationproblemfor setpartitionsis closelyrelatedto thatof surjec-
tions. Symbolically, a partitionis determinedasa labelledsetof classes,eachof which is
anon-emptyurn. Thus,onehas7 ���U� 9 · �4¯¢°²± £ ° 9 ·C¸  ¢¯¢¹º± ¦
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Thebasicformulaconnectingthetwo countingsequencesresultsfrom there(or from direct
reasoning):

(12) = �����8 9 ¡� ó � �Ç�U�8 and = ���U� �¥� � 9 ¡� ó �y¼¢½¿¾{¡¶� � ¦
Therationalefor (12) is thatan � –partitionis associatedwith agroupof exactly � ó distinct� –surjections,two surjectionsbelongingto thesamegroupiff oneobtainsfrom theother
by permutingtherangevalues,© ¡ª¦]¦ � ¬ .

Thenumbers= �����8 9 «7ó © � 8 ¬ =a���U� �¥� � areknown astheStirling numbersof thesecond
kind, or better, the Stirling “partition” numbers. They were briefly encounteredin the
previous chapteranddiscussedin connectionwith encodingsby words (Example7 and
Figure9 of ChapterI). Knuth, following Karamata,advocatedfor the = �Ç�U�8 the notation> 8 �@? . From(9), anexplicit form alsoexists:

(13) = �����8BADC « ��E 9 ¡� ó �ôõUö�÷ ø �ù>ú �5¾û¡¢� õ � � ¾ ù � 8 ¦
The booksby Graham,Knuth, andPatashnik[71] andComtet[28] containa thorough
discussionof thesenumbers;seealsoAPPENDIX : Stirling numbers, p. 173.

Definenow thecollectionof all surjectionsandall setpartitionsby�F9HG � � ����� £ 7I9JG � 7 �Ç�U� ¦
Thus � 8 is theclassof all surjectionsof © ¡ª¦§¦5«¬ ontoany initial segmentof the integers,
and 7 8 is theclassof all partitionsof theset © ¡ª¦§¦5«¬ into anynumberof blocks(Figure4).
Symbolically, onehas�F9 ® ¯¢°²± £ 7I9 · ¯¢°²± £ with ° 9 · ¸   ¯¢¹º± ¦
Fromthereonefinds

(14) � �¥� � 9 ¡¤ ¾ ¼ ½ £ = �¥� � 9 ¼�KML ��  £
since N ����� 9 ¼ ½ ¾r¡ and � �¥� � 9 � ¡�¾ N �����5� �H  , = ����� 9 ¼PO � ½ � . The numbers� 8 9«7ó © � 8 ¬ � �¥� � and = 8 9 «7ó © � 8 ¬ = �¥� � arecalledthe surjectionnumbers (also,“preferential
arrangements”numbers,EISA000670) andtheBell numbers (EISA000110) respectively.
Thesenumbersarewell determinedby expandingtheEGFs:� ����� 9 ¡ÅÄ��äÄ�È � Â¤/ó Äu¡§È � ÆÈ ó ÄRQTS �TUV ó ÄRS V ¡ ��WS/ó Ä V�X�Y È ��ZX ó Ä V Q�¤P[�È �@\Q�ó ÄmÉ§É]É= �¥� � 9 ¡ÅÄ��äÄ{¤ � Â¤/ó ÄRS � ÆÈ}ó Äu¡
S � UV ó ÄRS�¤ � WS ó Ä�¤T]�È � ZX ó Ä Y Q�Q � \Q�ó ÄuÉ]É§ÉH¦

Explicit expressionsasfinite doublesumsresultfrom summingStirling numbers,� 8 9 ô^ ¸ ÷`_ ó C « _ E £ � 8 9 ô^ ¸ ÷�_ ó C « _ E £
whereeachStirling numberis itself a sumgivenby (13).

Alternatively, single(thoughinfinite) sumsresultfrom theexpansionsabbbc bbbd � ����� 9 ¡¤ ¡¡_¾  Â ¼ ½9 eô^ ö�÷ ¡¤ ^�f   ¼ ^ ½ and

abbc bbd = ����� 9 ¼�KML �H  9 ¡¼ ¼�KML9 ¡¼ eô^ ö�÷ ¼ ^ ½ £
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1 h« 9 ¤ , = Â 9 ¤ :g
2 h , g 1 h ,

g
1, 2 h« 9 È , = Æ 9 S :g

1 h , g 2, 3 h ,
g

1, 2 h , g 3 h ,
g
1, 2, 3 h ,

g
2 h , g 1 h , g 3 h ,

g
1, 3 h , g 2 h« 9 V , = U 9 ¡'S :g

1, 2, 4 h , g 3 h ,
g
1, 3, 4 h , g 2 h ,

g
1 h , g 2, 4 h , g 3 h ,

g
1, 3 h , g 2 h , g 4 h ,

g
1, 2, 3 h , g 4 h ,

g
4 h , g 1, 2 h , g 3 h ,

g
3, 4 h , g 1, 2 h ,g

1, 2, 3, 4 h ,
g
1 h , g 2, 3, 4 h ,

g
2, 3 h , g 1, 4 h ,

g
2 h , g 1, 4 h , g 3 h ,

g
3, 4 h , g 2 h , g 1 h ,

g
2 h , g 1 h , g 4 h , g 3 h ,

g
1, 3 h , g 2, 4 h ,g

1 h , g 4 h , g 2, 3 h« 9 S , = W 9 S>¤ :g
2 h , g 1 h , g 4 h , g 3, 5 h ,

g
1, 2, 3 h , g 5 h , g 4 h ,

g
1, 2, 4, 5 h , g 3 h ,

g
1 h , g 2, 4 h , g 3, 5 h ,

g
5 h , g 1 h , g 2, 4 h , g 3 h ,g

1, 5 h , g 2, 4 h , g 3 h ,
g
1 h , g 2, 3 h , g 4, 5 h ,

g
1, 3, 5 h , g 2, 4 h ,

g
1 h , g 4 h , g 2, 5 h , g 3 h ,

g
2, 4, 5 h , g 1, 3 h ,

g
5 h , g 1, 2, 3, 4 h ,g

1, 5 h , g 2, 3, 4 h ,
g

2 h , g 1 h , g 3 h , g 4, 5 h ,
g

5 h , g 2 h , g 1, 4 h , g 3 h ,
g

2, 3, 4, 5 h , g 1 h ,
g

1, 3, 5 h , g 2 h , g 4 h ,
g
2, 4, 5 h , g 1 h , g 3 h ,g

1, 2, 3, 5 h , g 4 h ,
g

2, 3, 5 h , g 1, 4 h ,
g
1, 3 h , g 5 h , g 2 h , g 4 h ,

g
4 h , g 1, 2 h , g 3, 5 h ,

g
1, 2, 3 h , g 4, 5 h ,

g
1, 2 h , g 3 h , g 4, 5 h ,g

1, 5 h , g 2 h , g 4 h , g 3 h ,
g
1, 3, 4 h , g 2, 5 h ,

g
3, 4 h , g 5 h , g 2 h , g 1 h ,

g
1, 3 h , g 5 h , g 2, 4 h ,

g
2 h , g 1, 3, 4, 5 h ,

g
1, 3 h , g 2 h , g 4, 5 h ,g

5 h , g 1 h , g 4 h , g 2, 3 h ,
g

5 h , g 4 h , g 1, 2 h , g 3 h ,
g
3, 4, 5 h , g 1, 2 h ,

g
5 h , g 2, 3 h , g 1, 4 h ,

g
1, 2, 3, 4, 5 h ,

g
1, 3, 4 h , g 5 h , g 2 h ,g

2 h , g 1, 4, 5 h , g 3 h ,
g
3, 4 h , g 1 h , g 2, 5 h ,

g
5 h , g 1 h , g 2, 3, 4 h ,

g
4 h , g 1, 2, 5 h , g 3 h ,

g
1, 2, 4 h , g 3, 5 h ,

g
3, 4 h , g 1, 2, 5 h ,g

1, 4 h , g 2, 5 h , g 3 h ,
g

3, 4 h , g 5 h , g 1, 2 h ,
g

5 h , g 1, 2, 4 h , g 3 h ,
g
1, 3 h , g 4 h , g 2, 5 h ,

g
2, 3 h , g 1, 4, 5 h ,

g
2 h , g 1 h , g 3, 4, 5 h ,g

2, 3, 5 h , g 1 h , g 4 h ,
g

5 h , g 2 h , g 1 h , g 4 h , g 3 h ,
g
2 h , g 1, 4 h , g 3, 5 h ,

g
1, 5 h , g 3, 4 h , g 2 h ,

g
1, 5 h , g 4 h , g 2, 3 h

FIGURE 4. A listing of all setpartitionsfor sizes« 9 ¡�£�¤ £UÈ}£ V £�S .
from which coefficientextractionyields� 8 9 ¡¤ eô^ öH÷ _ 8¤ ^ and = 8 9 ¡¼ eô^ ö�÷ _ 8_ ó ¦
Theformulafor theBell numberswasfoundby Dobinskiin 1877.

The asymptoticanalysisof the surjectionnumbers( � 8 ) will be performedin a later
chapterby meansof singularityanalysisof themeromorphicfunction � �¥� � ; thatof Bell’s
partitionnumbers( = 8 ) is bestdoneby meansof thesaddlepoint method.Theasymptotic
formsfoundare

(15) � 8ji «7ó¤ ¡�lknm�oÅ¤�� 8 f   and = 8pi «7ó ¼ K Mqsr�t �� � ��«E� 8 f  �u ¤�vxw+y{zH� � ��«E�5� £
where� ��«E� is thepositiverootof theequation� ¼ �|9 « . Onehas� ��«E�~}�knm�oª«i¾�k�mTo�k�mTo�« ,
sothat k�mTo = 8 9 «i�lknm�oª«C¾�k�mTo5k�mToÅ« ¾À¡ÅÄ��/� ¡¢�U�¦
Elementaryderivationsof theseasymptoticformsareexploredin thenotesthatfollow.ü

2. Laplace’s methodfor sums. By examining ratiosbetweensuccessive termsin the sum ex-
pressing� � , onedeterminestheindex �� nearwhich thetermsin Dobinski’s formulaaremaximal.
Thegeneraltermof index � Ô �� ���� , afterscaling,is thenfoundto bewell approximatedby the
Gaussianfunction 2��!� 	 . A comparisonwith theRiemannsumof theGaussianfunctionsleadsto the
asymptoticform statedfor � � . This is aninstanceof theLaplacemethodfor sumsthatis detailedin
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DeBruijn’sbook[35]; seealso[130]. Theasymptoticestimationof þ � canbesubjectedto asimilar
treatment(Comtet). 6ü

3. Cauchy’s methodfor generating functions.An approachdifferentfrom theonein Ex. 2 bases
itself on thefactthat þ�).- * hasa singularityat a finite distance.Indeed,thefunctionþ�).- * 4 ÌÖ Ì����� Ö 4 -
is analyticfor � -@���ÃÝ . (Thesingularityof þ�).- * at

����� Ö hasbeenremovedandthenext polesareat���
� Ö��fÖ+�l� .) Thus,onehas þ ���1 Ô ÌÖ�� Ì) ���
� Ö * �
� � ��� ) ÌÝ � *��
by virtueof Cauchy’s boundsfor coefficientsof analyticfunctions;seeChapterIV for details. 6

Theline of reasoningadoptedfor theenumerationof surjectionsviewedassequences-
of-setsandpartitionsviewed assets-of-setsyields a generalresultthat is applicableto a
widevarietyof constrainedobjects.

PROPOSITION II.2. Let ���n���   � be the classof surjectionswhere the cardinalities
of the preimages lie in ¡£¢¥¤ ¸   and the cardinality of the range belongsto ¦ . The
correspondingEGF is� �n���  ç� ����� 9�§ �l¨ �����5� where ¨ ����� 9 ô©
ª � � ©« ó £ § ����� 9 ô¬ ª   � ¬ ¦

Let 7¿�n���  ç� betheclassof setpartitionswith part sizesin ¡¢®¤ ¸   andwith a number
of blocksthatbelongsto ¦ . ThecorrespondingEGF is= �����   � �¥� � 9�§ �l¨ �����5� where ¨ ����� 9 ô©'ª � � ©« ó £ § ����� 9 ô¬ ª   � ¬¯ ó ¦

PROOF. Onehas� �����   � 9 ® �Å¯ ·  _¯P°Ê±>± and 7 �����   � 9 · ��¯ ·  _¯P°Ê±>± £
where±³² representsa constructionwith anumberof componentsrestrictedto theinteger
set ´ . µ
EXAMPLE 5. Setpartitions with boundedblock sizes. Let ¼ ¬ ����� denotethe truncated
exponentialfunction, ¼ ¬ �¥� �~¶ 9 ¡ÅÄ �¡�ó Ä � Â¤/ó ÄmÉ§É]É¢Ä � ¬¯ ó ¦
TheEGFs =¸·.¹ ¬»º ����� 9 w(y!z ��¼ ¬ �����ç¾{¡¶�Ñ£ =¸·l¼ ¬»º ����� 9 w(y{zE��¼¶½_¾g¼ ¬ �¥� �U�Ñ£
correspondto partitionswith all blocksof size ½ ¯ andall blocksof size ¾ ¯ , respectively.µ ü

4. The EGF of partitionswithout singletonpartsis 2+¿ L � � � 3 . The EGF of “double surjections”
(eachpreimagecontainsat leasttwo elements)is )�Ö 4 - 4�2+3 * � � . 6
EXAMPLE 6. Comtet’s square. An exercisein Comtet’s book[28, Ex. 13, p. 225] serves
beautifully to illustratethepower of symbolicmethods.Thequestionis to enumerateset
partitionssuchthat a parity constrainedis satisfiedby the numberof blocks and/orthe
numberof elementsin eachblock. Then,theEGF’saretabulatedasfollows:
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Setpartitions Any numberof blocks Oddnumberof blocks Evennumberof blocks

Any blocksizes 2 ¿ L � � ÀÂÁ�Ã@Ä ) 2 3 4 Ì * Å � ÀÂÄ ) 2 3 4 Ì *
Oddblocksizes 2+ÆÈÇ É�Ê 3 ÀÂÁ�Ã@Ä ) ÀÂÁ�Ã@Ä - * Å � ÀÂÄ ) ÀÂÁ�Ã�Ä - *
Evenblock sizes 2+ËÍÌÂÆÈÊ 3 � � ÀÂÁ�Ã@Ä ) Å � ÀÂÄ - 4 Ì * Å � ÀÂÄ ) Å � ÀÂÄ - 4 Ì *

Theproof is a directapplicationof PropositionII.2, uponnotingthat¼¶½>£ÏÎÑÐ�ÒÔÓ¿��£ÖÕ+m�Î×Ó_�
arethecharacteristicEGFsof ¤ ¸ ÷ , ¤ ¤ ¸ ÷ Är¡ , and ¤ ¤ ¸ ÷ respectively. ThesoughtEGFs
arethenobtainedby forming thecompositionsØ w(y!zÎ×ÐnÒÙÓÕ(m�Î×ÓÛÚ�Ü Ø w+y{zÊ¾û¡ÎÑÐ�ÒÔÓÕ+m�Î×Óû¾û¡JÚ £
in accordancewith generalprinciples. µ

II. 3.2. Applications to words and random allocations. The examplesdiscussed
now dealwith enumerativeproblemsthatpresentthemselveswhenanalysingstatisticson
lettersin words. They find applicationsin randomallocationsandtheso-called“hashing
algorithms”of computerscience[130]. Fix analphabetÝ 9 ¯ «   £ « Â £§¦]¦§¦]£ « �¶±
of cardinality � , and let Þ be the classof all wordsover the alphabet

Ý
, the sizeof a

word beingits length. A word of length « , ß ��Þ 8 , canbeviewedasanunconstrained
function from © ¡ª¦§¦5«¬ to © ¡ª¦]¦ � ¬ , the functionassociatingto eachpositionthevalueof the
correspondingletter in the word (canonicallynumberedfrom ¡ to � ). For instance,letÝ 9 ¯ « £ ¯ £×àl£âá}£ � ± andtake thelettersof

Ý
canonicallynumberedas «   9 « £]¦]¦§¦-£ « W 9J� ;

for theword ßã9 ‘abracadbra’, thetablegiving theposition-to-lettermappingisøJä å ý ä æBäèçéä å ý äÌÙÖÛØÜÚ ÒÜÝ ßÜà ÏáÌ " Ì§ÌÌÙÖÙÒ Ì Ø Ì Ú ÌÙÖ Ò Ì ú £
which is itself determinedby its sequenceof preimages:© ö © �ê ë�ì í¯ ¡>£ V £ X £ Y £§¡�¡ ± £ ¬ ö © 	ê ë�ì í¯ ¤ £×[ ± £ïî ö ©�ðê
ë�ì'í¯ S ± £ïñ ö ©�òê
ë+ì
í¯ Q ± £ � ö ©+óê ë+ì í¯ È £]¡
] ± ¦
(Here,all preimagesarenonempty, but this neednot alwaysthecase.)Thedecomposition
basedonpreimagesthengives

(16) Þõô ³ � A ® �¶¯ ³ ± £
where³ representsapossiblyemptyurn. As theEGFof ³ is Á ����� 9 ¼ ½ , thisconstruction
impliesthattheEGFof all wordsis

(17) ö ����� 9 �¥¼¶½¢� � 9 ¼ � ½�£
which yields back ö 8 9 � 8 , aswasto be expected.For the situationwhererestrictions
areimposedon the numberof occurrencesof letters,the decomposition(16) generalizes
asfollows.
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PROPOSITION II.3. Let Þ �n��� denotethe family of words such that the numberof
occurrencesof each letter lies in a set ¡ . Then

(18) ö �n��� ����� 9 �Í¨Å�¥� �U� � where ¨Å�¥� � 9 ô©
ª � � ©« ó ¦
Thoughthis result is technicallya shallow consequenceof the symbolicmethod,it

hasseveralimportantapplicationsin discreteprobability;see[130, Ch.8] for a discussion
alongthelinesof thesymbolicmethod.

EXAMPLE 7. Restrictedwords.TheEGFof wordscontainingat most
¯

timeseachletter,
andthatof wordscontainingmore than

¯
timeseachletterare

(19) Þ÷·l¹ ¬»º ����� 9 ��¼ ¬ �¥� �U� � £ Þø·.¼ ¬�º ����� 9 �y¼¢½¿¾ ¼ ¬ �����5� � £
respectively. Taking

¯ 9 ¡ in the first formulagivesthe numberof � –arrangementsof «
elements(i.e.,orderedcombinationsof � elementsamongst« ) as

(20) «7ó © � 8 ¬d�5¡ÅÄ���� � 9u� ó ø « � ú 9 «ª� «C¾+¡¢�É§É]É]��« ¾ � Äm¡¶�Ñ£
asanticipated;taking

¯ 9 ¡ , but now in thesecondformula,givesbackthenumberof � -
surjections.

For general
¯
, the generatingfunctionsof (19) containvaluableinformationon the

leastfrequentandmostfrequentletterin randomwords.Someconsequencesareexplored
below. µü

5. Numberof different letters in words. Theprobability thata randomword of length
�

over an
alphabetof cardinality ý contains� differentlettersisù ÿ�� ��T� úüû Ô Ìý � � ý� �jý � ��þ � 1
(Choose� lettersamongstý , thensplit the

�
positionsinto � distinguishednonemptyclasses.)The

quantity ù ÿ�� ��T� ú is alsotheprobability thata randommappingfrom Ë8Ì Î�Î � Ð to Ë8Ì Î�Î ý]Ð hasan imageof
cardinality � .) 6ü

6. Arrangements.Defineanarrangementof size
�

asanorderedcombinationof (some)elements
of Ë8Ì Î�Î � Ð , andlet ÿ be theclassof all arrangements.Groupingtogetherall thepossibleelements
not presentin thearrangementinto anurnshows thataspecificationandits companionEGFareÿ�� ����� ã � Ô�� å
	äæ ã � Ô�� å	äæ Ô�� � ).- * Ô 2 3Ì 4 - Î
Theresultingcountingsequence � � Ô ��ú��  ��1� 1
startsas Ì ã Ö ã Ò ã ÌÑÝ ã Ý¶Ò ã Ø¶Ö§Ý ã ÌÑÏ¢Ò¢ß ã Ì�Ø¶ß "�" (EISA000522); seealso[28, p. 75]. 6ü

7.Balls-switching-binsmodel.Thereare � distinguishableballsandtwo bins(alsocalled“urns”)� and � . At any time � Ô Ì ã Ö ã Î�Î�Î , oneof theballschangesbins.TheEGFof thenumberof moves
of duration Ö � thatstartwith urn � full (at � Ô#" ) andendwith urn � againfull (at � Ô Ö � ) is)�Ö � * 1 � Ë - � � ÐP) Å � ÀÂÄ ).- *Â* � Î
[Hint: this the EGF enumeratesmappingswhereeachpreimagehasan even cardinality.] From
there,onecangeneralizeto thecasewhere � contains� balls initially and � balls finally. (This is
Ehrenfest’s simplified modelof heattransferthat is analysedthoroughlyin [69] by combinatorial
methods.) 6
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EXAMPLE 8. Randomallocations(balls-in-binsmodel).Throw at random« distinguish-
ableballs into � distinguishablebins. A particularrealizationis describedby a word of
length « (ballsaredistinguishable,say, asnumbersfrom 1 to « ) over analphabetof car-
dinality � (representingthebinschosen).Let Min andMax representthesizeof theleast
filled andmostfilled bins,respectively. Then,theprobabilisticmodel1 has

(21)

� ¯ Max ½ ¯ ± 9 «7ó © � 8 ¬ ¼ ¬ � ½� ¨ �� ¯ Max ¾ ¯ ± 9 «7ó © � 8 ¬ � ¼ ½�� � ¾g¼ ¬ � ½� ¨¢¨ � ¦
Thejustificationof this formularelieson theeasyidentity

(22)
¡� 8 © � 8 ¬�� �¥� � A © � 8 ¬�� � �� �-£

andonthefactthataprobabilityis determinedastheratiobetweenthenumberof favorable
cases(givenby (19)andthetotalnumberof cases( � 8 ).

An especiallyinterestingcaseis when � and « areasymptoticallyproportional,that
is, « � � 9 ¨ and ¨ lies in acompactsubinterval of �l]}£�Ä"!{� . In thatcase,with probability
tendingto 1 as « tendsto infinity, onehas

Min 9 ] £ Max i k�mTo�«k�mTo5k�mToª« ¦
In otherwords, therearealmostsurelyemptyurns (in fact many of them,seeEx. 8 in
ChapterIII) andthemostfilled urngrowslogarithmicallyin size.Suchprobabilisticprop-
ertiesarebestestablishedby complex analyticmethods(especiallythesaddlepointmethod
detailedin ChapterVI) basedon exactgeneratingrepresentationslike (19)and(21). They
form the coreof the referencebook [92] by Kolchin, Sevastyanov, andChistyakov. The
resultingestimatesarein turninvaluablein theanalysisof hashingalgorithms[67, 86, 130]
to which theballs-in-binsmodelhasbeenrecognizedto applywith greataccuracy [100].µ

The next two examplesillustrateapplicationsof EGF’s to two classicalproblemsof
probability theory, the “birthday paradox”andthe “couponcollectorproblem”. Assume
thereis a very long line of personsreadyto entera very large room oneby one. Each
personis let in anddeclaresherbirthdayuponenteringtheroom. How many peoplemust
enterin order to find two that have the samebirthday? The “birthday paradox”is the
counterintuitive fact that on averagea birthdaycollision takesplaceasearly as « ¦9 ¤ V .
Dually, the“couponcollectorproblem”asksfor theaveragenumberof personsthatmust
enterin orderto exhaustall the possibledaysin the yearasbirthdates.In this case,the
answeris the ratherlarge number «$# ¦9 ¤4È XPV . (The term “couponcollection” alludesto
thesituationwhereimagesor couponsof varioussortsareinsertedin salesitemsandsome
premiumis givento thosewho succeedin gatheringa completecollection.)Thebirthday
problemandthe couponcollectorproblemarerelative to a potentially infinite sequence
of events;however, thefact that thefirst birthdaycollision or thefirst completecollection
occursat any fixed time « only involvesfinite events. The following diagramillustrates
theeventsof interest:

1Welet %'&)(+* representtheprobabilityof anevent ( and ,-&)./* theexpectationof therandomvariable . .
Whenever necessary, subscriptsmaybeusedto indicatetheprobabilisticmodelof use.
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0
INJECTIVE SURJECTIVE

1
(1stcollision) 2 (completecollection)

� Ô�" �43 �65
/////////////////////////////////

In other words, we seekthe time at which injectivity ceasesto hold (the first birthday
collision, ¦ ) andthetimeatwhichsurjectivity beginsto besatisfied(acompletecollection,7

). In whatfollows,weconsiderayearwith � days(readersfrom earthmaytake �,9 È X S )
andlet

Ý
representanalphabetwith � letters(thedaysin theyear).

EXAMPLE 9. Birthday paradox. Let ¦ be the time of the first collision, which is a
randomvariablerangingbetween2 and � Ä ¡ (wherethe upperboundderivesfrom the
pigeonholeprinciple). A collision hasnot yet occurredat time « , if thesequenceof birth-
dates§   £]¦§¦]¦§£ § 8 hasno repetition.In otherwords,thefunction § from © ¡>£�¦]¦5«¬ to

Ý
must

beinjective; equivalently, §   £§¦]¦]¦§£ § 8 is an « -arrangementof � objects.Thus,we have the
fundamentalrelation

(23)

� ¯ ¦ ¾ « ± 9 � � � ¾À¡¢��É]É]É¢� � ¾f«	Äu¡¢�� 89 «7ó� 8 © � 8 ¬ � ¡aÄ���� �9 «7ó © � 8 ¬98>¡ÅÄ ��': � £
wherethesecondline repeats(20)andthethird resultsfrom theseriestransformation(22).

Theexpectationof therandomvariable¦ is

(24) ; � ¦ � 9Ïeô8 ö�÷ � ¯ ¦ ¾ « ± £
by virtue of a generalformulavalid for all discreterandomvariables.From(23), line 1,
this givesusasumexpressingtheexpectation,namely,; � ¦ � 9 ¡�Ä �ô8 ö   � � � ¾{¡¶�É]É§É]� � ¾ «ºÄu¡¢�� 8 ¦
For instance,with � 9 È X S , onefindsthattheexpectationis therationalnumber,; � ¦ � 9 ¡¢¤ XTY ¡ªÉ]É§É»] XTX Q VS/¡'S/¡�Q É]É§É V ] X ¤TS ¦9 ¤ V ¦ X ¡ X S Y £
wherethedenominatorcomprisesasmuchas864digits.

An alternative form of theexpectationderivesfrom thegeneratingfunction involved
in (23), line 3. Let � beanentirefunctionwith nonnegativecoefficients.Thentheformula

(25) � �¥� � 9 ô8 ¸ ÷ � 8 � 8 9$< = ¶ 9 eô8 ö�÷ � 8 «7ó 9>= e÷ ¼ �@? � �BA5�{áCAÑ£
is valid providedeitherthe sumor the integral on the right converges. The reasonis the
usualEulerianrepresentationof factorials,«7ó 9 = e÷ ¼ �@? A 8 áCAÑ¦
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Applying this principleto (24)with theprobabilitiesgivenby (23) (third line), onefinds

(26) ; � ¦ � 9 = e÷ ¼ �@? ø ¡ÅÄ A� ú � áCAÑ¦
This lastform is easilyamenableto asymptoticanalysisandtheLaplacemethod2 delivers
theestimation

(27) ; � ¦ � 9ED v �¤ Ä ¤È ÄGFi� � ��  � Â �-£
as � tendsto infinity. For instance,theasymptoticapproximationprovidedby thefirst two
termsof (27) is ¤ V ¦ X ¡ 119, which representsa relativeerrorof only ¤ É4¡
] � U .

Theinterestof suchintegral representationsbasedon generatingfunctionis that they
arerobust: they adjustnaturallyto many kindsof combinatorialconditions.For instance,
theexpectedtime necessaryfor thefirst occurrenceof theevent“

¯
personshave thesame

birthday” is foundto haveexpectationgivenby theintegral

(28) H � � £ ¯ � ¶ 9>= e÷ ¼ �@? ¼ ¬ ø A� ú � áCAÑ¦
(Thebasicbirthdayparadoxcorrespondsto

¯ 9 ¤ .) Theformula(28) wasfirst derivedby
Klamkin andNewmanin 1967;their paper[80] shows in additionthatH � � £ ¯ � i��I eKJL ¯ óNM ø ¡ÅÄ ¡¯ ú �  ��H  � ¬ £
wheretheasymptoticform evaluatesto 82.87for � 9 È X S and

¯ 9 È , while theexactvalue
of theexpectationis 88.73891.Thusthree-waycollisionsalsotendto occurmuchsooner
thanone might think, with about89 personson average. Globally, suchdevelopments
illustratetheversatilityof thesymbolicapproachto many basicprobabilisticproblems.µü

8.Birthdayparadoxwith leapyears. Assumethatthe29thof Februaryexistspreciselyonceevery
fourth year. What is the amplitudeof the effect on the expectationof the first birthdaycollision?
(Hint: onemaywish to treatthegeneralcaseof nonuniformdatedistributions;seeEx. 10below.) 6
EXAMPLE 10. Couponcollectorproblem.This problemis dual to thebirthdayparadox.
We askfor the first time

7
when §   £§¦]¦]¦§£ §@O containsall the elementsof

Ý
, that is, all

the possiblebirthdateshave been“collected”. (The name“coupon collector” is due to
the fact that in former times,chocolatebarswould containdifferentcouponsor images
andcollectorswould be awardedsomegift in exchangefor a full collection.) In other
words,theevent ¯ 7 ½ « ± meanstheequalitybetweensets,̄ §   £]¦§¦]¦-£ § 8 ± 9 Ý . Thus,the
probabilitiessatisfy

(29)

� ¯ 7 ½ « ± 9 � �����8� 8 9 «7ó > �8 ?� 89 «7ó� 8 © � 8 ¬���¼ ½ ¾À¡¢� �9 «7ó © � 8 ¬98§¼¶½�� � ¾{¡ : � £
by ourearlierenumerationof surjections.Thecomplementaryprobabilitiesarethen� ¯ 7 ¾ « ± 9 ¡_¾ � ¯ 7 ½ « ± 9 «7ó © � 8 ¬ 8 ¼¶½_¾ 8 ¼¶½�� � ¾À¡ : � : ¦

2Knuth[85, Sec.1.2.11.3]usesthiscalculationasapilot examplefor (real)asymptoticanalysis;thequantity,-&�PQ* is relatedto Ramanujan’s R -function(seealsoEq.(45)below) by ,S&)PT* UWV@XYR�&[Z* .
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FIGURE 5. A samplerealizationof the“birthdayparadox”and“coupon
collection” with analphabetof � 9 ¤P] letters.Thefirst collision occurs
at time ¦ 9 X while thecollectionbecomescompleteat time

7 9 Y Q .
An applicationof the Eulerianintegral trick of (26) thenprovidesa representationof the
expectationof thetime neededfor a full collectionas

(30) ; � 7 � 9 = e÷ 8>¡_¾+� ¡_¾g¼ ��? � � � � : á\AÑ¦
A simplecalculation(expandby thebinomialtheoremandintegratetermwise)shows that; � 7 � 9m� �ôõUö   ø �ù>ú � ¾û¡¶� õ �H ù £
which constitutesa first answerto the couponcollectorproblemin the form of an alter-
natingsum. Alternatively, in (30), performthe changeof variables]�9 ¡Ê¾�¼ ��? � � , then
expandandintegratetermwise;this processprovidesthemoretractableform

(31) ; � 7 � 9m�_^ � £
wherê � is theharmonicnumber:^ � 9 ¡ÅÄ ¡¤ Ä ¡È ÄmÉ§É]É¢Ä ¡� ¦
(Formula(31) is by thewayeasyto interpretdirectly: oneneedson average¡ 9+� � � trials
to getthefirst day, then � �/� � ¾À¡¢� to geta differentday, etc.)

Regarding(31), onehasavailablethewell-known formula (by comparingsumswith
integralsor by Euler-Maclaurinsummation),^ � 9 k�mTo � Äa`ºÄ ¡¤ � Ä�Fi� � �@Â �-£b` ¦9 ]}¦ S@QTQ4¤ ¡ S X�XPV [ £
wherè is known asEuler’sconstant.Thus,theexpectedtimefor afull collectionsatisfies

(32) ; � 7 � 9+� k�mTo � Ä�` � Ä ¡¤ Ä�Fi� � �H  �-¦
Herethe“surprise”liesthenonlineargrowthof theexpectedtimefor afull collection.Fora
yearonearth,�x9 È X S , theexactexpectedvalueis

¦9 ¤�È XPV ¦ XTV�X ]>¤ while theapproximation
providedby thefirst threetermsof (32)yields ¤�È XPV ¦ XTV�X 25, representinga relativeerrorof
only onein tenmillions.
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Like before,the symbolictreatmentadaptsto a varietyof situations,for instance,to
multiple collections.Theexpectedtime till eachitem (birthdayor coupon)is obtained̄
times(thestandardcasecorrespondsto

¯ 9 ¡ ) equalsthequantityc � � £ ¯ � 9 = e÷ 8 ¡_¾ 8 ¡_¾ ¼ ¬ �BAN� � �5¼ ��? � � : � : áCAÑ£
anexpressionthatvastlygeneralizes(32). Fromthere,onefinds[108]c � � £ ¯ � 9 «º� knm�o�«	Äu� ¯ ¾{¡¶�!knm�o5k�mToª«	Äa` ¾�k�mTo� ¯ ¾À¡¢�Ñó¶Ä��/�5¡¢�5�H£
sothatonly a few moretrials areneededin orderto obtainadditionalcollections. µü

9. Thelittle sister. Thecouponcollectorhasa little sisterto whomhegiveshis duplicates.Foata,
Lass,andHan [63] show that the little sistermisseson averaged � couponswhenher big brother
first obtainsa completecollection. 6ü

10. The original couponcollector problem. A company issuescouponsof ý different types,
type e beingissuedwith probability ù � . Let f be the randomvariablerepresentingthenumberof
couponsthatoneneedsto gatheruntil a full collectionwith ý differentcouponsis obtained.By the
multivariatetechniquesof ChapterIII, onehasg åhf�� � æ Ô ��1 Ë - � Ð �i� � � ) 2kjkl 3 4 Ì * Î
TheEulerianintegralgivesfor theexpectation:m )nf * Ôporq � Ì 4 �i� � � )dÌ 4�2 � j�s � * � çut Î
See[47] for severalvariationson this themeandp. 141for relatedcontext. 6

What distinguishesa labelledstructurefrom an unlabelledone? There is nothing
intrinsic there,and everything is in the eye of the beholder! (Or rather in the type of
constructionadoptedwhenmodellingaspecificproblem.)Taketheclassof words Þ over
analphabetof cardinality � . Thetwo generatingfunctionsvö �¥� � A ô 8 ö 8 � 8 9 ¡¡_¾ � � and ö �¥� � A ô 8 ö 8 � 8«7ó 9 ¼ � ½ £
leadingin bothcasesto ö 8 9+� 8 , correspondto two differentwaysof constructingwords,
thefirst onedirectly asanunlabelledsequence,theotheroneasa labelledpower of letter
positions.A similarsituationarisesfor � –partitions,for whichwefoundasOGFandEGF,w= ���U� �¥� � 9 � �� ¡_¾g� �]� ¡_¾Ã¤4���É]É§É-� ¡_¾ � � � and = �Ç�U� ����� 9 ��¼ ½ ¾À¡¢� �� ó £
by viewing theseeitherasunlabelledstructures(anencodingvia wordsof a regular lan-
guage,seeSectionI.4.3) or directlyaslabelledstructures.

II. 4. Alignments, permutations, and relatedstructur es

In this section,westartby consideringthespecifications,

(33) x 9 ® ¯uyç¯¢¹	±�± £ and z 9 · ¯�¯§¹	±�± £
built by piling up two constructions,sequences-of-cyclesandsets-of-cyclesrespectively.
They definea new classof objects,calledalignments( x ), while servingto specifyper-
mutations( z ) in a novel way asdetailedbelow. (Thesespecificationsotherwiseparallel
surjectionsandsetpartitions.)Permutationsarein this context examinedundertheir cycle
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A permutationmaybeviewedasasetof cyclesthatarelabelledcirculardigraphs.Thediagram
shows thedecompositionof thepermutationÓiÔ Õ ÌáÖ Ø Ú Ò Ý ß àrÏ»Ì " Ì§Ì Ì-Ö�ÌÑØ Ì�Ú Ì-Ò�ÌÑÝ ÌÑßÌ§ÌrÌ-Ö»ÌÑØ ÌÑß»Ì " Ì-Ò»Ì�Ú�ÏrØ Ú Ý Ö ß à Ì Ò Ì�Ý â Î

(Cyclesreadclockwiseand { is connectedto |�} in thegraph.)

FIGURE 6. Thecycledecompositionof permutations.

decomposition,thecorrespondingenumerativeresultsbeingthemostimportantonescom-
binatorially(SectionII. 4.1). In SectionII. 4.2,we recapitulatethemeaningof classesthat
canbedefinediteratively by a combinationof any two nestedlabelledconstructions.

II. 4.1. Alignments and Permutations. Definefirst analignmentasa well-labelled
sequenceof cyclesandlet x betheclassof all alignments.Let z bedefinedmomentarily
astheclassof all setsof cycles.Thecorrespondingspecificationsarethenclearlytheones
of (33).

By thesymbolicmethod,alignmentshaveEGFFi��~-� 9 ¡¡_¾�k�mTo@� ¡_¾a~-� �� 9 ¡ÅÄp~ Ä�È ~ Â¤ ¡ Äm¡ V ~ ÆÈ}ó Ä Y�Y ~ UV ó Ä X [ V ~ WS ó ÄuÉ]É§É�£
which doesnot simplify. The coefficientsform EIS A007840(“orderedfactorizationsof
permutationsinto cycles”).

Fromelementarymathematics,it is known thatapermutationadmitsauniquedecom-
positioninto cycles. Let |�9�|   ¦§¦]¦ | 8 beaspermutation.Startwith any element,say ¡ ,
anddraw adirectededgefrom 1 to | � ¡�� , thencontinueconnectingto |�Â �5¡��-£ |�Æ � ¡�� , andso
on; a cycle containing1 is obtainedafterat most « steps.If onerepeatstheconstruction,
takingat eachstageanelementnot yet connectedto earlierones,thecycle decomposition
of the permutation| is obtained.This argumentshows that the classof “sets-of-cycles”
(correspondingto z in (33)) is isomorphicto theclassof permutationsasdefinedin Sec-
tion II. 1: z 9 · ¯�yç¯¶¹º±>± i9 ® ¯¶¹º± ¦
Thiscombinatorialisomorphismis reflectedby theobviousseriesidentity� �n~S� 9 w(y!z ø knm�o ¡¡_¾�~ ú 9 ¡¡_¾a~ ¦
In a sense,thepropertythatexp andlog areinverseof oneanotheris ananalyticreflex of
thecombinatorialfactthatpermutationsuniquelydecomposeinto cycles!

As regardscombinatorialapplications,whatis especiallyfruitful is thevarietyof spe-
cializationsof theconstructionof permutationsfrom cycles.We state:
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PROPOSITION II.4. Let z4�n���   � be the classof permutationswith cycle lengthsin¡ ¢I¤ ¼ ÷ andwith a numberof cyclesthatbelongsto ¦ ¢®¤ ¸ ÷ . ThecorrespondingEGF
is � �n���   � ��~-� 9 § �l¨ �n~S��� where ¨ �n~S� 9 ô©
ª � ~ ©« £ § �n~S� 9 ô¬ ª   ~ ¬¯ ó ¦
EXAMPLE 11. Stirling cyclenumbers. Thenumberof permutationsof size « comprised
of � cyclesis determinedby theexplicit generatingfunction

(34)
� �Ç�U�8 9 «7ó� ó © ~ 8 ¬ ø k�mTo ¡¡_¾a~ ú � ¦

Thesenumbersarefundamentalquantitiesof combinatorialanalysis.They areknown as
theStirling numbersof thefirst kind, or better, accordingto a proposalof Knuth, theStir-
ling “cycle” numbers. Togetherwith theStirling partitionnumbers,thepropertiesof the
Stirling cycle numbersareexplored in the book by Graham,Knuth, andPatashnik[71]
wherethey aredenotedby � 8 ��� . SeeAPPENDIX : Stirling numbers, p. 173. (Note that the
numberof alignmentsformedwith � cyclesis � ó � 8 ��� .) As we shallseeshortly(p. 99) Stir-
ling numbersalsosurfacein theenumerationof permutationsby their numberof records.

It is alsoof interestto determinewhathappensregardingcyclesin a randompermu-
tationof size « . Clearly, whentheuniform distribution is put on all elementsof z 8 , each
particularpermutationhasprobabilityexactly ¡u�¶«7ó . Sincetheprobabilityof aneventis the
quotientof thenumberof favorablescasesover thetotal numberof cases,thequantity� 8 � ^ ¶ 9 ¡«7ó�� « _��
is the probability that a randomelementof

� 8 has « cycles. This probabilitiescanbe
effectively determinedfor “reasonable”valuesof « from (34), preferablyby meansof a
computeralgebrasystem.Herearefor instanceselectedvaluesfor « 9 ¡�]T] :_ ¶ ¡ ¤ È V S X Q Y [ ¡�]� 8 � ^ ¶ ]}¦ ]}¡ ] ¦ ]�Sé] ¦Ç¡¢¤ ] ¦Ç¡�[è] ¦8¤/¡ ] ¦Ç¡'Q ]}¦�¡>¡ ]}¦ ] X ]}¦ ]>Èè] ¦ ] ¡ £
so that, for this valueof « , we expect in a vastmajority of casesthe numberof cycles
to be in the interval © ¡>£]¡
]l¬ . (The residualprobability is only about ]}¦ ]�]�S .) Under this
probabilisticmodel, the meanis found to be about S/¦Ç¡ Y . Thus: On average, a random
permutationof size100hasa little more than5 cycles.

Suchproceduresdemonstratea directexploitationof symbolicmethods.They do not
however tell ushow thenumberof cyclescoulddependon « as « varies.Suchquestions
areto beexaminedsystematicallyin ChapterIII. Here,we shallcontentourselveswith a
brief sketch.First, form thebivariategeneratingfunction,� �n~�£��9�~¶ 9õeô� ö�÷ � �Ç�U� ��~-��� � £
andobservethat� ��~}£N��� 9 eô� ö�÷ � �� ó ø k�mTo ¡¡_¾a~ ú � 9 w(y!z ø �|k�mTo ¡¡_¾a~ ú9 � ¡¿¾a~-� �@� ¦
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Newton’sbinomialtheoremthenprovides© ~ 8 ¬d�5¡¿¾�~S� ��� 9 �5¾û¡�� 8 ø ¾6�« ú ¦
In otherwords,asimpleformula

(35)

8ô^ ö�÷ � « _�� � ^ 9 � �B�FÄu¡��]�B�FÄ{¤\�É§É]É¢�B�FÄ�« ¾À¡��
describespreciselythedistributionof Stirling cyclenumbersfor any fixedvalueof « . From
there,the expectednumberof cycles, � 8 ¶ 9�� ^ _ � 8 � ^ is easily found (uselogarithmic
differentiationof (35)), � 8 9�^ 8 9 ¡ÅÄ ¡¤ ÄuÉ]É§É¢Ä ¡« ¦
In particular, onehas �   ÷U÷ A ^   ÷�÷ ¦9 S ¦�¡ Y QlÈ Y . In general:Themeannumberof cyclesin
a randompermutationof size« growslogarithmicallywith « , � 8pi k�mToª« . µ
EXAMPLE 12. Involutionsand permutationswithout long cycles. A permutation| is
an involution if |�Â�9�H á with H á the identity permutation.Quite clearly, an involution
canhave only cyclesof sizes ¡ and ¤ . The class� of all involutionsthussatisfies�D9· ¯�y  �� Â ¯¶¹º±�± . Thetranslationis immediate:

(36) H �n~S� A ô 8 H 8 ~ 8«7ó 9 w+y{z ø ~²Ä ~ Â¤ ú ¦
This lastequationthenprovidestheformulaH 8 9�� 8 � Â��ô^ ö�÷ «7ó��« ¾Ã¤ _ �Ñó8¤ ^ _ ó £
which solves the countingproblemexplicitly. A pairing is an involution without fixed
point; in otherwords,only cyclesof length2 areallowed.TheEGFandthenumberof all
pairingsaregivenby c ��~-� 9 ¼¶½ 	 � Â £ c Â 8 9 ¡_É§ÈÊÉ�SaÉ§É]É]�y¤l«C¾{¡��
aswasto beanticipatedfrom a directreasoning.

Generally, theEGFof permutations,all of whosecycles(in particularthelargestone)
have lengthatmostequalto � satisfies¦ ���U� ��~-� 9 w+y{zG�� �ôõUö   ~ õùY�� ¦
Thenumbers̄ �Ç�U�8 9�© ~ 8 ¬ ¦4�Ç�U� ��~-� satisfytherecurrence��« Äm¡�� ¯ �����8 f   9 � « Äu¡�� ¯ �����8 ¾ ¯ �����8 �@� £
by which they canbecomputedfast.Thisgivesaccessto thestatisticsof thelongestcycle
in a permutation. µ
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All perms Derangements¡¡_¾�~ ¼ � ½¡_¾a~ Involutions Pairings¼¶½ f ½ 	 � Â ¼¢½ 	 � Â
Shortestcycle ¾��¼ ���  � ½ �¡_¾a~ Longestcycle ½À�¼ �  � ½ �

FIGURE 7. A summaryof majorEGFsrelatedto permutations.There,  � �n~S� ¶ 9 �ôõUö   ~ õù is the“truncatedlogarithm”.ü
11. Permutationssuch that Ó ¿ Ô¢¡ ç . Suchpermutationsare“roots of unity” in the symmetric

group.Their EGFis £k¤\¥§¦¨ �©_ª ¿ - ©ç
«¬ ã

wherethesumextendsto all divisors ç of 2 . 6
EXAMPLE 13. Derangementsand permutationswithout short cycles. Classically, a de-
rangementis definedasa permutationwithout fixedpoints,i.e., | }®9¯{ for all { . Givenan
integer � , an � –derangementis apermutationall of whosecycles(in particulartheshortest
one)havelengthlargerthan � . Let °Y���U� betheclassof all � –derangements.A specification
is

(37) ° ����� 9 · ¯�y ¼ � ¯¢¹	±�± £
thecorrespondingEGFbeingthen

(38) ± ����� ��~-� 9 w+y{zG�� ôõ ¼ � ~ õù �� 9 w(y{zE� ¾ � �õUö   ½ lõ �¡_¾a~ ¦
For instance,when � 9 ¡ , adirectexpansionyields± �  5�8«7ó 9 ¡_¾ ¡¡>ó Ä ¡¤ ó ¾+É]É§É¢Ä �5¾û¡�� 8«7ó £

a truncationof theseriesexpansionof w+y{zH� ¾û¡�� thatconvergesfastto ¼ �H  . Phraseddiffer-
ently, theenumerationof derangementsis a famouscombinatorialproblemwith a pleas-
antlyquaintnineteenthcenturyformulation[28]: “A number« of peoplegoto opera,leave
their hatson hookin thecloakroomandgrabthemat randomwhenleaving; theprobabil-
ity that nobodygetsbackhis own hat is asymptoticto ¡��4¼ , which is nearly37%”. (The
usualproof usesaninclusion-exclusionargumentAlso, it is a signof changingtimesthat
Motwani andRaghavan[107, p. 11] describetheproblemasoneof sailorsthat returnto
theirshipin stateof inebriationandchooserandomcabinsto sleepin.) For thegeneralized
derangementproblem,thereholds

(39)
± �����8«7ó i ¼ �T²  £

(for any fixed � ), ascanbeprovedeasilyby complex asymptoticmethods(ChapterIV). µ
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Like several otherstructuresthat we have beenconsideringpreviously, permutation
allow for transparentconnectionsbetweenstructuralconstraintsandtheshapesof gener-
atingfunctions.Themajorcountingresultsencounteredin this sectionaresummarizedin
Figure7.ü

12.Parity constraints in permutations.TheEGF’s of permutationshaving only evensizecycles
( ³ ).- * ) or oddsizecycles(

� ).- * ) are³ ).- * Ô £k¤\¥ � ÌÖ ���
� ÌÌ 4 - � � Ô Ì´ Ì 4 - � ã � ).- * Ô £k¤\¥ � ÌÖ ����� Ì � -Ì 4 - � Ô�µ Ì � -Ì 4 - Î
FromtheEGFs,onefinds ³ � � Ô )dÌ � Ø � Ò ���â� )�Ö � 4 Ì *Â* � , � � � Ô ³ � � , � � �
� � Ô )�Ö � � Ì * ³ � � .The EGF’s of permutationshaving an even numberof cycles( ³·¶
).- * ) andan odd numberof
cycles(

� ¶').- * ) are³ ¶ ).- * Ô Å � ÀÂÄ ) ���
� ÌÌ 4 - * Ô ÌÖ Ö 4 - �Ì 4 - ã � ¶ ).- * Ô ÀÂÁ�Ã@Ä ) ����� ÌÌ 4 - * Ô ÌÖ - �Ì 4 - Î
so thatparity of thenumberof cyclesis evenly distributedamongstpermutationsof size

�
assoon

as
��� Ö . (Thegeneratingfunctionsobtainedin this way areanalogousto theonesappearingin the

discussionof “Comtet’s square”in theprevioussection.) 6
II. 4.2. Secondlevel structur es. Considerthethreebasicconstructorsof labelledse-

quence( ® ), set ( · ), and cycle ( y ). We can play the formal gameof examining what
the variouscombinationsproduceascombinatorialobjects. Restrictingattentionto su-
perpositionsof two constructors(an “external” one appliedto an “internal” one) gives
9 possibilitiessummarizedby thefollowing table:

ext. ¸ int. �"¹ � �º¹ � »
� “Labelled compositions”( ¼ )�a½Q�Ì 4 -Ì 4 Ö�-

Surjections( ¾ )�a½¿�ÌÖ 4�2 3
Alignments( À )�a½ »ÌÌ 4 ���
� )dÌ 4 - * � �� “F ragmentedpermutations”( Á )�G½Q�2 3NÂ ÿ � � 3 � Setpartitions( Ã )�G½¿�2 ¿ L � � Permutations(

�
)�G½ »ÌÌ 4 -» “Supernecklaces

�
”» ½Q������ Ì 4 -Ì 4 Ö�-

“Supernecklaces

�
”» ½_������ )dÌ 4:2 3 * � �

“SupernecklacesÄ ”» ½ »����� ÌÌ 4 ����� )dÌ 4 - * � �
The classesof surjections,alignments,setpartitions,andpermutationsappearnatu-

rally as ® Ü · , ® Ü y , · Ü · , and · Ü y . Theotheronesrepresentessentiallynonclassical
objects. The caseof Å correspondingto ® Ü ® describesa classwhoseelementsare
(ordered)sequencesof linear graphs. This canbe interpretedaspermutationswith sep-
aratorsinserted,e.g, S�È�Æ ¤ XTV Æ S , or alternatively as integer compositionswith a labelling
superimposed.Finally, theclassÇF9 · ¯ ® ¸   ¯¶¹º±�± correspondsto unorderedcollections
of permutations.In otherwords,“fragments”areobtainedby breakinga permutationinto
pieces(piecesmustbenonemptyfor definiteness).TheinterestingEGFisÈ �n~S� 9 ¼ ½�� �  Ñ� ½ � 9 ¡ÅÄp~ Ä�È ~ Â¤/ó Äu¡§È ~ ÆÈ Ä®QlÈ ~ UV ó ÄmÉ§É]ÉH£
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whosecoefficientsconstituteEISA000262(“setsof lists”). Whatwe termed“superneck-
laces”in the last columnrepresentscyclic arrangementsof compositeobjectsexisting in
threebrands.

All sortsof refinements,of which Figure 7 may give an idea, are clearly possible.
We leave to the reader’s imaginationthe taskof determiningwhich amongstthe level 3
structuresmaybeof combinatorialinterest¦]¦]¦ü

13. Countingspecificationsof level
�

. The algebraof constructionssatisfiesthe combinatorial
isomorphism� å » åhÉ�æ¢æËÊÔ � åÌ	æ for all É . How many different termsof length

�
canbe built

from threesymbols
» ã � ã � satisfyingasemi-grouplaw (‘ ½ ’) togetherwith therelation �W½ » ÔG� ?

Thisdeterminesthenumberof specificationsof level
�

. (Hint: theOGFis rationalasit corresponds
to wordswith anexcludedpattern.) 6

II. 5. Labelled tr ees,mappings,and graphs

In this section,we considerlabelledtreesandcertainlabelledobjectsthat arenatu-
rally associatedwith them,namelymappingsandfunctionalgraphson oneside,graphsof
smallexcesson theotherside. Like in theunlabelledcaseconsideredin SectionI. 6, the
correspondingcombinatorialclassesareinherentlyrecursive.

II. 5.1. Trees.Thetreesto bestudiedherearerootedandlabelled,meaningasusual
thatanodeis distinguishedastherootandthatnodesbeardistinctintegerlabels.Labelled
trees,like their unlabelledcounterparts,exist in two varieties: � { � planetreeswherean
embeddingin theplaneis understood(or, equivalently, subtreesdanglingfrom a nodeare
ordered,say, from left to right); � {Í{ � nonplanetreeswhereno suchembeddingis imposed
(suchtreesare thennothing but connecteddirectedacyclic graphswith a distinguished
root). Treesmaybefurtherrestrictedby theadditionalconstraintthatthenodeoutdegrees
shouldbelongto a fixedset ÎJ¢I¤ ¸ ÷ where Î�Ï ] .

We first disposeof the planevariety of labelledtrees. Let Ð be the set of (rooted
labelled)planetreesconstrainedby Î . This family is specifiedbyÐ 9 ¹�Ñ ®ºÒ ¯ Ð ± £
where ¹ representstheatomicclassconsistingof a singlelabellednode: ¹ 9 ¯ ¡ ± . The
sequenceconstructionappearingherereflectsthe planarembeddingof trees,assubtrees

&
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( 3, 2, 5, 1, 7, 4, 6)

FIGURE 8. A labelledplanetreeis determinedby an unlabelledtree
(the“shape”)anda permutationof thelabels ¡>£]¦§¦]¦-£U« .
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FIGURE 9. Thereare Ó   9 ¡�£ Ó Â 9 ¤/£ Ó Æ 9 [ , andin generalÓ 8 9« 8 ��  Cayley treesof size « .

stemmingfrom a commonroot areorderedbetweenthemselves. Accordingly, the EGF¡ ��~-� satisfies ¡ ��~-� 9 ~ � � ¡ ��~-�N� where � �n��� 9 ôÔ ª Ò � Ô ¦
This is exactly the sameequationasthe onesatisfiedby the ordinary GF of Î -restricted
unlabelledplanetrees(seePropositionI.4). Thus,  8-Õ ¡ 8 is thenumberof unlabelledtrees.
In other words: in the plane rootedcase, the numberof labelled treesequals «7ó times
the correspondingnumberof unrootedtrees. As illustratedby Figure 8, this is easily
understoodcombinatorially: eachlabelledtree can be definedby its “shape” that is an
unlabelledtreeandby thesequenceof nodelabelswherenodesaretraversedin somefixed
order(preorder, say).Finally, onehas,by Lagrangeinversion,¡ 8 9 «7ó © ~ 8 ¬ ¡ ��~-� 9 � «�¾À¡��Ñó © � 8 �H  ¬ � �B�9� 8 ¦
This simpleanalytic–combinatorialrelationenablesusto transposeall of theenumerative
resultsof SectionI.5.1 to planelabelledtrees(uponmultiplying theevaluationsby «7ó , of
course).In particular, the total numberof “general” planelabelledtrees(with no degree
restrictionimposed,i.e., ÎI9J¤ ¸ ÷ ) is«7ó�Ö ¡« ø ¤4« ¾Ã¤«C¾À¡ ú 9 �y¤l«C¾g¤C�Ñó� «C¾{¡��Ñó 9 ¤ 8 �H  � ¡_É¢È_É]É§É]�¥¤4« ¾gÈC�N�¦
Thecorrespondingsequencestartsas ¡>£�¤/£§¡¢¤ £]¡¢¤T] £§¡ XTY ] andis EISA001813.

Wenext turn to labellednonplanetrees(Figure9) to which therestof thissectionwill
bedevoted.Theclass× of all suchtreesis definableby thesymbolicequation

(40) × 9 ¹�Ñ · ¯ × ± £
wherethesetconstructiontranslatesthe fact thatsubteesstemmingfrom theroot arenot
orderedbetweenthemselves.Fromthespecification(40), theEGF Ó �n~S� is definedimplic-
itly by the“functional equation”

(41) Ó �n~S� 9 ~ ¼�Ø � ½ � ¦
Thefirst few valuesareeasilyfound:Ó ��~-� 9 ~äÄ�¤   ~ Â¤ ó Ä�È Â ~ ÆÈ}ó Ä V Æ ~ UV ó Ä�S U ~ WS ó ÄuÉ]É§ÉH¦
This leadsto expectthat

(42) Ó 8 9 « 8 �H 
a factproved(oncemore)by theLagrangeInversionTheorem(seeAPPENDIX : Lagrange
Inversion, p. 170): Ó 8«7ó 9 © ~ 8 ¬ Ó �n~S� 9 ¡« © � 8 �H  ¬ ��¼ ½ � 8 9 « 8 �H «7ó ¦
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Theenumerative result Ó 8 9 « 8 ��  is a famousone,attributedto theprolific British
mathematicianArthur Cayley (1821–1895)who hadkeeninterestin combinatorialmath-
ematicsandpublishedaltogetherover 900papersandnotes.Consequently, formula (42)
givenby Cayley in 1889is oftenreferredto as“Cayley’s formula” andunrestrictednon-
planelabelledteesareoften called “Cayley trees”. See[17, p. 51] for a historical dis-
cussion. The simplicity of Cayley’s formula calls for a combinatorialexplanation. The
mostfamousonedueto Prüfer (in 1918);see[17, p. 53] or [105, p. 5] for a description
of the Prüfer encodingof treesby sequences.The function Ó ��~-� is also known as the
(Cayley) “tree function”; it is a closerelative of the ö –function[29] definedimplicitly
by ö ¼uÙ 9 ~ , whichwasintroducedby theSwissmathematicianJohannLambert(1728–
1777)otherwisefamousfor first proving theirrationalityof thenumberv .

A similar processgivesthe numberof treeswhereall (out)degreesof nodesarere-
strictedto lie in a set Î . Thiscorrespondsto thespecification× � Ò�Ú¿Û�Ü Ñ®Ý Ò¿Þ × � ÒßÚ�à-á
which translatesdirectly into anEGFequation,Ó � Ò�Ú �n~S� Û ~ â � Ó � Ò�Ú �n~S��� where âç�B�9� Ûäãå@æ\ç4è åéëê á
andis amenableto Lagrangeinversion.Whatthis lastformulainvolvesis the“exponential
characteristic”of the degreesequence(as opposedto the ordinary characteristic,in the
planarcase).In summary:

PROPOSITION II.5. Thenumberof trees,where all nodeshavetheir outdegreein ì ,
is í"î ç Úï Û �Bð�ñ�ò�ó ê)ô è ïSõ$ök÷ � â � è ó�ó ï where â � è ó Ûäãå@æ\ç4è åéëê\øù

14.Forests.Thenumberof unorderedú –forests(i.e., ú –setsof trees)isûýüÿþ���������
	 � �������������� þú � � ������������ ú ������� 	  �"! þ � ��#�$"� � � % �&���ú ����' � �(! þ")
asfollows from Bürmann’s form of Lagrangeinversion. *ù

15. Labelledhierarchies. The class + of labelledhierarchiesis formedof treeswhoseinternal
nodesareunlabelledandareconstrainedto have outdegreelarger than1, while leaveshave labels
attachedto them.Likefor otherlabelledstructure,sizeis thenumberof labels(sothatinternalnodes
donotcontribute).Hierarchiessatisfythespecification+ ��,.-0/&132�4 +65 )
sothat 7 ���8� satisfies7 ���9-�#�:;���<� 7 , and7 �����=�>�?� �@ #�ACB 2 !ED B 2 �F- �@ � �@ ���G- � 2@ � -IH �8JK � - @�L �8MH� - @NKOL ��PQ � -.R�R�R
(EIS A000311), with � being the Cayley tree function. The numberscount “phylogenetictrees”
(usedto describethe evolution of a geneticallyrelatedgroup of organisms)and correspondto
Schr̈oder’s “fourth problem”;see[28, p. 224] andSectionI.5.2 for unlabelledanalogues.

Theclassof binary(labelled)hierarchiesdefinedby theadditionalfact that internalnodescan
have degree2 only correspondsto S ��,.-0/ 2 4 ST5 , sothatU �����=�V�9�0W �<� @ � and

U � �V�<R K R�RCR�� @ �X� K � )
wherethecountingnumbersaretheoddfactorials. *
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II. 5.2. Mappings and functional graphs. Let Y betheclassof mappings(or “func-
tions”) from ô ò øhø ð ÷ to itself. A mapping Z\[ ô ò ø
ø ð ÷6]^ ô ò øhø ð ÷ canbe representedby a
directedgraphover the setof vertices ô ò ø
ø ð ÷ with an edgeconnecting_ to Z � _ ó , for all_`[ ô ò ø
ø ð ÷ . Thegraphssoobtainedarecalledfunctionalgraphsandthey have thechar-
acteristicpropertythattheoutdegreeof eachvertex is exactly equalto ò .

Givena mapping(or function) Z , uponstartingfrom any point _Fa , thesuccessionof
(directed)edgesin thegraphtraversestheiteratesof themapping,_ba á Z � _Fa ó á Z � Z � _Fa óNó á ø
ø
ø ,
andsincethe domainis finite, eachsuchsequencemusteventuallyloop on itself. When
the operationis repeated,the elementsgroupthemselvesinto components.This leadsto
anothercharacterizationof functionalgraphs(Figure10): A functionalgraph is a setof
connectedfunctionalgraphs.A connectedfunctionalgraphis a collectionof rootedtrees
arrangedin a cycle.

Thus,with c beingasbeforetheclassof all Cayley trees,andwith d theclassof all
connectedfunctionalgraphs,we have thespecification:

(43) efffg fffh
Y Û Ý Þ d àd Û i Þ c àc Û Ükj Ý Þ c à ø

This translatesatsightinto a setof equationsfor EGF’s

(44) efffg fffh
l �nmSó Û oOp îrq Ús �tm-ó Û uwvx òò6ñ í �nmSóí �nmSó Û m o8y îwq Ú ø

Eventually, theEGF
l �tm-ó is foundto satisfy

l Û ��ò9ñ í ó õ$ö . It canbecheckedfrom there,
by Lagrangeinversiononcemore,thatwe havel ï Û ð ï á
aswasto be expected(!) from the origin of the problem. More interestingly, Lagrange
inversionalsoprovidesfor the numberof connectedfunctionalgraphs(expand

uwvx ��ò ñ
26

1

2

3

4

567

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22
23

24

25

FIGURE 10. A functionalgraphof size ð Û{z(|
associatedto themap-

ping } suchthat } ��ò�ó Û ò | , } � z ó Û } �n~-ó Û òCò , } ���Só Û�z ~ , andso
on.
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(45)
s ï Û ð ïSõ$ö�� �nð'ó where

� �Bð'ó�� Û òG� ð ñ�òð � �Bð�ñ ò�ó-�nð ñ z óð=� � øhø
ø9ø
The quantity

� �Bð'ó that appearsin (45) is a famousonethat surfacesin many prob-
lemsof discretemathematics(includingthebirthdayparadox,Equation(26)). Knuth has
proposedto call it “Ramanujan’s

�
–function” as it alreadyappearsin the first letter of

Ramanujanto Hardy in 1913. The asymptoticanalysiscanbe doneelementarilyby de-
velopinga continuousapproximationof thegeneraltermandapproximatingtheresulting
Riemmansumby anintegral: this is aninstanceof theLaplacemethodfor sums(see[85,
Sec.1.2.11.3],[130, Sec.4.7] aswell asEx. 2). In fact,very preciseestimatescomeout
naturallyfrom ananalysisof thesingularitiesof theEGF

s �tm-ó , aswe shallseein Chap-
tersIV andV. Thenetresultis s ï�� ð ï�� �z ð á
sothata fractionabout ò��(� ð of all thegraphsconsistof asinglecomponent.

As is customarywith the symbolic method, the constructions(43) also lead to a
largenumberof relatedcountingresults.For instance,themappingswithout fixedpoints,
( ��� _ ó Z � _ ó��Û _ ) andthosewithout ò á�z –cycles,(additionally, ��� _ ó Z � Z � _ ó�ó��Û _ ), have
EGFs o õ y îwq Úò6ñ í �nmSó á o õ y îwq Ú õ yb� îwq Ún� �ò6ñ í �nmSó ø
The first equationis consistentwith what a direct countyields,namely �nðrñ>ò�ó ï , which
is asymptoticto

o õ9ö ð ï , sothatthefractionof mappingswithout fixedpoint is asymptotic
to
o õ9ö

. Thesecondonelendsitself easilyto complex-asymptoticmethodsthatgiveð ê ô m ïC÷ o õ y õ yE� � �ò6ñ í � o õ�� � � ð ï á
andtheproportionis asymptoticto

o õ�� � � . Thesetwo particularestimatesareof thesame
form aswhat hasbeenfound for permutations(the generalizedderangements,Eq. (39)).
Suchfactsthat are not quite obvious by elementaryprobabilisticargumentsare in fact
neatlyexplainedby thesingulartheoryof combinatorialschemasdevelopedin ChapterIV.

Next, idempotentmappingssatisfying Z � Z � _ ó�ó Û Z � _ ó correspondto � �Û Ý Þ Ü�jÝ Þ ÜËà\à , sothat � �nmSó Û�o q���� and

� ï Û ïã��� a�� ð �F  � ïSõ � ø
(The specificationtranslatesthe fact that idempotentmappingscan have only cyclesof
length1onwhicharegraftedsetsof directantecedents.)ThelattersequenceisEISA000248,
which startsas1,1,3,10,41,196,1057. An asymptoticestimatecanbederivedeitherfrom
theLaplacemethodor, better, from thesaddlepoint methodexposedin ChapterV.

Severalanalysesof this typeareof relevanceto cryptographyandthestudyof random
numbergenerators.For instance,the fact that a randommappingover ô ò øhø ð ÷ tendsto
reacha cycle in ¡ �¢� ð'ó stepsled Pollard to designa Monte Carlo integer factorization
algorithm,see[86, p. 371] and[130, Sec8.8]. Thealgorithmoncesuitablyoptimisedfirst
led to thefactorizationof theFermatnumber

l¤£ Û�z �C¥ ��ò obtainedby Brentin 1980.ù
16. Binary mappings. The class ¦ û of binary mappings,whereeachpoint haseither 0 or 2

preimages,is specifiedby¦¨§ �./©4�ª 5 ) ª«�«¬b4� 5 ) k��,I® ¦ ) ¦ ��,I®G/�¯C° 2 4 ¦±5
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All mappings��<�²� Partial#�³�<�²� Injective partial��<��� # A�B ü D�! A � Surjection�@ ��# A Bijection��<���
Connected( ª )´¶µO· ��<�¸� No fixedpoint# ! ³�<�²� Involution# A�¹ºA � B 2 Idempotent# A¼» � Binary�W �6� @ � 2

FIGURE 11. A summaryof variouscountingEGFsrelative to mappings.

(plantedtrees andbinarytrees¦ areneeded),sothat½®û �����=� �W �<� @ � 2 ) ½®û 2 � � ��� @ �E��� � 2@ � ����� � 29¾
Theclass¦¨§ is anapproximatemodelof thebehaviour of (modular)quadraticfunctionsunderiter-
ation. See[6, 53] for a generalenumerative theoryof randommappingsincludingdegree-restricted
ones. *ù

17. Partial mappings.A partialmappingmaybeundefinedat somepoints,whereit canbecon-
sideredastakinga specialvalue, ¿ . Theiteratedpreimagesof ¿ form a forest,while theremaining
valuesorganizethemselves into a standardmapping. The class  § of partial mappingsis thus
specifiedby  § �./©4�À 5 ® § , sothatÁ6û ������� # ³ ü A ��<�²�?���8� and

Á6û � �\���;-.��� � ¾
Thisconstructionlendsitself to all sortsof variations.For instance,theclass

Á6ûÃÂ
of injectivepartial

mapsis describedassetsof chainsof linearandcirculargraphs,
Á6ûÃÂ �./©4�¬E4�, 5 -IÄ�1 D 4�, 5N5 , so

that Á6ûÃÂ ������� ��6��� #�ACB ü D�! A � ) Á6ûÃÂ � � �Å ÆwÇ ¯EÈ � % � È ' 2
(This is a symbolicrewriting of partof thepaper[20].) *

The resultsof this sectionand the previous onesoffer a wide numberof counting
resultsrelative to mapssatisfyingvariousconstraints.Thesearesummarizedin Figure11.

II. 5.3. Labelled graphs. Randomgraphsform a majorchapterof thetheoryof ran-
domdiscretestructures[19, 78]. We examinehereenumerativeresultsconcerninggraphs
of low “complexity”, thatis, graphswhich arevery nearlytrees.(Suchgraphfor instance
play an essentialrôle in the analysisof early stagesof the evolution of a randomgraph,
whenedgesaresuccessively added,asshown in [51, 77].)

Thesimplestof all connectedgraphsarecertainlytheonesthatareacyclic. Theseare
trees,but contraryto thecaseof Cayley trees,no root is specified.Let É betheclassof all
unrootedtrees.Sincea rootedtree(rootedtreesare,aswe know, countedby

í ï Û ð ïSõ$ö )
is anunrootedtreecombinedwith a choiceof a distinguishednode(thereare ð possible
suchchoicesfor treesof size ð ), onehasí ï Û ðËÊ ï implying Ê ï Û ð ïSõ � ø
At generatingfunctionlevel, this combinatorialequalitytranslatesintoÊi�tm-ó Û�Ì qa í ��Íýó6Î ÍÍ á
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which integratesto give (take

í
astheindependentvariable)Êi�nmSó Û í �nmSó ñ òz í �nmSó � ø

Since Êi�nmSó is theEGFof acyclic connectedgraphs,thequantityÏ �nmSó ÛÐo"Ñ îwq Ú_ÛÐo y îwq Ú õ y îwq Ú � � � á
is the EGF of all acyclic graphs. (Equivalently, theseareunorderedforestsof unrooted
trees.)Methodsdevelopedin ChaptersIV andV imply immediatelyÏ ï � o ö � � ð ïSõ � ø
Surprisingly, perhaps,therearebarelymoreacyclic graphsthanunrootedtrees.

Theexcessof a graphis definedasthedifferencebetweenthenumberof verticesand
the numberof nodes. For a connectedgraph,this is always ñ"ò or morewith the min-
imal value ñ"ò beingpreciselyattainedby unrootedtrees. The class Ò � is the classof
connectedgraphsof excessequalto

�
; in particular É Û Ò õ9ö . The successive classesÒ õ$ö á Ò`a á Ò ö á ø
øhø , maybeviewedasdescribingconnectedgraphsof increasingcomplex-

ity.
TheclassÒ`a comprisesall connectedgraphswith the numberof edgesequalto the

numberof vertices. Equivalently, a graphin Ò«a is a connectedgraphwith exactly one
cycle (a sortof “eye”), andfor that reason,elementsof Ò`a aresometimesreferredto as
“unicyclic components”or “unicycles”. In a way, sucha graphlooks very muchlike an
undirectedversionof a connectedfunctionalgraph.Precisely, a graphof Ò a consistsof a
cycleof lengthatleast3 (by definition,graphshaveneitherloopsnormultipleedges)thatis
undirected(theorientationpresentin theusualcycle constructionis killed by identifying
cycles isomorphicup to reflection)andon which are graftedtrees(theseare implicitly
rootedby the point at which they areattachedto the cycle). With Ó i representingthe
(new) undirectedcycleconstruction,onethushasÒ a �Û Ó i¤Ô � Þ c à ø
We claim thatthisconstructionis reflectedby theEGFequation

(46) Õ�a �nmSó Û òz uwvx òò6ñ í �nmSó ñ òz í �nmSó'ñ ò� í �nmSó � ø
Indeedonehastheisomorphism Ò a � Ò a �Û i¤Ô � Þ c à-á
sincewe mayregardthetwo disjoint copieson theleft asinstantiatingtwo possibleorien-
tationsof theundirectedcycle. The resultof (46) thenfollows from theusualtranslation
of thecycle construction.It is originally dueto theHungarianprobabilistRényi in 1959.
Asymptotically, onefinds(by methodsof ChapterIV):

(47) ð ê)ô m ïC÷ Õ�a � ò� � z � ð ïSõ$ö � � ñ×Ö~ ð ïSõ$ö � ò�Ø � z � ð ïSõ�� � � �ÐÙ�ÙNÙ ø
Finally, thenumberof graphsmadeonly of treesandunicyclic componentsiso�Ú�ÛÝÜ îwq Ú�Þ Úàß îwq Ú Û o y � � õ�� yE� ��á� ò6ñ í á
andasymptotically,ð ê ô m ï-÷ o Ú ÛÝÜ Þ Ú ß Ûãâ �t~Ý�8�Só z õ9ö �¼áNo õ$ö � � � õ$ö � � ð ïSõ9ö ��áåä ò9� ¡ �nð õ9ö � � ó¼æ ø
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Suchgraphsstandjustnext to acyclic graphsin orderof structuralcomplexity.ù
18.2-Regular graphs.This is basedon Comtet’s account[28, Sec.7.3]. A 2–regulargraphis an

undirectedgraphin which eachvertex hasdegreeexactly 2. Connected2–regular graphsarethus
undirectedcyclesof length �èç K , sothattheEGFof all 2–regulargraphsisé ������� # ! A�B 2 ! A � B MW �<��� ¾
Given � straightlines in generalposition,a cloud is definedto bea setof � intersectionpointsno
threebeingcollinear. Cloudsand2–regulargraphsareequinumerous.[Hint: Useduality.]

The generalenumerationof ê –regular graphsbecomessomewhat moredifficult when êèë @
.

Algebraicaspectsarediscussedin [65, 68] while BenderandCanfield[9] have determinedthe as-
ymptoticformula(for ê � even), é üíì���ïî W @ # ü¶ì � !ED � B M ê ì B 2# ì B 2 ê � � ì � B 2 )
for thenumberof ê –regulargraphsof size � . *

Thepreviousdiscussionsuggestsconsideringmoregenerallytheenumerationof con-
nectedgraphsaccordingto excess. E. M. Wright madeimportantcontributions in this
area[154, 155, 156] thatarerevisitedin thefamous“giant paperon thegiantcomponent”
byJanson,Knuth,Łuczak,andPittel[77]. Wright’sresultaresummarizedby thefollowing
proposition.

PROPOSITION II.6. TheEGF Õ � �tm-ó of connectedgraphswith excess(of edgesover
vertices)equalto

�
is, for

�²ð ò , of theform

(48) Õ � �nmSó Û ñ � � í ó��ò6ñ í ó � � á í�ò í �nmSó á
where ñ � is a polynomialof degree ~ � � z . For anyfixed

�
, as ð ^ôó

, onehas

(49) Õ �Oõ ï Û ð ê)ô m ïC÷ Õ � �nmSó Û ñ � ��ò�ó � z �z � � � � âIö �� �º÷ ð ï Þ î � � õ9ö Ún� � ä ò9� ¡ �Bð õ$ö � � ó�æ ø
The combinatorialpart of the proof (not given here, seeWright’s original papers

or [77]) is an interestingexercisein graphsurgery andsymbolicmethods.The analytic
partof the statementfollows straightforwardly from singularityanalysis.The polynomi-
als ñ � í ó andtheconstantsñ � ��ò�ó aredeterminedby anexplicit nonlinearrecurrence;one
findsfor instance:Õ ö Û òz � í á � | ñ í ó��ò6ñ í ó � á Õ � Û òz í á � z � z Ø í ñ z ~ í � �«ø í � ñ í á ó��ò6ñ í ó�ù ø

As explainedin the giant paper[77], suchresultscombinedwith complex analytic
techniquesprovidewith greatdetail informationon theaspectof a randomgraph

â �Bð á�ú ó
with ð nodesand

ú
edges. In the sparsecasewhere

ú
is of the orderof ð , onefinds

the following propertiesto hold “with high probability” (w.h.p)3, that is, with probability
tendingto 1 as ð ^ôó

.û For
ú Ûýü ð , with

ü�þ ö� , the randomgraph
â � úrá ð'ó hasw.h.p. only treeand

unicyclecomponents;thelargestcomponentis w.h.p.of size ¡ � urv(x ð'ó .û For
ú Û ö� ð�� ¡ �Bð ö � � ó , w.h.p. thereappearoneor severalsemi-giantcompo-

nentsthathavesize ¡ �Bð � � � ó .û For
ú Ûôü ð , with

ü ÿ ö� , thereis w.h.p a uniquegiant componentof size
proportionalto ð .

3Synonymousexpressionsare“asymptoticallyalmostsurely”(a.a.s)and“in probability”. Theterm“almost
surely” is sometimesused,thoughit lendsitself to confusionwith continuousmeasures.
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In eachcase,refinedestimatesfollow from a detailedanalysisof correspondinggener-
ating functions,which is a main themeof [51] andespecially[77]. Raw forms of these
resultswerefirst obtainedby ErdősandRényi who launchedthe subjectin a famousse-
riesof papersdatingfrom 1959–60;seethebooks[19, 78] for a probabilisticcontext and
thepaper[10] for thefinestcountingestimatesavailable. In contrast,theenumerationof
all connectedgraphs(irrespective of the numberof edges,that is, without excessbeing
taken into account)is a relatively easyproblemtreatedin the next section. Many other
classicalaspectsof the enumerative theoryof graphsarecoveredin the book Graphical
Enumerationby HararyandPalmer[76].

II. 6. Additional constructions

Like in the unlabelledcase,pointing and substitutionare available in the world of
labelledstructures(SectionII. 6.1). Implicit definitionsenlargethescopeof thesymbolic
method(SectionII. 6.2)Theinversionprocessneededto enumerateimplicit structuresare
evensimpler, sincein thelabelleduniversesetsandcycleshavemoreconcisetranslations
asoperatorsover EGF. Finally, andthis departssignificantlyfrom ChapterI, the fact that
integer labelsarenaturally orderedmakes it possibleto take into accountcertainorder
propertiesof combinatorialstructures(SectionII. 6.3).

II. 6.1. Pointing and substitution. Thepointingof a class
�

is definedby� Û�� �
if f

� ï Û ô ò ø
ø ð ÷�� � ï ø
In otherwords,in orderto generateanelementof

�
, selectoneof the ð labelsandpoint

at it. Clearly Ï ï Û ð¸Ù�� ï Û
	 Ï �nmSó Û m ÎÎ m Ï �nmSó ø
Thecompositionor substitutioncanbedefinedsothatit correspondsa priori to com-

positionof generatingfunctions.It is formally definedas���� Û��ã��� a � � � Ý � Þ  à-á
sothatits EGFis �ã��� a � � ���i�nmSó�ó �� ê Û � ���i�nmSó�ó ø
A combinatorialwayof realizingthisdefinitionandform

����
, is asfollows: selectsome

elementof
�

of somesize

�
, thena

�
–setof

 �
; the elementsof the

�
–setarenaturally

orderedby valueof their “leader” (theleaderof anobjectbeingby conventionthevalueof
its smallestlabel);theelementwith leaderof rank � is thensubstitutedto thelabellednode
of value � in

�
.

THEOREM II.3. Thecombinatorialconstructionsof pointingandsubstitutionaread-
missible. � Û�� � Û
	 Ï �nmSó Û m�� q Ï �nmSó á � q ò ÎÎ m� Û ���� Û
	 Ï �nmSó Û � ���i�tm-óNó ø

For instance,theEGFof (relabelled)pairingsof elementsdrawn from
�

iso�� îwq Ú�Þ
� îwq Ú � � � á
sincetheEGFof involutionsis

o q Þ q � � � .
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19. Standard constructionsbasedon substitutions.Thesequenceclassof � maybedefinedby

compositionas �� � where is thesetof all permutations.Thepowersetclassof � maybedefined
as � � � where� is theclassof all urns.Thus,Äå4 �å5 î� �� � ) /©4 �å5 î� � � � ¾
In this way, permutation,urnsandcircle graphsappearasarchetypalclassesin a developmentof
combinatorialanalysisbasedoncomposition.

Joyal’s “theory of species”[79] andthebook by Bergeron,Labelle,andLeroux [13] make a
greatuseof suchideasandshow thatanextensive theoryof combinatorialenumerationcanbebased
onsuchideas. *ù

20. Distinct componentsizes.TheEGF’s of permutationswith cyclesof distinct lengthsandof
setpartitionswith partsof distinctsizesare !� Ç D �¢�Ë- � �� � )  !� Ç D �¢�¤- � ���� � ¾
Theprobability thata permutationof  � hasdistinct cycle sizestendsto # !#" , see[72, Sec.4.1.6]
for aTauberianargument. *

II. 6.2. Implicit structur es. Let $ bea labelledclassimplicitly definedby eitherof
theequations � Û � � $ á � Û � j $ ø
Then,solvingthecorrespondingEGFequationsleadsto% �nmSó Û Ï �nmSó¿ñ�� �nmSó á % �nmSó Û Ï �tm-ó� �nmSó á
respectively. For thecompositelabelledconstructions& á Ý áCi , thealgebrais equallyeasy.

THEOREM II.4 (Implicit specifications). Thegenerating functionsassociatedto the
implicit equationsin $� Û & Þ $ à-á � Û Ý Þ $ à-á � Ûãi Þ $ à-á
are respectively% �nmSó Û ò6ñ òÏ �nmSó á % �tm-ó Û�uwvx Ï �tm-ó á % �tm-ó Û ò6ñ o õ � îwq Ú ø
EXAMPLE 14. Connectedgraphs.In thecontext of graphicalenumerations,thelabelled
setconstructiontakestheform of anenumerativeformularelatinga classof graphs' and
thesubclassof its connectedgraphsd)(*' :' Û Ý Þ d à Û
	,+ �nmSó ÛÐo p îwq Ú ø
Thisbasicformulais known in graphtheory[76] astheexponentialformula.

Considertheclass' of all (undirected)labelledgraphs,thesizeof a graphbeingthe
numberof its nodes.Sincea graphis determinedby thechoiceof its setof edges,there

are
ö ï � ÷ potentialedgeseachof which may be taken in or out, so that

+ ï Û z �.- � ó . Letd/(0' bethesubclassof all connectedgraphs.Theexponentialformuladetermines
s �tm-ó

implicitly, s �nmSó Û urv(x � òG� ãï Ô ö z �.- � ó m ïð ê  Û må� m �z ê ��� m �~ ê �«~(Ø m á� ê �21 z Ø m43Ö ê á
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wherethesequenceis EISA001187. Theseriesis divergent,that is, it hasradiusof con-
vergence0. It cannonethelessbemanipulatedasa formal series.Expandingby meansofurv(x ��òG� è ó Û è � è � � z ��ÙNÙ�Ù , yieldsa complicatedconvolutionexpressionfor

s ï :s ï Û�z � - � ó ñ òz ã � ðð ö á ð �   z � - Ü� ó Þ � - �� ó � ò~ ã � ðð ö á ð � á ð �   z � - Ü� ó Þ � - �� ó Þ � -65� ó ñVÙ�ÙNÙ ø
(The

�
th term is a sumover ð ö �{Ù�Ù�Ù(��ð � Û ð , with 7 þ ð98 þ ð .) Giventhevery fast

increaseof
+ ï with ð , for instancez � -;: Ü� ó Ûãz ï z � - � ó á

a detailedanalysisof the varioustermsof the expressionof
s ï shows predominanceof

thefirst sum,and,in thatsumitself, predominanceof theextremetermscorrespondingtoð ö Û ð ñ ò or ð � Û ð ñ ò , sothat

(50)
s ï Ûãz �.- � ó ö ò6ñ z ð z õ�ï �=</� z õ@ï ó ÷ ø

Thus,almostall labelledgraphsof size ð areconnected.In addition,the error term de-
creasesvery fast: for instance,for ð Û òOØ , anexactcomputationbasedon thegenerating
functionformularevealsthata proportiononly 7 ø 747>7 òN~�1"~ z ø�ò 7 1O� of all thegraphsarenot
connected—thisis extremelycloseto thevalue 7 ø 747>7 òO~�1"~ z øßò 7 ò | predictedby thesecond
termin theasymptoticformula(50). Noticethatheregoodusecouldbemadeof a purely
divergentgeneratingfunctionfor asymptoticenumerationpurposes. ?ù

21. Bipartite graphs. A planebipartitegraphis a pair �.@ )�A � where @ is labelledgraph,
A �� ACBè)�ACD � is a bipartitionof thenodes(into WestandEastcategories),andtheedgesaresuchthat

they only connectnodesfrom
A B

to nodesof
A D

. A direct count shows that the EGF of plane
bipartitegraphsis E ���8�¨� Å �GF � � ��=� with F � � Å þ % � ú ' @hþ
ü �"! þ�� ¾
TheEGFof planebipartitegraphsthatareconnectedis

´
µN· E ����� .
A bipartitegraphis a labelledgraphwhosenodescanbe partitionedinto two groupsso that

edgesonly connectnodesof differentgroups.TheEGFof bipartitegraphsisHJI>KML �@ ´
µN· E ������N.�PO E ����� ¾
[Hint. The EGF of a connectedbipartitegraphis

D2 ´¶µO· E ����� asa factorof
D2 kills the East–West

orientationpresentin aconnectedplanebipartitegraph.SeeWilf ’sbook[153, p. 78] for details.] *
Note. Theclassof all graphsis not “fully” constructiblein thesensethat it doesnot

admita completeconstructionstartingfrom singleatomsandinvolving only sums,prod-
ucts,setsandcycles. (This assertioncanbe establishedrigorouslyby complex analysis
sinceEGF’s of constructibleclassesmusthave a nonzeroradiusof convergence.)In con-
trast,thespecialgraphsencounteredin this chapter, includinggraphsof fixedexcess,are
all constructible.

II. 6.3. Order constraints. A constructionwell suitedto taking into accountmany
orderpropertiesof combinatorialstructuresthemodifiedlabelledproduct,� Û � �RQ j  ó ø
This denotesthesubsetof theproduct

� j 
formedwith elementssuchthat thesmallest

label is constrainedto lie in the
�

component.(To make this definitionconsistent,it must
beassumedthat � a Û 7 .) We call this binaryoperationon structurestheboxedproduct.
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THEOREM II.5. Theboxedproductis admissible.

(51)
� Û � � Q j  ó Û
	 Ï �nmSó Û Ì qa ���4ST� �VU�ó�ó6Ù;�i�VU�ó Î U á ��S ò ÎÎ U ø

PROOF. Thedefinitionof boxedproductsimpliesthecoefficient relationÏ ï Û ïã��� ö � ð ñ ò� ñ ò   � � � ïSõ � ø
The binomial coefficient that appearsin the standardlabelledproduct is now modified
sinceonly ðWñ ò labelsneedto bedistributedbetweenthetwo components,

� ñ ò going
to the

�
component(that is constrainedto containthelabel ò already)and ð ñ � to the


component.FromtheequivalentformÏ ïð ê Û òð ïã��� aå� ð �F  � � � � óW� ïSõ � á
theresultfollowsby takingEGF’s. ?

A usefulspecialcaseis themin–rootingoperation,� Û Þ-ò à Q j  á
for which a variantdefinitiongoesasfollows. Take in all possiblewayselementsX«[  ,
prependan atomwith a label smallerthanthe labelsof X , for instance7 , andrelabelin
thecanonicalway over ô ò øhø �nð¸� ò�ó ÷ by shifting labelvalues.Clearly

Ï ï Þ ö Û � ï which
yields Ï �nmSó Û�Ì qa �i�.U�ó Î U á
aresultalsoconsistentwith thegeneralformulaof boxedproducts.

For someapplications,it is easierto imposeconstraintson the maximallabel rather
thantheminimum.Themax-boxedproductwritten� Û � �RY j  ó á
is thendefinedby the fact the maximumis constrainedto lie in the

�
-componentof the

labelledproduct. Naturally, the translationby an integral in (51) remainsvalid for this
trivially modifiedboxedproduct.ù

22. Combinatoricsof integration. In the perspective of this book, integration by partshasan
immediateinterpretation.Indeed,theequality,Z A¯\[^] �`_��ER ½ �`_��ba�_¨� [ �����ER ½ ������� Z A¯2[ �`_��ER ½ ] �`_��ca�_ )
readsoff as: “The smallestlabel in an ordered pair, if it appears on the left, cannotappearon the
right.” *
EXAMPLE 15. Records in permutations. Given a sequenceof numericaldata, _ Û� _ ö á ø
øhø á _ ï ó assumedall distinct,a record in thatsequenceis definedto beanelement_ 8
suchthat _ � þ _ 8 for all

� þPd
. (A recordis anelement“better” thanits predecessors!)

Figure12displaysanumericalsequenceof length ð Û ò 747 thathas7 records.Confronted
to suchdata,a statisticianwill typically want to determinewhetherthe dataobey purely
randomfluctuationsor therecould be someindicationsof a “trend” or of a “bias” [33,
Ch. 10]. (Think of the dataasreflectingsharepricesor athleticrecords,say.) In partic-
ular, if the _ 8 are independentlydrawn from a continuousdistribution, thenthe number
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FIGURE 12. A numericalsequenceof size100with recordsmarkedby
circles:thereare7 recordsthatoccurat times ò á ~ á Ö á ò\ò á�| 7 á Ø |�á ØØ .

of recordsobeys the samelaws as in a randompermutationof ô ò ø
ø ð ÷ . This statistical
preambletheninvitesthequestion:How manypermutationsof ð have

�
records?

First,we startwith a specialbrandof permutations,theonesthathave theirmaximum
at thebeginning.Suchpermutationsaredefinedas(‘ e ’ indicatestheboxedproductbased
on themaximumlabel) f Û ��g Y jih ó á
where

h
is theclassof all permutations.Observethatthis givestheEGF� �nmSó Û�Ì qa � ÎÎ U U   Ù òò6ñ�U<Î U Û�urv(x òò6ñ>m á

implying theobviousresult
� ï Û �BðQñ ò�ó ê for all ð ð ò . Theseareexactlythepermutations

with onerecord.Next, considertheclassh î � Ú_Û Ý � Þ f à ø
Theelementsof

h î � Ú
areunorderedsetsof cardinality

�
with elementsof type

f
. Define

the (max) leaderof any componentof
h î � Ú

asthe valueof its maximalelement. Then,
if we placethe componentsin sequence,orderedby increasingvaluesof their leaders,
thenreadoff the whole sequence,we obtaina permutationwith

�
recordsexactly. The

correspondence4 is easilyrevertible.Hereis anillustration,with leadersunderlined:Þ>�kj á�z áC|�á ò�ó á ��l á ~Có á ��m á Ø á Ö ó à �Û ô �.l á ~-ó á ��j áCz áC|�á ò�ó á ��m á Ø á Ö óNó ÷�Û l á ~ á j áCz áC|�á ò á m á Ø á Ö ø
Thus,thenumberof permutationswith

�
recordsis determinedbyñ î � Ú �nmSó Û ò� ê � urv(x òò6ñ>m   � á ñ î � Úï Ûon ð �Wp á

wherewe recognizeStirling cyclenumbersfrom Example11. In otherwords:

Thenumberof permutationsof size ð having

�
records is countedby

theStirling “cycle” number q ï �6r .
4This correspondenceis easily extendedto a transformationon permutationsthat mapsthe numberof

recordsto thenumberof cycles.Inthiscase,it is known asFoata’s fundamentalcorrespondence[98, Sec.10.2].
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Returningto our statisticalproblem,the treatmentof Example84 (to be revisited in
ChapterIII) shows thattheexpectednumberof recordsin a randompermutationof size ð
equalss ï , the harmonicnumber. Onehas s ö aCa øÛ Ö ø òNØ , so that for 100 dataitems, a
little morethan5 recordsareexpectedon average.Theprobabilityof observing7 records
or moreis still about23%,analtogethernot especiallyrareevent. In contrast,observing
twice as many records,that is, 14, would be a fairly strongindication of a bias since,
on randomdata, the event hasprobability very closeto ò 7 õ á . Altogether, the present
discussionis consistentwith thehypothesisfor thedataof Figure12to havebeengenerated
independentlyat random(andindeedthey were). ?

It is possibleto basea fair part of the theoryof labelledconstructionson sumsand
productsin conjunctionwith theboxedproduct.In effect,considerthethreerelationsY Û & Þ ' à ÛC	 Z �nmSó Û òò6ñut�tm-ó á Z Û òG�vt ZY Û Ý Þ ' à ÛC	 Z �nmSó ÛÐo�w îwq Ú á Z Û Ì t#x ZY Û�i Þ ' à ÛC	 Z �nmSó Û�urv(x òò6ñut��nmSó á Z Û Ì t x òò ñ�t
The last column is easilychecked to provide an alternative form of the standardopera-
tor correspondingto sequences,powersets,andcycles. Eachcaseis thenitself deduced
directly from TheoremII.5 andthelabelledproductrule:

Sequences: they obey therecursivedefinitionY Û & Þ ' à ÛC	 Y �Û Þ�y à �u� ' j Y ó ø
Sets: wehaveY Û Ý Þ ' à Û
	 Y �Û Þ�y à �J� ' Y j Y ó á
which meansthat, in a set,onecanalwayssingleout the componentwith the
largestlabel,therestof thecomponentsformingaset.In otherwords,whenthis
constructionis repeated,the elementsof a setcanbe canonicallyarrangedac-
cordingto increasingvaluesof their largestlabels,the“leaders”.(We recognize
hereageneralizationof theconstructionusedfor recordsin permutations.)
Cycles: Theelementof acyclethatcontainsthelargestlabelcanbetakencanon-
ically asthecycle “starter”, which is thenfollowedby anarbitrarysequenceof
elementsupontraversingthecycle in circularorder. ThusY ÛÐi Þ ' à Û
	 Y �Û � ' Y2� & Þ ' à ó ø

Greene[73] hasdevelopedacompleteframework of labelledgrammarsbasedonstan-
dardandboxed labelledproducts. In its basicform, its expressive power is essentially
equivalentto ours,becauseof the above relations. More complicatedorderconstraints,
dealingsimultaneouslywith a collectionof larger andsmallerelements,canbe further-
moretakeninto accountwithin this framework.ù

23.Higher order constraints. Let thesymbolsz , { , | representsmallest,secondsmallest,and
largestlabelsrespectively. Onehasthecorrespondences(with } A �o~~ A )� ��� ¦�� ®^����� } 2A [ �����=�\� } A ½ �������ER�� } A�� �������� ��� ¦ � � ®��W� } 2A [ �����=��� } 2A ½ �����k�6R � ������ � � ¦�� ®^���;®���� � } JA [ �����=�\� } A ½ �������ER�� } A � ��������R8� } A�� ������� )
andsoon. Thesecanbetransformedinto (iterated)integral representations.[See[73] for more.] *
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FIGURE 13. A permutationof size7 andits increasingbinarytreelifting.

Thenext two examplesdemonstratetheusefulnessof min-rootingusedin conjunction
with recursion.In this way, treessatisfyingsomeorderconditionscanbeconstructedand
enumeratedeasily. This is turn givesaccessto new characteristicsof permutations.

EXAMPLE 16. Increasingbinary treesandalternatingpermutations. To eachpermu-
tation, onecanassociatebijectively a binary treeof a specialtype5 calledan increasing
binary treeandsometimesaheap–orderedtreeor a tournamenttree.This is aplanerooted
binary treein which internalnodesbearlabelsin the usualway, but with the additional
constraintthatnodelabelsincreasealongany branchstemmingfrom theroot.

Thecorrespondence(Figure13) is asfollows: Givena permutationof a setwrittenas
a word, � Û � ö � � øhø
ø � ï , factor it in the form � Û ��� Ùc�M���E� � ó Ù ��� á with �M���E� � ó the
smallestlabel valuein the permutation,and ��� á ��� the factorsleft andright of �M��� � � ó .
Thenthebinarytree � � � ó is definedrecursively in theformat � root, left,right� by� � � ó Û � ����� � � ó á � � ��� ó á � � ��� ó � á � �.y�ó Û y ø
Theemptytree(consistingof a uniqueexternalnodeof size 7 ) goeswith theemptyper-
mutation y . Conversely, readingthe labelsof the tree in symmetric(infix) order gives
backtheoriginal permutation.(Thecorrespondenceis describedfor instancein Stanley’s
book[135, p.23–25]whosaysthat“it hasbeenprimarily developedby theFrench”,point-
ing at [64].)

Thus,thefamily � of binaryincreasingtreessatisfiestherecursivedefinition� Û Þ�y à � ä Ü Q j � j � æ á
which impliesthenonlinearintegralequationfor theEGF� �nmSó Û òG� Ì qa � �VU�ó � Î U ø
Thisequationreducesto

� x �tm-ó Û � �nmSó � and,undertheinitial condition

� � 7 ó Û ò , it admits
thesolution

� �tm-ó Û ��òëñ`m-ó õ9ö . Thus

� ï Û ð ê , which is consistentwith thefact that there
areasmany increasingtreesastherearepermutations.

5Suchtreesareclosely relatedto classicaldatastructuresof computerscience,like heapsandbinomial
queues[30,129].
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The constructionof increasingtreesassociatedwith permutationis instrumentalin
deriving EGF’s relative to variouslocal orderpatternsin permutations,like the number
of ascentsanddescents,rises,falls, peaksandtroughs,etc. We illustrateits usehereby
countingthenumberof up-and-down(or zig-zag) permutations,alsoknown asalternating
permutations.The resultwasfirst derivedby Désiŕe André in 1881by meansof a direct
recurrenceargument.

A permutation� Û � ö � � øhø
ø � ï is analternatingpermutationif

(52) � ö ÿ � � þ � � ÿ � á þ ÙNÙ�Ù á
sothatpairsof consecutiveelementsform a successionof upsanddowns;for instance,

6

2
3

4

1

7

5

6 2 3 1 7 4 5

Considerfirst the caseof an alternatingpermutationof odd size. It canbe checked that
thecorrespondingincreasingtreeshave no one–waybranchingnodes,sothatthey consist
solelyof binarynodesandleaves.Thus,thecorrespondingspecificationis� Û Ü � ä Ü Q j � j � æ á
sothat   �nmSó Û m�� Ì qa   �VU�ó � Î U and ÎÎ m   �tm-ó Û òG�   �nmSó � ø
Theequationadmitsseparationof variables,which implies(with

  � 7 ó Û 7 )  �tm-ó Û0¡J¢ �E�nmSó Û må� z m �~ ê � ò | m�3Ö ê � z 1 z m4£1 ê �ÐÙ�Ù�Ù ø
The coefficients

  � ï Þ ö areknown as the tangent numbers or the Euler numbers of odd
index (EISA000182).

Alternatingpermutationsof evensizedefinedby theconstraint(52)anddenotedby
�

canbedeterminedfrom � Û Þ�y à � ä�Ü Q j � j � æ á
sincenow all internalnodesof thetreerepresentationarebinary, exceptfor therightmost
onethatonly brancheson theleft. Thus,

  x �nmSó Û2¡J¢ �E�nmSó   �tm-ó , andtheEGFis  �nmSó Û ò¤ v4¥ �nmSó Û òG� ò m �z ê � Ö m á� ê � | ò m ù| ê � òN~(Ø Ö m £Ø ê �ÐÙ�ÙNÙ á
wherethe coefficients

  � ï arethe secantnumbers alsoknown asEulernumbersof even
index (EISA000364). ?

Usewill bemadelaterin thisbook(ChapterIII, p. 17)of this importanttreerepresen-
tationof permutationsasit opensaccessto parameterslike thenumberof descents,runs,
and(oncemore!) recordsin permutations.Analysesof increasingtreesalsoinform usof
crucialperformanceissuesregardingbinarysearchtrees,quicksort,andheap–likepriority
queuestructures[102, 130, 147, 148].ù

24.Combinatoricsof trigonometrics.Interpret¦¨§6© AD�! A ) ¦¨§;©�¦¨§6© � ) ¦¨§;© ��# A ����� asEGFs. *
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FIGURE 14. An increasingCayley tree(left) andits associatedregres-
sivemapping(right).

EXAMPLE 17. IncreasingCayley treesandregressivemappings.An increasingCayley
treeis a Cayley tree(i.e., it is nonplaneandrooted)whoselabelsalongany branchstem-
ming from the root form an increasingsequence.In particular, the minimummustoccur
at the root, andno planeembeddingis implied. Let d be the classof suchtrees. The
recursivespecificationis now d«ª ä�¬ Q j®°¯ d�± æ ø
Thegeneratingfunctionthussatisfiesthefunctionalrelationss=² m-ó ª Ì qa o p î SV³ Î U�´ s x ² mSó ª o p îwq ³ ´
with

s x ² 7 ó ªG7 . Integrationof
s x o õ p ª ò shows thats=² mSó ª urv(x òò6ñ>m and

s ï ª ² ð ñ ò�ó ê ø
Thusthenumberof increasingCayley treesis

² ð§ñ ò�ó ê , which is alsothenumberof per-
mutationsof size ð�ñGò . Thesetreeshavebeenstudiedby Meir andMoon [104] underthe
nameof “recursive trees”,a terminologythatwedo not howeverretainhere.

Thesimplicity of theformula
s ï ª ² ð ñ�ò�ó ê certainlycallsfor acombinatorialinter-

pretation.In fact,anincreasingCayley treeis fully determinedby its child parentrelation-
ship(Figure14). Otherwisesaid,to eachincreasingCayley tree µ , we associatea partial
map ¶�ª/¶9· suchthat ¶ ²V¸ ó ª d if f the labelof theparentof

¸
is
d
. Sincetheroot of tree

is anorphan,thevalueof ¶ ² ò�ó is undefined,¶ ² ò�ó ªº¹ ; sincethetreeis increasing,onehas¶ ²V¸ ó þ ¸ for all
¸ ð z

. A functionsatisfyingtheselasttwo conditionsis calleda regressive
mapping. Thecorrespondencebetweentreesandregressive mappingsis theneasilyseen
to bea bijectiveone.

Thusregressivemappingsonthedomainô ò øhø ð ÷ andincreasingCayley treesareequinu-
merous,so thatwe may aswell use d to denotethe classof regressive mappings.Now,
a regressive mappingof size ð is evidently determinedby a singlechoicefor ¶ ² z ó (since¶ ² z ó ª ò ), two possiblechoicesfor ¶ ² ~-ó (eitherof ò>´ z ), andsoon. Hencethefactthats ï ª òàÙ z Ù�~ Ù�Ù�Ù ² ð ñ�ò�ó
receivesa naturalinterpretation. ?
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Regressive mappingscanbe alsorelateddirectly to permutations.The construction
thatassociatesa regressive mappingto a permutationis calledthe “inversiontable” con-
struction;see[86, 130]. In short,givena permutation�»ª/� ö ´ øhø
ø ´ � ï , onecanassociate
to it a function ¼\ªP¼�½ from ô ò øhø ð ÷ to ô 7 øhø ð ñ�ò ÷ , by therule¼ ² d ó ª ¤ ¢c¾À¿ÂÁ � þ�dÄÃÃ � � ÿ � 8�Å ø
(The function ¼ is a trivial variantof a regressive mapping.) Summarizing,we have a
doublecombinatorialconnection,

IncreasingCayley tree �ª Regressivemappings�ª Permutations,

thatopenstheway to yet morepermutationenumerations.ù
25. Rotationsand increasingtrees.An increasingCayley treecanbe canonicallydrawn by or-

dering descendantsof eachnodefrom left to right accordingto their label values. The rotation
correspondence(p. 48) thengivesrise to a binary increasingtree. Hence,increasingCayley trees
andincreasingbinarytreesarealsodirectly related. *

II. 7. Notes

Labelledconstructionsarea frequentlyusedparadigmof combinatorialanalysiswith
applicationsto orderstatisticsandgraphicalenumerationsfor instance.Seethebooksby
Comtet[28], Wilf [153], Stanley [135], or GouldenandJackson[68] for many examples.

The labelledsetconstructionandthe exponentialformula wererecognizedearly by
researchersworking in the areaof graphicalenumerations[76]. Foata[62] proposeda
detailedformalizationin 1974 of labelledconstructions,especiallysequencesand sets,
underthe namesof partitional complex; a brief accountis alsogiven by Stanley in his
survey [134]. This is parallelto theconceptof “prefab” dueto BenderandGoldman[11].

Greenedevelopeda generalframework of “labelledgrammars”largely basedon the
boxed productwith implicationsfor the randomgenerationof combinatorialstructures.
Joyal’s theoryof species[79], alreadymentionedin thepreviouschapter, is basedon cat-
egory theory;it presentstheadvantageof uniting in a commontheorytheunlabelledand
thelabelledworlds.

Flajolet, Salvy, and Zimmermannhave developeda specificationlanguageclosely
relatedto the systemexposedhere. They show in [56] how to compile automatically
specificationsinto generatingfunctions;this is complementedby a calculusthatproduces
fastrandomgenerationalgorithms[61].





CHAPTER III

Combinatorial Parametersand
Multi variate GeneratingFunctions

Generatingfunctionsfind averages,etc.
— HERBERT WILF [153]

Jen’ai jamaisét́eassezloin pourbiensentirl’applicationdel’algèbreà la géoḿetrie.Jen’aimais
point cettemanìered’opérersansvoir cequ’on fait, et il mesembloitquerésoudreunprobl̀emede

géoḿetrieparleséquations,c’étoit jouerunair entournantunemanivelle.
— JEAN-JACQUES ROUSSEAU, LesConfessions, LivreVI

Many scientificendeavours,in probabilitytheoryandstatistics,computerscienceandanal-
ysisof algorithms,statisticalphysicsandcomputationalbiologydemandprecisequantita-
tive informationson probabilisticpropertiesof parameters of combinatorialobjects.For
thepurposeof designing,analysing,andoptimizinga sortingalgorithm,it is for instance
of interestto determinewhat the typical disorderof dataobeying a given modelof ran-
domnessis, anddosoin themean,or evenin distribution,eitherexactlyor asymptotically.
The “exact” problemis thena refinedcountingproblemwith two parameters,size and
additionalcharacteristic;the “asymptotic” problemcanbe viewed asoneof characteriz-
ing in the limit a family of probability laws indexed by the valuesof the possiblesizes.
As demonstratedin this chapter, the symbolic methodsinitially developedfor counting
combinatorialobjectsadaptgracefully to the analysisof varioussortsof parametersof
constructibleclasses,unlabelledandlabelledalike.

Multivariategeneratingfunctions—ordinaryor exponential—cankeeptrack of the
numberof componentsin a compositeconstruction,like a sequence,a (multi)set, or a
cycle. Generally, multivariategeneratingfunctionsgive accessto “inherited” parameters
definedinductively over combinatorialobjects.This includesthe numberof occurrences
of designated“patterns” to be found in an objectof a given size. From suchgenerating
functions,thereresulteitherexplicit probabilitydistributionsor, atleast,meanandvariance
evaluations. Essentiallyall the combinatorialclassesdiscussedin the first two chapters
areamenableto sucha treatment.Typical applicationsarethenumberof summandsin a
composition,thenumberof blocksin asetpartition,thenumberof cyclesin apermutation,
the root degreeor path lengthof a tree, the numberof fixed point in a permutation,the
numberof singletonblocksin asetpartition,thenumberof leavesin treesof varioussorts,
and so on. Technically, the translationschemesthat relatecombinatorialconstructions
andmultivariategeneratingfunctionspresentno majordifficulty, sincethey appearto be
natural(notational,even) refinementsof the paradigmdevelopedin ChaptersI andII for
theunivariatecase.

Beyondits technicalaspectsanchoredin “symbolic combinatorics”,this chapteralso
servesasa first encounterwith thegeneralareaof “randomcombinatorics”.Thequestion
is: Whatdoesa randomobjectof large sizelook like? Multivariategeneratingfunctions

107
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whencombinedwith probabilisticinequalitiesoftenoffer definitiveanswers.For instance,
a large integerpartition conformswith high probability to a deterministicprofile, a large
randompermutationalmostsurelyhasat leastonelong cycle anda few shortones,and
soon. Sucha highly constrainedbehaviour of largeobjectsmay in turn serve to design,
dedicatedalgorithmsandoptimizedatastructures;or it mayserve to build statisticaltests
(whendoesonedepartfrom randomnessanddetecta “signal” in large setsof observed
data?).Randomnessaspectsform a recurrentthemeof the book: they will be developed
evenfurther in ChaptersIV–VII, aftercomplex-asymptoticmethodshave beengraftedon
exactmodellingby generatingfunctions.

Thischapteris organizedasfollows. SectionIII. 1 first introducesthebasicnotionsof
multivariateenumerationandmultivariategeneratingfunction.There,weshallalsodiscuss
therelationswith discreteprobabilisticmodels,asthelanguageof elementaryprobability
theorydoesprovideanintuitively appealingwayto conceiveof multivariatecountingdata.
Thesymbolicmethodper sedeclinedin its multivariateversionis centrallydevelopedin
SectionsIII. 2 andIII. 3: with suitablemulti-index notations,the extensionto the multi-
variatecaseis almostimmediate.Recursiveparametersthatoftenarisefrom treestatistics
form thesubjectof SectionIII. 4,while “universal”generatingfunctionsandcombinatorial
modelsarediscussedin SectionIII. 5. Additionalconstructionslikepointing,substitution,
andorderconstraintsleadto interestingdevelopments,in particular, anoriginal treatment
of the inclusion-exclusionprinciple in SectionIII. 6. The chapterconcludeswith Sec-
tion III. 7 that presentsa brief abstractdiscussionof extremalparameterslike height in
treesor smallestandlargestcomponentsin compositestructures,which leadsto families
of univariategeneratingfunctions.

III. 1. Parameters,generatingfunctions, and distrib utions

Our purposehere is to analysevariouscharacteristicsof combinatorialstructures.
Most of the time, we shall be interestedin enumerationaccordingto sizeand a single
auxiliary parameter. However, the theoryis bestdevelopedin full generalityfor the joint
analysisof a finitecollectionof parameters.

DEFINITION III.1 . Considera combinatorialclass
�

. A parameterÆuª ² Æ ö ´ ø
ø
ø ´ ÆÈÇ ó
ontheclassis a functionfrom

�
to theset É Ç of Î -tuplesof natural numbers. Thecounting

sequenceof
�

with respectto sizeandtheparameterÆ is thendefinedbyÏ ï õ ��ÜCõËÊËÊËÊ õ ��Ì ª card
Á>ÍÎÃÃ�Ï Í Ï ª ð�´ Æ ö ² Í ó ª � ö ´ ø
ø
ø ´ Æ�Ç ² Í ó ª � Ç Å ø

We sometimesrefer to sucha parameterasa “multiparameter”(in particularwhenÎ ÿ ò ), asa “simple” or “scalar” parameterotherwise.Onemaytake for
�

theclass
h

of
all permutations,andfor Æ ò Æ ö theparameterthatassociatesto apermutationthenumber
of its cycles.Naturalquestionsarethen:How many permutationsof size ð have

�
cycles?

What is the expectednumberof cycles in a randompermutation?Doesthis parameter
have a distribution thatcanbemadeexplicit? Whatarethefeaturesof this distribution in
termsof “shape”,“concentration”,or limiting asymptoticbehaviour. SeeFigure1 for a
first examplerelatedto binarywordsandFigure2 for histogramsrelative to wordsandto
cyclesin permutations.

III. 1.1. Multi variate generatingfunctions. Not too unexpectedly, thetreatmentof
parametersin this book will be in termsof generatingfunctions. The multi-index con-
ventionemployed in variousbranchesof mathematicsgreatlysimplifiesnotationsandis
asfollows: let Ð0ª ² è ö ´ ø
øhø ´ è Ç ó be a vectorof Î formal variablesand Ñ2ª ² � ö ´ øhø
ø ´ � Ç ó
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FIGURE 1. Theset Ò 3 of the ~ z binarywordsoverthealphabet̄ ? ´ eÒ±
enumeratedaccordingto the numberof occurrencesof the letter ‘ e ’
givesriseto thebivariatecountingsequencē Õ 3 õ 8 ±Óª ò>´ Ö ´
ò 7 ´
ò 7 ´ Ö ´
ò .

bea vectorof integersof thesamedimension;then,themulti-power Ð�Ô is definedasthe
monomial

(1) uk � ª è ��Üö è � �� ÙNÙ�Ù è ��ÌÇ øWith this notation,wehave:

DEFINITION III.2 . Let
Ï ï õ Ô be a multi-index sequenceof numbers, where Ñ{[*É Ç .

Themultivariategeneratingfunction (MGF) of the sequenceof either ordinary or expo-
nentialtypeis definedby

(2)

Ï ² m�´ Ð ó ª ã ï õ � Ï ï õ Ô Ð Ô m ï (ordinaryMGF)Ï ² m�´ Ð ó ª ã ï õ � Ï ï õ Ô Ð Ô m ïð ê (exponentialMGF) ´
where themulti-index conventionis in force.

Givena class
�

and a parameterÆ , the multivariategenerating function(MGF) of
thepair � � ´ Æ�� is theMGF of thecorrespondingcountingsequence. In particular, onehas
thecombinatorialforms

(3)

Ï ² m�´ Ð ó ª ãÕ æ>Ö Ð�× î Õ ³ m�Ø Õ Ø (ordinaryMGF; unlabelledcase)Ï ² m�´ Ð ó ª ãÕ æ>Ö Ð × î Õ ³ m Ø Õ ØÏ Í Ï ê (exponentialMGF; labelledcase)ø
Onealsosaysthat

Ï ² m�´ Ð ó is theMGF of thecombinatorialclasswith theformalvariableè 8 markingtheparameterÆ 8 and m markingsize.

Fromtheverydefinition,
Ï ² m�´6Ù ó (with Ù avectorof all 1’s)coincideswith thecount-

ing generatingfunctionof
�

, eitherordinaryor exponentialasthecasemaybe. Onecan
thenview an MGF asa “deformation”of a univariateGF by way of a parameterè , with
thepropertyfor themultivariateGF to reduceto theunivariatecountingGF at è ª ò .

In the caseof a singleparameter, theseformulægive rise to a bivariate generating
function, alsoabbreviatedasBGF. As alreadypointedout, this is themostfrequentlyen-
counteredsituationin thisbook.In themany caseswheretheunivariateversusmultivariate
distinctiondoesnot needto be stressed,we shall allow ourselvesto usecommon(italic)
lettersto representboth scalarsandvectors(so that Ð ]^ è and Ñ ]^ �

): in suchcases,



110 III. PARAMETERS AND MULTIVARIATE GF’S

the multi-index conventionis automaticallyunderstoodassoonas Î ÿ ò . (In this way,
generatingfunctionscanbewrittenwith thelessintrusivenotation

Ï ² m�´ è ó .)Thecountingof
�

–structuresaccordingto sizeandvaluesof thescalarparameterÆ
is entirelyencodedinto a bivariategeneratingfunction. In orderto put theOGFandEGF
casesunderacommonumbrella,seté ï ª ò (OGF, unlabelledcase)́ é ï ª ð ê (EGF, labelledcase)ø
OnemaythenarrangetheBGFeitherin powersof m or in powersof è :Ï ² m�´ è ó ª ã ï Ï ï ² è ó m ïé ïª ã � ÏÒÚ ��Û ² m-ó è � ø
If one views the table of coefficients as a 2-dimensionaltable, the

Ï ï ² è ó describethe
behaviour of Æ over all objectsof somefixed size ð —theseare sometimescalled the
“horizontal” GF’s associatedto the BGF; the

Ï Ú ��Û ² mSó , also called “vertical” generating
functions, countthe objectsin

�
associatedto fixed valuesof the parameterÆ . Hereis

a diagramthat displaysthe GFsstemmingfrom a singleBGF
Ï ² m�´ è ó and justifies this

“horizontal–vertical” terminology.

verticalGF’sÜ ÝßÞ à[iá ¯ãâ ����� [®á D â ����� [iá 2 â �����ä ä ä- [ ¯C° ¯  ¯ � ¯ - [ ¯C° D  D � ¯ - [ ¯C° 2  2 � ¯ RCR�R¤R�R�R å�� [ ¯ �� º�- [ D ° ¯� ¯ � D - [ D ° D  D � D - [ D ° 2  2 � D RCR�R¤R�R�R å�� [ D �� º�- [ 2 ° ¯� ¯ � 2 - [ 2 ° D  D � 2 - [ 2 ° 2  2 � 2 RCR�R¤R�R�R å�� [ 2 �� º�- [ J ° ¯  ¯ �OJ - [ J ° D  D �8J - [ J ° 2  2 �8J RCR�R¤R�R�R å�� [ J �� º�...
...

...

æ ççèççé horizontalGFs;

seealso[130]. (Technically, we aretakingadvantageof theisomorphismbetweenformal
power series: ê ô ô m�´ è ÷ ÷ �ª ê ô ô è ÷ ÷ ô ô m ÷ ÷ �ª ê ô ô m ÷ ÷ ô ô è ÷ ÷ .) Accordingly, the coefficients

Ï ï õ � are
recoveredby applying the coefficient operatorrepeatedlyin any convenientorder. For
instance,for a simpleparameterÏ ï õ � ª é ï Ù ô è � m ï ÷�Ï ² m�´ è ó ò é ï Ù ô m ï ÷ � ô è � ÷�Ï ² m�´ è ó   ò é ï Ù ô è � ÷ � ô m ï ÷�Ï ² m�´ è ó   ´

As a first illustration,considerthebinomialcoefficient
ö ï � ÷ , alreadydiscussedfrom a

univariatepoint of view in ChapterI, asit countsthe binary wordsof length ð having

�
occurrencesof a designatedletter; seeFigure1. In order to composethe bivariateGF,
startfrom thesimplestcaseof Newton’sbinomialtheoremandform directly thehorizontal
GFs: Õ ï ² è ó�� ª ïã��� a�� ð �   è � ª ² òG� è ó ï ´
Thena summationoverall valuesof ð givestheordinaryBGF

(4) Õ ² m�´ è ó ª ã�Oõ ï Ô a � ð �   è � m ï ª ãï Ô a ² òG� è ó ï m ï ª òò6ñ>m ² òG� è ó ø
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(There,thesecondequalityresultsfrom a computationin ê ô ô è ÷ ÷ ô ô m ÷ ÷ .) TheverticalOGFsof
thebinomialcoefficientsareÕ Ú ��Û ² mSó ª ãï Ô a?� ð �   m ï ª m �² òëñ>mSó � Þ ö ´
as resultsfrom a direct calculationbasedon Newton’s binomial theoremwith negative
exponents,or via anexpansionof theBGF with respectto è :Õ ² m�´ è ó ª òò6ñ.m òò6ñ è qö�õ q ª ã� Ô a è � m �² ò6ñ>mSó � Þ ö ø
Suchcalculationsaretypical of MGF manipulations.Observethat(4) reducesto theOGF² ò6ñ z mSó õ$ö of binarywords,asit should,uponsettingè ª ò .ù

1. ExponentialGFsof binomialcoefficients.TheexponentialBGF of binomialcoefficientsis

(5) ëì ��� )  º�¨� Å þ ° � % � ú '  þ � ���� � Å �¢�¤-0 3� � � ��=� ��#�A ü D ¹ $ � ¾
TheverticalEGFsare # A � þ�í ú � . ThehorizontalGFsare �¢�Ë-I º� � , like in theordinarycase. *

As asecondillustration,wesaw in ChapterII (Example11)thatthenumberof permu-
tationsof size ð having

�
cyclesis theStirling cyclenumber q ï � r . TheEGFis, for fixed

�
,

givenby ñ Ú ��Û ² m-ó�� ª ã ï n ð �Wp m ïð ê ªïî ² mSó �� ê ´ î ² m-ó�� ª urv(x òò6ñ.m ø
Thestartingpoint is thusa collectionof verticalEGFs.Fromthere,theexponentialBGF
is easilyformedasfollows:

(6)

ñ ² m�´ è ó � ª ã � ñ Ú ��Û ² m-ó è �ª ã � è �� ê î ² mSó � ª o�ð � îwq ³
ª ² òëñ.mSó õ ð ø

Thesimplificationis quiteremarkablebut altogetherquitetypical,aswe shallseeshortly,
in thecontext of a labelledsetconstruction.

An expansionof theBGF accordingto thevariable m furthergivesby virtue of New-
ton’sbinomialtheorem:ñ ² m�´ è ó ª ãï Ô aå� ðè� è ñ òð   m ïñ ï ² è ó ª è ² è � ò�ó�ÙNÙ�Ù ² è ��ð�ñ ò�ó ò ã � n ð ��p è � ø
This last polynomial is a horizontalGF called the Stirling cyclepolynomialof index ð
andit describescompletelythedistribution of thenumberof cyclesin all permutationsof
size ð . In passing,notethattherelationñ ï ² è ó ª ñ ïSõ9ö ² è ó ² è � ² ð ñ ò�ó�ó�´
is equivalentto a recurrencen ð � p ª ² ð ñ ò�ó n ð ñ ò� p � n ð�ñ�ò� ñ ò p ´
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by whichStirling numbersareoftendefinedandeasilyevaluatednumerically;seealsoAP-
PENDIX : Stirling numbers, p. 173. (The recurrenceis otherwisesusceptibleto a direct
combinatorialinterpretation—addð eitherto anexistingcycleor asa “new” singleton.)ù

2. Specializationsof MGFs. The exponentialMGF of permutationswith  D )  2 marking the
numberof 1-cyclesand2-cyclesrespectively turnsout to be

(7)
Á ��� )  D )  2 �=� HJI>K � �� D �����¢�G-.�� 2 ����� A �2 ��6��� ¾

(This is to beprovedlaterin thischapter, p. 137.)Theformulais checkedto beconsistentwith three
alreadyknown specializationsderivedin ChapterII: � È � setting D �. 2 �\� givesbackthecounting
off all permutations,

Á ��� ) � ) ���Ë�\�¢�F�©��� !bD , asit should; � È�È � setting D �vñ and  2 �V� givesback
theEGFof derangements,namely # ! A í �¢�9�I��� ; � È�ÈnÈ � setting  D �\ 2 �Pñ givesbacktheEGFof

permutationswith cyclesall of lengthgreaterthan2,
Á ��� ) ñ ) ñ8�9��# A�¹ºA � B 2 í �¢�G�0��� , a generalized

derangementGF. In addition,thespecializedBGFÁ ��� )  ) ���¨� # ü $ !bD � A�<��� )
enumeratespermutationsaccordingto thenumberof singletoncycles. This lastBGF itself interpo-
latesbetweentheEGFof derangements(  ��vñ ) andtheEGFof all permutations�� ��V� ). *

Conciseexpressionsfor BGFslike (4), (5), (6), or (7) arepreciousfor deriving mo-
ments,variance,andevenfinercharacteristicsof distributions,asweseenext.

III. 1.2. Distrib utions, moments, and generating functions. As indicatedin the
preambleto thischapter, theeventualgoalof multivariateenumerationis thequantification
of propertiespresentwith high regularity in largerandomstructures.With this subsection
andthe next one,we momentarilydigressfrom our primary objective in order to intro-
ducethe basicconceptsof discreteprobability neededto interpretmultivariatecounting
sequences.

Considerapair � � ´ Æ�� , where
�

is aclassand Æ aparameter. Theuniformprobability
distributionover

� ï is definedasfollows: theprobabilityof any
Í [ � ï is equalto ò8� Ï ï

andtheprobabilityof any set(or “event”) òvó � ï isô ¯ ò�±®ª card
² ò óÏ ï

(“the numberof favorablecasesover thetotal numberof cases”).For this uniform proba-
bilistic model,wewrite ô ï and

ô Ö - ´
whenever the sizeandthe type of combinatorialstructureconsideredneedto be empha-
sized.

Next, take for simplicity the parameterÆ to be scalar(i.e., Î ª ò ). We regard Æ as
definingovereach

� ï a (discrete)randomvariabledefinedover the(discrete)probability
space

� ï : ô Ö - ¯ Æ ² Í ó ª � ±Óª Ï ï õ �Ï ï ª Ï ï õ �õ � Ï ï õ � ø
This way of thinking enablesusto make useof whicheverprobabilisticintuition might be
availablein any particularcase,while allowing for anaturalinterpretationof data.Indeed,
insteadof noting that thereare ~(ØßòNø zz 7 Ö(Ö(Ö 7 z òNø Ö permutationsof size20 that have 10
cycles,it is perhapsmoreinformativeto statetheprobabilityof theevent,whichis 7 ø 747>7 ò Ö ,
i.e., about1.5 per ten thousand. Discretedistributionsare conveniently representedby
histogramsor “bar charts”, wherethe height of the bar above

�
indicatesthe value ofô ¯ % ª � ± . Figure2 displaysin this way two classicalcombinatorialdistributions.Given
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FIGURE 2. Histogramsof two distributions. Left: the numberof cy-
cles in a randompermutationof size 50 (Stirling cycle distribution).
Right: thenumberof occurrencesof a designatedletter in a randombi-
naryword of length50 (binomialdistribution).

theuniformprobabilisticmodelthatwehavebeenadopting,suchhistogramsareeventually
nothingbut acondensedform of the“stacks”correspondingto exhaustive listings,like the
onedisplayedin Figure1.

An importantinformationis providedby moments. Givena discreterandomvariable
(RV)

%
, theexpectationof Z ²V% ó is definedasthelinearfunctionalö�² Z ²V% ó�ó ª ã � ô ¯ % ª � ± Ù Z ² � ó ø

In particular, the(power)momentof order � is definedasö�²V%u÷ ó ª ã � ô ¯ % ª � ± Ù � ÷ ø
Of specialimportancearethe first two momentsof the randomvariable

%
. The ex-

pectation(alsomeanor average)
ö�².% ó isö�².% ó ª ã � ô ¯ % ª � ± Ù � ø

Thesecondmoment
ö�².% � ó givesriseto thevariance,øº².% ó ª ö ö ².% ñ ö�².% ó�ó � ÷ ª ö�²V% � ó¿ñ ö�²V% ó � ´

and,in turn, to thestandard deviation� ².% ó ª�ù øú²V% ó ø
The meandeservesits nameasfirst observedby Galileo Galilei (1564–1642):if a large
numberof drawsareeffectedandvaluesof

%
areobserved,thenthearithmeticalmeanof

theobservedvalueswill normallybecloseto theexpectation
ö�²V% ó . Thestandarddeviation

measuresin ameanquadraticsensethedispersionof valuesaroundtheexpectation
ö�².% ó .

Bivariategeneratingfunctionscanbeput to usein orderto determineprobabilitygen-
eratingfunctionandmomentsof parameters.ConsideraBGF

Ï ² m�´ è ó , wherem markssize
and è markstheparameterÆ . CoefficientextractionthenyieldsapolynomialÏ ï ² è ó�� ª é ï Ù ô m ï-÷�Ï ² m�´ è ó�´whosecoefficientsenumeratetheconfigurations

Í [ � ï accordingto the valueof the Æ
parameter. Also, we have

Ï ï ª Ï ï ² ò�ó the total numberof objectsin
� ï having size ð .
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Consequently, thenormalizedpolynomialû ï ² è ó�� ª Ï ï ² è óÏ ï ² ò�ó ª ô m ï ÷�Ï ² m�´ è óô m ï ÷�Ï ² m�´hò�ó
is theprobabilitygenerating function(PGF)of Æ on

� ï in thesensethatô è � ÷ û ï ² è ó ª ô Ö - ¯ Æuª � ± ´ equivalently, û ï ² è ó ª ã � ô Ö - ¯ Æ�ª � ± è � ø
Successivedifferentiationsthengiveaccessto themomentsof Æ on

Ï ï . In particular,
onehas ö Ö - ² Æ ó ª ² ��ð û ï ² è ó�ó ð � ö �#ðè� ª �� èö Ö - ² Æ � ó ª ö � �ð û ï ² è ó=�»� ð û ï ² è ó ÷ ð � ö � �ð � ª � �� è � ´ etc.

We thusget:

PROPOSITION III.1 (Momentsfrom BGFs). Themomentsof order 1 (mean)andof
order 2 of a parameter Æ are determinedfrom the BGF

Ï ² m�´ è ó by differentiation and
specializationat 1 asfollows:ö Ö - ² Æ ó ª ô m ï ÷ �#ð Ï ² m�´
ò�óô m ï ÷�Ï ² m�´hò�óö Ö - ² Æ � ó ª ô m ï ÷ � �ð Ï ² m�´
ò�óô m ï ÷�Ï ² m�´hò�ó � ô m ï ÷ �#ð Ï ² m�´
ò�óô m ï ÷�Ï ² m�´hò�ó ø

In particular, thestandard deviation is recoveredfrom thereby theusualformula,� ² Æ ó � ª ö�² Æ � ó_ñ ö�² Æ ó � ø
As seenfrom basicdefinitions,thequantitiesì î � ³ï � ª é ï Ù ö ô m ï-÷ � �ð Ï ² m�´ è ó ÃÃ ð � ö ÷give,up to normalization,theso-calledfactorial momentsöM² Æ ² Æ ñ ò�ó�ÙNÙ�Ù ² Æ ñ � � ò�óNó ª òÏ ï ì î � ³ï ø

(Factorial momentsand power momentsare clearly connectedby linear relations;as a
matterof fact,theconnectioncoefficientsareStirling numbers.)Most notably, ì î ö ³ï is the
cumulatedvalueof Æ overall objectsof

� ï :ì î ö ³ï ò é ï Ù ô m ï ÷ �#ð Ï ² m�´ è ó Ï ð � ö ª ãÕ æ>Ö - Æ ² Í ó ò Ï ï Ù ö Ö - ² Æ ó ø
EXAMPLE 1. Momentsof theStirling cycledistribution. Let usreturnto theexampleof
cyclesin permutationswhich is of interestin connectionwith certainsortingalgorithms
likebubblesortor insertionsort,maximumfinding,andin situ rearrangement[84].

Wearedealingwith labelledobjects,henceexponentialgeneratingfunctions.As seen
earlieronp. 111,theBGFof permutationscountedaccordingto cyclesisñ ² m�´ è ó ª ² ò6ñ.m-ó õ ð ø
We have ñ ï ª ð ê , while é ï ª ð ê sincetheBGF is exponential.(Thenumberof permu-
tationsof size ð being ð ê , the combinatorialnormalizationhappensto coincidewith the
factorof ò8��ð ê presentin all exponentialgeneratingfunctions.)
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By differentiationof theBGF with respectto è , thensetting è ª ò , we next get the
expectednumberof cyclesin a randompermutationof size ð asa Taylorcoefficient

(8)
ö ï ² Æ ó ª ô m ï ÷ òò6ñ>m urv(x òò6ñ>m ª òG� òz �ÐÙ�ÙNÙ8� òð ´

which is theharmonicnumbers ï . Thus,on average,a randompermutationof size ð has
about

urv(x ðè� X cycles,awell known factof discreteprobabilitytheory.
For thevariance,a furtherdifferentiationof thebivariateEGFgives

(9)
ãï Ô a ö ï ² Æ ² Æ ñ�ò�ó�ó�m ï ª òò6ñ.m � urv(x òò6ñ.m   � ø

Fromthis expression(or from theStirling polynomials),a calculationshows that

(10) � �ï ªýü«þÿ����� �� �	� ü�þÿ�
��� ���� ��
Thus,asymptotically, �

þ��	� ������� Thestandarddeviation is of anordersmallerthanthemean,andthereforedeviationsfrom
themeanhave anasymptoticallynegligible probabilityof occurrence(seebelow thedis-
cussionof momentinequalities).Furthermore,thedistributionwasprovedto beasymptot-
ically Gaussianby V. Goňcarov, around1942,see[66] andChapterVII. ��

3. Stirling cyclenumbers andharmonicnumbers. By the“exp-log trick” of ChapterI, thePGFof
theStirling cycledistributionsatisfies����! #"$ &% �
')(*(*( "$ &% �,+ ��'.-0/21�354�687:9 + 6�;< 7>= ;@?9 % 6BAC 7>= AD?9 % (*(*(@EGF  -�� % 6
where

7 =IH ?9
is thegeneralizedharmonicnumber J 9KML�NPORQ H . Consequently, any momentof thedis-

tribution is a polynomialin generalizedharmonicnumbers,cf (8) and(10). Also, the S th moment
satisfiesT�U - "$V#W 'YX "$Z\[^] � ' W . (The sametechniqueexpressesthe Stirling cycle number _ 9 W*` asa

polynomialin generalizedharmonicnumbers
7 =aH ?9 Q N .)

Alternatively, startfrom theexpansionof " � +cb ' Qed anddifferentiaterepeatedlywith respect
to f ; for instance,onehas" � +gb ' Qed Z\[^] �� +hb -ji9�k�l 4 �f % �f % � % (*(*( % ��m+ � % f Eon � % f + �� p b 9�q
while thenext differentiationgivesaccessto (10). r

The situationencounteredwith cycles in permutationsis typical of iterative (non–
recursive) structures.In many othercases,especiallywhendealingwith recursive struc-
tures,thebivariateGF maysatisfycomplicatedfunctionalequationsin two variables(see
theexampleof pathlengthin trees,SectionIII. 4 below) thatdo not make themavailable
underanexplicit form. Thus,exactexpressionsfor thedistributionsarenot alwaysavail-
able,but asymptoticlaws canbedeterminedin a largenumberof cases(ChapterVII). In
all cases,the BGF’s arethe centraltool in obtainingmeanandvarianceestimates,since
their derivativesinstantiatedat sut �

becomeunivariateGFsthat usuallysatisfymuch
simplerrelationsthantheBGF’s themselves.
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III. 1.3. Moment inequalities. We concludethissectionby afew remarksthatmake
preciseourearlierinformal discussionof concentration.

Qualitativelyspeaking,familiesof distributionscanbeclassifiedin two categories:the
onesthatare“concentrated”(i.e., the standarddeviation is muchsmallerthanthe mean)
andtheonesthatare“spread”(i.e., thestandarddeviation is at leastaslargeasthemean).
Figure2 illustratesthephenomenaat stake andsuggeststhatboththeStirling cycledistri-
butionsandthebinomialdistributionsaresomehow concentrated.In contrast,theuniform
distributions over v w)x �#y , which have totally flat histograms,are spread. Suchinformal
observationsareindeedsupportedby theMarkov-Chebyshev inequalities:

PROPOSITION III.2 (Markov-Chebyshev inequalities). Let z bea nonnegativeran-
domvariableand { anarbitrary real variable. Onehas|~} z��������!z��*� � � � (Markov inequality)|~}R� { � ����{h� � ��� � ��z��*� � �� � (Chebyshev inequality)


PROOF. Without lossof generality, onemayassumethat � hasbeenscaledin sucha

way that ����z��&t �
. Definethefunction ������� whosevalueis 1 if ���o� , and0 otherwise.

Then |�} z����*�&tj��������z���� 
Since ���!���������P� , the expectationon the right is lessthan

� ��� . Markov’s inequality
follows. Chebyshev’s inequality thenresultsfrom Markov’s inequalityappliedto z�t� { � ����{G� � � . �

PropositionIII.2 informs us that the probability of beingmuchlarger thanthe mean
mustdecay(Markov) andthatanupperboundon thedecayis measuredin unitsgivenby
thestandarddeviation(Chebyshev). Theseboundsareuniversal in thesensethatthey hold
for all randomvariables.In fact,in mostcasesof combinatorialinterest,it is thecasethat
far strongerdecayrates—ofanexponentialnature—hold:seeChapterVII on multivariate
asymptoticsandlimit distributions.

Thenext propositionformalizesa notionof concentrationfor distributions. It applies
to a family of distributionsindexedby theintegers,typically thevaluesof a scalarparam-
eter � on thesubclasses

}�� � � �e¡�¢ indexedby size.

PROPOSITION III.3 (Concentrationof distribution). Considera family of random
variables z � , e.g., valuesof a scalar parameter� on the subclass

�£�
. Assumethat the

means¤ � to����z � � andthestandard deviations

� � t � ��z � � satisfythecondition

�¦¥�§��¨ª©�« � �¤ � t¬w 
Thenthedistributionof z � is concentratedin thesensethat, for any ¯®jw , thereholds

(11) �¦¥�§��¨ª©.« |±° � � Y� z �¤ �²� �´³ Rµ�t � 
PROOF. It is a directconsequenceof Chebyshev’s inequality. �
In probability theory, theconcentrationproperty(11) is calledconvergencein proba-

bility andis thenwrittenmoreconciselyasz �¤ �·¶��¸ �
or z � ¶��¸ ¤ � 
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FIGURE 3. Plotsof thebinomialdistributionsfor � tº¹)x ^» x*¹Bw . The
horizontalaxisis normalizedandrescaledto

�
, sothatthecurvesdisplay¼ | �»½ -� to�#�»¾ , for �htow¿x �� x �� x ^» .

It expressesthefactthatvaluesof z � tendto becomecloserandcloser(in relative terms)
to the mean ¤ � as � increases.Anotherfigurative way to describeconcentration,much
usedin randomcombinatorics,is by sayingthat “ z � ��¤ � tendsto 1 with high probability
(w.h.p.)”. Whenthis propertyis satisfied,theexpectedvalueis in a strongsensea typical
value.

For instance,the binomial distribution is concentrated,sincethe meanof the distri-
bution is � �BÀ and the standarddeviation is � � ��Á , a much smallerquantity. Figure 3
illustratesconcentrationby displayingthe graphs(as polygonallines) associatedto the
binomialdistributionsfor � t²¹)x ^» x*¹Bw . Concentrationis alsoquiteperceptibleon sim-
ulationsas � getslarge: the tablebelow describesthe resultsof batchesof ten (sorted)
simulationsfrom thebinomialdistribution

¼ �� -ÃÂ � ��Ä ¾ � �
� ¢ :� -��
Å^Å C^Æ�FDÇP<BFDÇPCBFDÇPÆBFMÈ^Å�FMÈ^<BFMÈ�ÇRFMÈ�È�FMÈ�È�F�È�É� -��
Å^Å�Å Ç�ÊPÉ�FDÇPÆP<�F�ÇPÆ^Ç�FDÇPÆ»ÇRFMÈ^Å^Ë�F2È^Å^Ê�FMÈ���<BFMÈ��
ËBF*È^<�É�FMÈ»Ç�È� -��
ÅBF�Å�Å�Å Ç�ÆPÉ^<BF�ÇPÆ^Ê�Ê�F2È»Å�Å�ÅBFMÈ^Å^Å^ÇRF2È»Å���<�F2È^Å��
ÉBFMÈ»ÅP<^CBF2È^ÅP<^ÈBF2È^Å^C^Ç�F*È»Å�Ë�È� -��
Å^Å�F�Å�Å^Å Ç�ÆPÉ»Æ�Ê�F�Ç�Æ�ÊPÉ»C�F�ÇPÆ^Æ�Ë^Ê�FMÇPÆ�Æ^Ê�ÅBFMÇ�Æ�Æ^Æ�Æ�F2È»Å�Å��
ÉBF2È^Å^ÅP<»Æ�F2È^Å^Å�Ê�ÅBF2È^Å��*Å��^F*È»ÅP<»Ê^ÇRÌ
themaximaldeviationsfrom themeanobservedon suchsamplesare22%( � t � w � ), 9%
( � t � w�Í ), 1.3%( � t � w�Î ), and0.6%( � t � w�Ï ). Similarly, thevariancecomputation(10)
implies that the numberof cyclesin a randompermutationof large sizeis concentrated.
(At the oppositeendof the spectrum,the uniform distributionsover v � ^ �#y arenot con-
centrated.)

Momentinequalitiesarediscussedfor instancein Billingsley’s referencetreatise[18,
p. 74]. They areof greatimportancein discretemathematicswherethey have beenput to
usein orderto show the existenceof surprisingconfigurations.This field waspioneered
by Erdős and is often known as the “probabilistic method” [in combinatorics];seethe
bookby Alon andSpencer[3] for many examples.Momentinequalitiescanalsobeused
to estimatethe probabilitiesof complex eventsby reducingthe problemsto momentes-
timatesfor occurrencesof simplerconfigurations—thisis oneof the bases of the “first
andsecondmomentmethods”,againpioneeredby Erdős,which arecentralin the theory
of randomgraphs[19, 78]. Finally, momentinequalitiesserve to design,analyse,andop-
timize randomizedalgorithms,a themeexcellently coveredin the book by Motwani and
Raghavan[107].
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Finerestimatesondistributionsform thesubjectof ourChapterVII dedicatedto limit
laws. Thereadermaygeta feelingof someof thephenomenaat stakewhenre-examining
Figure3: the visible emergenceof a continuouscurve (the bell curve) correspondsto a
commonasymptoticshapefor thewholefamily of distributions(theGaussianlaw).

III. 2. Inherited parametersand ordinary multi variate generatingfunctions

Parametersthatareinheritedfrom substructurescanbetakeninto accountby a direct
extensionof the symbolicmethod. With a suitableuseof the multi-index conventions,
it is even the casethat the translationrules previously establishedin ChaptersI and II
canbe copiedverbatim. This approachopensthe way to a largequantityof multivariate
enumerationresultsthatthenfollow automaticallyby thesymbolicmethod.

Let usconsidera pair Ð � x���Ñ , where Ò is a combinatorialclassendowedwith its size
function

�¿Ó��
and �ÔtÕ��� � x ^» xM�8ÖP� is a × -dimensional(multi)parameter. Write � ¢ for

sizeand Ø ¢ for the variablemarkingsize(previously denotedby Ø ). The key point here
is to definean extendedmultiparameter�ut���� ¢ xM� � x »^ x���Ö�� , that is, we treatsizeand
parametersonanequalbasis.ThentheordinaryMGF in (2) assumesanextremelysimple
andsymmetricalform:

(12)

Ò ��ÙR�Út ÿ^Û Ò Û Ù Ût ÿÜ�Ý�Þ Ù ß)à Ü�á 
There,theindeterminatesarethevectorÙ,t	��Ø ¢ xMØ � x »^ x2Ø Ö � , theindicesareâct	� � ¢ x � � x »» x � Ö �
(where

� ¢
indexessize,previouslydenotedby � ), andtheusualmulti-index conventionin-

troducedin (1) is in force,

(13) Ù Ûhã täØ �*å¢ Ø ��æ� Ó»Ó»Ó ØPÖ �
ç x
but it is now appliedto �!× ³o� � -dimensionalvectors.

Next, wedefineinheritedparameters.

DEFINITION III.3 . Let Ð � x���Ñ , Ð�è&x�é�Ñ , Ð$êëx*ì�Ñ bethreecombinatorialclassesendowed
with parameters of thesamedimension× . Theparameter� is said to be inheritedin the
followingcases:í Disjoint union: when

� t²è ³ ê , theparameter� is inheritedfrom é�x2ì iff its
valueis determinedbycasesfrom é�x2ì :�´��î´��tðïñ ò é)��î´� if î�óhèì¿�$î´� if î�óGê í Cartesianproduct: when

� tuèõôhê , theparameter� is inheritedfrom é�x2ì iff
its valueis obtainedadditivelyfromthevaluesof é�x2ì :�´��Ð!ö�xD÷øÑ��´tjé)��ö8� ³ ì)�$÷ø� í Compositeconstructions:when

� tõù }Pú � , where ù is anyof ûüx*ý�x�þ²x�ÿ , the
parameter� is inheritedfrom é iff its valueis obtainedadditivelyfromthevalues
of é on components;for instance, for sequences:� ��v ö � x »^ x�ö � y ��toé)�!ö � � ³ Ó^Ó»Ó ³ é)�!ö � � 
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With a natural extensionof thenotationusedfor constructions,oneshallwriteÐ � x���Ñ�tºÐ�è&x�é�Ñ ³ Ð$êëx2ìRÑ
x Ð � x��8Ñ´t	Ð�è&x�é�Ñ¯ô�Ð�ê�x*ì�Ñ�x Ð � xM�8Ñ�tjù } Ð�è&x�é�Ñ
� 
For instance,theclass

�
of naturalnumbers,

� t û ¡ � }�� � hasOGF ���!Øe��toØ���� � � Ø � .
Let é betheparameterthat takestheconstantvalue1 on all elementsof

�
. Theordinary

MGF of Ð � x�é�Ñ is simply���!Ø x�s���t¬ØRs ³ Ø � s ³ Ø Í s ³ Ó»Ó»Ó t Ø�s� � Ø 
The classê of integer compositionsis, asseenin ChapterI, specifiedasthe classof all
sequencesof naturalintegers: êgtõû }�� � , with OGF� ��Ø ��t �� � ��
	 � t � � Ø� � ÀBØ x sothat

� � t À � 	ø� 
Theconstantparameteré is unimportantper se; however, theparameter� on ê inherited
from Ð � x�é�Ñ carriessomeusefulinformationasit representsthenumberof summands(or
parts)thatentersa composition.Its ordinaryBGF is written

� �!Ø x�s�� , or
� ��Ø ¢ xMØ � � under

the multi-index convention. It turnsout (seebelow, p. 120) that the schemestranslating
admissibleconstructionsin theunivariatecase(ChapterI) transportalmostverbatimto the
multivariatecase,sothat

(14)
� �!Ø x�s���t �� � ���!Ø x�s�� t �� � s ��
	 � t � � Ø� � Ø �!s ³o� � 

We have analtogethernontrivial resultobtainedwithout any computation,which directly
derivesfrom thebasicspecificationê�t û }�� � relatingcompositionsto integers.This is
preciselythespirit of thesymbolicmethodappliedto parameters.

THEOREM III.1 (InheritedparametersandordinaryMGFs). Let
�

bea combinatorial
classconstructedfrom è&xDê , and let � bea parameterinheritedfrom é definedon è and
(as thecasemaybe) from ì on ê . Thenthe translationrulesof admissibleconstructions
statedin TheoremI.1 apply providedthe multi-index conventionis used. Theassociated
operatorson ordinaryMGFsare then:

Union:
� toè ³ ê t�� Ò,�!ÙR� t ú �!ÙR� ³ � ��ÙR�

Product:
� toèäôGê t�� Ò,�!ÙR� t ú �!ÙR� Ó � �!Ù �

Sequence:
� t û } è>� t�� Ò,�!ÙR� t �� � ú ��ÙR�

Cycle:
� t¬ý } è>� t�� Ò,�!ÙR� t «ÿ  ��� � ���^�� ����� �� � ú �!Ù  � .

Multiset:
� toþ } èÃ� t�� Ò,�!ÙR� t������ � «ÿ  ��� �� ú �!Ù  ���

Powerset:
� toÿ } è>� t�� Ò,�!ÙR� t������ � «ÿ  ��� � � � �  	��� ú �!Ù  ���
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PROOF. Theverificationfor sumsandproductsis immediate,giventhecombinatorial
formsof OGFs.For disjoint unions,onehasÒ,�!ÙR� t ÿÜ)Ý�Þ Ù ß�à ÜRá t ÿ� Ý�� Ù � à � á ³ ÿ� Ý � Ù ! à ��á x
asresultsfrom thefact that inheritanceis definedby caseson unions.For cartesianprod-
ucts,onehas Ò,�!ÙR� t ÿÜ)Ý�Þ Ù ß�à ÜRá t ÿ� Ý�� Ù � à � á ô ÿ� Ý � Ù ! à ��á x
asresultsfrom thefactthatinheritanceis definedadditively onproducts.

Thetranslationof compositeconstructionsarethenbuilt up from theunionandprod-
uct schemes,in exactly thesamemannerasin theproof of TheoremI.1. �

This theoremis shallow. However, its importancedevolvesfrom its extremelywide
rangeof combinatorialconsequencesas well as the easewith which it can be applied.
Thereaderis especiallyencouragedto studycarefullytheexamplethat followsasit illus-
tratesin its barebonesversionthepower of thesymbolicmethodfor taking into account
combinatorialparameters.

EXAMPLE 2. Summandsin integer compositions.Let usreturnto integercompositions,ê . TheBGFof compositionswith � thescalarparameterequalto thenumberof summands
is

(15)
� �!Ø ¢ xMØ � ��t �� � ���!Ø ¢ xMØ � � t �� � Ø � � ��Ø � t �� � Ø ¢ Ø � � � � Ø ¢ � 	ø� x

which, up to notations,is exactly Equation(14) that is now justified. Considernext the
doubleparameter� where� � is thenumberof partsequalto 1 and � � thenumberof parts
equalto 2. This is inheritedfrom the correspondingparameteron the class

�
of natural

numbers,with MGF

(16) ���!Ø ¢ xMØ � x2Ø � ��täØ � Ø ¢ ³ Ø � Ø � ³ Ø Í¢� � Ø ¢Gt Ø ¢� � Ø ¢ ³ �!Ø � � � �DØ ¢ ³ �!Ø � � � �DØ �¢ 
Consequently, thetrivariateMGF of Ð�êëx��8Ñ is

(17)
� ��Ø ¢ xMØ � x2Ø � ��t �� � ���!Ø ¢ x2Ø � xMØ � � 

Observe that themarkingvariablesbetraytheir origin. For instance,in (16) and(17),one
enumeratescompositionsthroughamarkingby meansof dedicatedvariablesof theconfig-
urationsto berecorded,while at thesametime,theusualrulestranslatingconstructionsare
applied.Much useof this way of envisioningthetechniquewill bemadein theremainder
of thischapter.

MGFs like (14) or (15) canthenbeexploitedin theusualway throughformal power
seriesexpansions.For instance,thenumberof compositionsof � with

�
partsis, by (14),v Ø � s � y Ø�� � � Ø ��´³ � �´³ s#��Ø t � � � � � � � � �� � t � � � �� � � �£x

a resultotherwiseobtainedin ChapterI by directcombinatorialreasoning(theballs-and-
barsmodel). Thenumberof compositionsof � containing

�
partsequalto 1 is obtained,
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FIGURE 4. A randomcompositionof � t � w�w representedasa ragged
landscape(top); its associatedprofile

� � ¢ À � ��" � ¢ Á � ¹ �$#�� � w � , definedas
thepartitionobtainedby sortingthesummands(bottom).

uponsetting Ø ¢ toØ , Ø � tos and Ø � t � ,v Ø � s � y � � Ø� � s#Ø � ��%à ��	 �2á tºv Ø � y � �
� Øe� � © �� � � Ø � Ø � � � x

wheretheOGFcloselyresemblesa powerof theOGFof Fibonaccinumbers.
Following thediscussionof SectionIII. 1, suchMGFsalsocarrycompleteinformation

on moments.For instance,thecumulatedvalueof thenumberof partsin all compositions
of � hasOGF &�' � �!Ø x�s�� � ' �8� t � � Ø� � � À�Ø � � x
asseenfrom SectionIII. 1.2, sincecumulatedvaluesareobtainedvia differentiationof a
BGF. Therefore,theexpectednumberof partsin a randomcompositionof � is�À � 	ø� v Ø � y Ø�� �

� Ø �� � � ÀBØe� � t �À � � ³o� � 
What we have shown is a propertyof randomcompositions:On average, a random

compositionof theinteger � hasabout � �BÀ summands.A furtherdifferentiationwill give
accessto thevariance.Thestandarddeviationis foundto be

��)( � � � , whichis of anorder
(much)smallerthanthemean.Thedistribution of thenumberof summandsin a random
compositionsatisfiestheconcentrationpropertyas � ¸+*

.
In the samevein, the numberof partsequalto a fixed number , in compositionsis

foundto haveBGF -� �!Ø x�s��ët � � � � Ø� � Ø ³ ��s � � ��Ø � �.� 	�� 
Thoughexpandingthis expressionexplicitly would becumbersome,onecanstill pull out
thenumberof , -summandsin a randomcompositionof size � . Thedifferentiatedform&�' -� �!Ø x�s��0/// ' ��� t Ø � � � � Ø � �� � � ÀBØe� � 
givesby partialfractionexpansion&1' -� ��Ø¿xMs#� /// ' ��� t À 	 � 	 �� � � ÀBØe� � ³²À 	 � 	�� � ,BÀ 	 � 	 �� � ÀBØ ³32 ��Ø ��x
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for a polynomial
2 ��Ø � thatwe do not needto make explicit. Anotherdifferentiationgives

accessto thesecondmoment.Consequently, onehas(take the � th coefficient anddivide
by À � 	ø� ): Thenumberof , summandsin a compositionof size� hasmean�À � © � ³54 � � �
6
thestandard deviation is of order ( � , which ensuresconcentrationof distribution. �

From the point of view of randomcombinatorics,the exampleof summandsshows
that randomcompositionsof largesizetendto conformto a global “profile”. With high
probability, a compositionof size � shouldhave about � �PÁ partsequalto 1, � �07 parts
equalto 2, andso on. Naturally, therearestatisticallyunavoidablefluctuations,andfor
any finite � , the regularity of this law cannotbeperfect: it tendsto fadeaway especially
as regardsto largestsummandsthat are �¦�R� � � � � ³84 � � � with high probability. (In this
region meanandstandarddeviation bothbecomeof thesameorderandare

4 � � � , sothat
concentrationno longerholds.) However, suchobservationsdo tell usa greatdealabout
what a typical randomcompositionmust (probably) look like—it shouldconform to a
“logarithmicprofile”, � �:9 Î À ��9<; " �:9 �>= Á ��9 Í � Ó^Ó»Ó 
Herearefor instancetheprofilesof two compositionsof size � t � wRÀBÁ drawn uniformly
at random:� � Ï ¢ À � Í ; "�? ¢ Á �<@ ¹ � Ï�A � ¢ # Î 7 ¢ xCB � x � � Ï2Í À � Í = " = ; Á Í � ¹ � ÍDA ; # Í 7 � B � � w �
to becomparedto the“ideal” profile� � Ï = À � � ; " = Î Á Í � ¹ ��= A ; # Î 7 � B � 
It is a striking fact that samplesof a very few elementsor even just one element(this
would be ridiculousby the usualstandardsof statistics)areoften sufficient to illustrate
asymptoticpropertiesof largerandomstructures.Thereasonis oncemoreto beattributed
to concentrationof distributionswhoseeffect is manifesthere.Profilesof a similar nature
presentthemselvesamongstobjectsdefinedby thesequenceconstruction,aswe shallsee
throughoutthis book. Establishingsuchgenerallaws is oftennot difficult but it requires
thefull powerof complex-analyticmethodsdevelopedin ChaptersIV andV.�

4. Largestsummandsin compositions.For any E.F Å , with probability tendingto 1 as �HGJI ,
thelargestsummandin arandomintegercompositionof size � is almostsurelyof sizein theintervalK " � + E ' Z\[^] ; � F " � % E ' ZI[�] ; �ML . (Hint: usethefirst secondmomentmethods.) r
EXAMPLE 3. Numberof componentsin abstract schemasI. Considernow a rela-
tion

� t¬ù } è>� , whereù is any unlabelledconstructoramongstûüx2ýëx�þºxMÿ . Theparam-
eter“numberof components”,� , definedon

�
is inheritedfrom theconstantparameteré

equalto 1 on è . TheBGFof Ð!è>xMé�Ñ is simplyú �!Ø x�s���tjs ú ��Ø ��x
with

ú ��Ø � theOGFof è . TheBGF of Ð � xM�8Ñ is thengivenby TheoremIII.1. Finally, the
cumulatedquantitiesof thenumberof components,N � ã t ÿÜ)Ý�Þ �´�PO8��x N �!Øe� ã t ÿ � N � Ø � x
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FIGURE 5. A randompartition of size � t � w�w hasan aspectrather
differentfrom theprofileof arandomcompositionof thesamesize(Fig-
ure4).

aregivenby theusualdifferentiationprocess

& ' � Ó � � ' ��� . Theeasycomputationsaresum-
marizedby thefollowing table:

(18)

Q
MGF "SR>" b F  '@' Cumul.OGF "ST:" b '@'

Sequence:
�� +  )U " b ' R>" b '�( U " b 'ø- U£" b '" � + U " b '@' ;

Set:
/21�3 nWViW L#N " + ��' W Q N  WS U£" b W ' p R>" b '�( ViW L�N " + �
' W Q N U£" b W '

Multiset:
/21�3ünWViW L#N  )WS U " b W ' p R>" b '�(XViW L�N U " b W '

Cycle:
ViW L#N�Y " S 'S ZI[^] �� +  W U£" b W ' ViW L#N Y " S ' U " b W '� + U£" b W ' q

Meanvaluesarethenrecoveredas � � �!�8��t N �Ò �:x
in accordancewith theusualformula. ��

5. Z -Componentsin abstract schemasI. Considerunlabelledstructures.TheBGF of thenumber
of Z -componentsin [ - Q]\
^`_

is givenbyR>" b F  '.- " � + U " b ' + "$ + �
' U H b H ' Q N F R>" b F  '�- RÃ" b '�(#4 � +Gb H� +  b H Eba)c8F
in thecaseof sequences(

Q -ed
) andmultisets(

Q -gf
), respectively. r

As a next illustration,wediscusstheprofile of randompartitions(Figure5).

EXAMPLE 4. The profile of partitions. Let h t þ }<� � be the classof all integer
partitions.TheBGFof h with s markingthenumber� of parts(or summands)isi ��Ø¿xMs#�ët «j����� �� � s#Ø x
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FIGURE 6. Thenumberof partsin randompartitionsof size
� x »^ x2¹�w�w :

exact valuesof the meanandsimulations(circles, one for eachvalue
of � ).

asresultsfrom first principles(seealso(18)). TheOGFof cumulatedvalues,

(19)
N �!Øe��t i �!Øe� Ó «ÿ����� Ø �� � Ø � x

is obtainedby logarithmic differentiation. Now, the factor on the right in (19) can be
expanded:onehas «ÿ�
��� Ø �� � Ø � t «ÿ� �8� ×�� � �DØ � x
with × � � � thenumberof divisorsof � . Thus,themeanvalueof � is

(20) � � �!�8��t �i8� �ÿk ��� ×��mle� i � 	 k 
Thesametechniqueappliesto thenumberof partsequalto , . Theform of BGFni �!Ø x�s��ët � � Ø �� � s�Ø � Ó$i �!Øe�
x

impliesthatthemeannumberof , -partsis (apply

&�'
, theset sht � )� � � n�8��t �i8�¯v Ø � y � i ��Ø � Ó Ø �� � Ø � � t �i8� � i � 	 � ³ i � 	 � � ³ i � 	 Í � ³ Ó^Ó»Ó � 

Fromtheseformulæandadecentsymbolicmanipulationpackage,themeansarecalculated
easilytill valuesof � well in therangeof severalthousand. �

ThecomparisonbetweenFigures4 and5 togetherwith thesupportinganalysisshows
thatdifferentcombinatorialmodelsmaywell leadto ratherdifferenttypesof probabilistic
behaviours. Figure 6 displaysthe exact value of the meannumberof parts in random
partitionsof size � t � x »^ x2¹�w�w , (ascalculatedfrom (20))accompaniedwith theobserved
valuesof onerandomsamplefor eachvalueof � in therange.Themeannumberof parts
is asymptoticto ( � �¦�R���o � À � " xandthe distribution, thoughit admitsa comparatively largestandarddeviation (

4 � ( � � ),is still concentratedin thetechnicalsense;see[42].
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FIGURE 7. Two partitionsof h � ¢2¢M¢ drawn at random,comparedto the
limiting shapepm�!��� definedby (21).

In recentyears,Vershikandhis collaborators[38, 145] have shown thatmostinteger
partitionstendto conformto a definiteprofile given (after normalizationby ( � ) by the
continousplanecurve q5trpm�!��� definedimplicitly by

(21) qmt8pm���#� if f s Ü�t ³ s Ü�u t � x O�t o( A 
This is illustratedin Figure7 by two randomlydrawn elementsof h � ¢2¢2¢ drawn against
the“most likely” limit shape.Thetheoreticalresultexplainsthehugedifferencesthatare
manifestonsimulationsbetweenintegercompositionsandintegerpartitions.

Thelastexampledemonstratestheapplicationof BGFsto estimatesregardingtheroot
degreeof a treedrawn uniformly at randomamongsttheclass' � of generalCatalantrees
of size � . More “global” treeparameters(e.g.,numberof leavesandpathlength)thatneed
arecursivedefinitionwill bediscussedin SectionIII. 4 below.

EXAMPLE 5. Rootdegreein general Catalantrees. Considertheparameter� equalto
thedegreeof theroot in a tree.Take theclass' of all planeunlabelledtrees,akaCatalan
trees.A planetreeis a root to which is appendedasequenceof trees,'�t � ô û } '�� x
wheretheatomicclass

�
is theformedof asinglenode,sothat+ �!Øe��t Ø� � + �!Øe� 

ThebivariateGF with s marking � is then+ �!Ø x�s���t Ø� � s + ��Ø � 
(To seeit from first principles,simply rewrite treesasrootsappendedto forests'�t � ôHvhx v t û } '�� 
anddefine é on v asthenumberof componentsin theforest: � on ' is inheritedfrom ì
on v andtheconstantweight w onthefactor w correspondingto theroot. Theparameterì
on v is givenby theusualrulesfor thenumberof componentsin sequences.)
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Fromthere,thecumulativeGF is found,N ��Ø �ët Ø + ��Ø �� � � + �!Øe��� � 
Therecursiverelationsatisfiedby

+
entailsa furthersimplification,N �!Øe��t �Ø + �!Øe� Í t � �Ø � � � + ��Ø � � � 

A closedform for thecoefficient results,andthemeanroot degreeis foundto be� � ������t �+ � � + �B© � � + � ��t " � � �� ³ä� xwhich is clearlyasymptoticto
"
.

A closeranalysisrevealsthattheprobabilitythattherootdegreeequals, is|�� } ��tx, � t �+ � v Ø � y Ø + ��Ø � � � ,BÀ 	 � 	ø� 
A randomplanetreeis thususuallycomposedof a smallnumberof root subtrees,at least
oneof which shouldbeaccordinglyfairly large. �

III. 3. Inherited parametersand exponentialmulti variate generatingfunctions

The theory of inheritancedevelopedin the last sectionappliesalmostverbatim to
labelledobjects.Theonly differenceis thatthevariablemarkingsizemustcarryafactorial
coefficient. With a suitableuseof multi-index conventions,the translationmechanisms
developedin theunivariatecase(ChapterII) remainin vigour.

Let usconsiderapair Ð � x���Ñ , whereÒ is a labelledcombinatorialclassendowedwith
its size function

�)Ó#�
and � t �!� � x »^ xM�8ÖP� is a × -dimensionalparameter. Like before,

the parameter� is extendedinto � by insertingsize as zerothcoordinateand a vectorÙ tº�!Ø ¢ x »» xMØ�Ö�� of × ³m� indeterminatesis introduced,with Ø ¢ markingsizeandØ k marking� k . Oncethemulti-index conventionof (13) defining Ù Û hasbeenbroughtinto thegame,
theexponentialMGF of Ð � xM�8Ñ (seeDefinition III.2) canberephrasedas

(22)

Ò ��ÙR�Út ÿÜ�Ý�Þ Ù
Û� ¢:yt ÿÜ�Ý�Þ Ù ß)à Ü�á� O � y 

In a sense,this MGF is exponentialin Ø (alias Ø ¢ ) but ordinaryin theothervariables;only
thefactorial

� ¢ y
is neededto take into accountrelabellinginducedby labelledproducts.

We only considerparametersthatdo not dependon theabsolutevaluesof labels(but
maywell dependon the relative orderof labels): a parameteris saidto beacceptableif,
for any O , it assumesthesamevalueon any labelledobject O andall theorder-consistent
relabellingsof O . A parameteris saidto be inherited if it is acceptableandit is defined
by caseson disjoint unionsanddeterminedadditively on labelledproducts—thisis Defi-
nition III.3 with labelledproductsreplacingcartesianproducts.In particular, inheritance
signifiesadditivity on componentsof labelledsequences,sets,andcycles. We canthen
cut-and-paste(with minoradjustments)thestatementof TheoremIII.1:

THEOREM III.2 (InheritedparametersandexponentialMGFs). Let
�

be a labelled
combinatorialclassconstructedfrom è>x�ê , and let � be a parameterinherited from é
definedon è and(asthecasemaybe)from ì on ê . Thenthetranslationrulesof admissible
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constructionsstatedin Theorem II.1 apply provided the multi-index convention(22) is
used.TheassociatedoperatorsonexponentialMGFsare then:

Union:
� toè ³ ê t�� Ò ��ÙR��t ú ��ÙR� ³ � �!Ù �

Product:
� toè{zYê t�� Ò ��ÙR��t ú ��ÙR� Ó � �!Ù �

Sequence:
� t û } è>� t�� Ò ��ÙR��t �� � ú �!Ù �

Cycle:
� t¬ý } èÃ� t�� Ò ��ÙR��t ����� �� � ú ��ÙR� .

Set:
� toÿ } è>� t�� Ò ��ÙR��t|�}�)� Â ú �!Ù � Ä 

PROOF. Disjoint unionsaretreatedlike in theunlabelledmultivariatecase.Labelled
productsresultfromÒ �!Ù ��t ÿÜ�Ý�Þ Ù ß�à Ü�á� O � yot ÿ� Ý���~ � Ý � � � ö � ³ � ÷ �� ö � x � ÷ ��� Ù � à � á Ù ! à ��á� � ö � ³ � ÷ � � y2x
andtheusualtranslationof binomialconvolutionsthatreflectlabellingsby meansof prod-
uctsof exponentialgeneratingfunctions(like in theunivariatecasedetailedin ChapterII).
Thetranslationfor compositeconstructionsis thenimmediate. �

This theoremcanbeexploitedto determinemoments,in a way thatentirelyparallels
its unlabelledcounterpart.

EXAMPLE 6. Theprofileof permutations.Let h betheclassof all permutationsand � the
numberof components.Theparameter� is inheritedfrom theparameterhaving constant
value1 onall cyclic permutations.Therefore,theexponentialBGF isi ��Ø¿xMs#�ët|�}�)� � s ����� �� � Ø � t � � � Ø � 	 ' x
aswasalreadyobtainedby anad hoccalculationin (6). We alsoknow (page115)thatthe
meannumberof cyclesis theharmonicnumber� � andthatthedistributionis concentrated
sincethestandarddeviation is muchsmallerthanthemean.

Let
n� bethenumberof cyclesof length , . TheexponentialBGF isni �!Ø x�s��ëtx���)� � �¦�R� �� � Ø ³ �!s � � � Ø �, � 

TheEGFof cumulatedvaluesis thenobtainedby differentiatingandwith respectto s and
settingsgt � : nN �!Øe��t Ø �, �� � Ø 
Theresultis aremarkablysimpleone:In a randompermutationof size� , themeannumber
of , -cyclesis equalto

�� for any ,m� � .
Thus,theprofile of a randompermutation,whereprofile is definedastheorderedse-

quenceof cycle lengthsdepartssignificantlyfrom whathasbeenencounteredfor integer
compositionsandpartitions.This formulashedsa new light on theharmonicnumberfor-
mulafor themeannumberof cycles. In particular, themeannumberof cycleswhosesize
is between� ��À and � is � � � �W� ��9 �>� aquantitythatis approximately�¦�R� À

tow  A B " � Á . In
otherwords,we expecta randompermutationof size � to have oneor a few largecycles.
(Seethepaperby SheppandLloyd [131] for anoriginaldiscussionof largestandsmallest
cycles).
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FIGURE 8. Theprofile of permutations:a renderingof thecyclestruc-
tureof six randompermutationsof size500,wherecircleareasaredrawn
in proportionto cyle lengths.Permutationstendto have a few smallcy-
cles(of size

4 � � � ), a few largeones(of size �m� � � ), andaltogetherhave� � �o������� cyclesonaverage.

Sinceformuæfor labelledobjectsaresosimple,onecanget more. The BGF of the
numberof , -cyclesis ni �!Ø x�s��ët s 	 � c 9 �� � Ø s ' � c 9 � x
sothat |�} �±t � �>t �� y , � v Ø � 	�� � y s 	 � c 9 �� � Ø x
whereonerecognizesin thelastfactortheEGFof permutationswithoutcyclesof length , .
From this (andthe asymptoticsof generalizedderangementnumbersin ChapterIV),one
proveseasily that the asymptoticlaw of the numberof , -cycles is Poisson1 of rate

�� .
(This interestingpropertyto be establishedin later chaptersconstitutesthestartingpoint
of [131].) �
EXAMPLE 7. Numberof componentsin abstract schemasII. Considerlabelledstructures
and the parameter� equalto the numberof componentsin a construction

� t ù } èÃ� ,
whereù is oneof û�x*ý�x�ÿ . TheexponentialBGF Ò ��Ø¿xMs#� andtheexponentialGF

N ��Ø � of
cumulatedvaluesaregivenby thefollowing table:

(23)

Q
exp. MGF "SR>" b F  '@' Cumul.EGF "ST:" b '@'

Sequence:
�� +  )U£" b ' RÃ" b '#( U£" b 'ø- U " b '" � + U£" b '@' ;

Set:
/21�3 "$ )U " b '@' RÃ" b '#( U£" b 'ø- U£" b '�� a =�� ?

Cycle: Z\[^] �� +  )U£" b ' U£" b '� + U£" b ' q
Meanvaluesaretheneasilyrecovered,andonefinds� � ������t N �Ò � t v Ø � y N �!Øe�v Ø � y Ò �!Øe� x1 ThePoissondistribution of rate ���W� is supportedby thenonnegative integersanddeterminedby�D�C�����H� QM� � W�:�0�
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by thesameformulaasin theunlabelledcase. �
EXAMPLE 8. Setpartitions. Setpartitions� arebuilt of blocks, �ät ÿ } ÿ ¡ � }�� ��� , and
theconstructionis reflectedby theEGFequation� ��Ø ��t|s � à �*á � ¥��<� � ��Ø ��t|s � � � 
ThebivariateEGFwith s markingthenumberof blocksis then� ��Ø¿xMs#�ëtrs ' � à �*á txs ' à¡ �¢ 	�� á 
Sincesetpartitionsareotherwiseknown to be enumeratedby the Stirling partitionnum-
bers,onehas ÿ � ~ � ° � � µ s � Ø �� yYt|s ' à¡ �¢ 	ø� á x ÿ � ° � � µ Ø �� y¯t

�� y*�£s � � � � � x
which is consistentwith earliercalculationsof ChapterII.

TheEGFof meanvalues,
N �!Øe� is thenN ��Ø �ët � ��Ø �>s � à �*á t �Ps � � � ��s  �¢ 	�� Dueto thesimpleshapeof � �!Øe� , this is almostaderivativeof

� ��Ø � :N �!Øe��t ×× Ø � ��Ø � � � ��Ø � 
Thus,themeannumberof blocksin a randompartitionof size � isN �� ��t � �B© �� � � � x
a quantitydirectly expressiblein termsof Bell numbers. A delicatecomputation[127]
basedon theasymptoticexpansionof theBell numbersrevealstheexpectedvalueandthe
standarddeviation to berespectively asymptoticto�������� x ( ��¦�R���


Similarly theexponentialBGFof thenumberof blocksof size

�
iss  �¢ © à ' 	ø� á ¢�¤¤
¥ x

out of which meanandvariancecanbederivedoncetheasymptoticform of Bell numbers
is known. �
EXAMPLE 9. Rootdegreein Cayley trees. For theclass¦ of non–planelabelledtrees
(Cayley trees)thebasicEGFequationis§ �!Øe��t¬Ø¨sª© à �*á x
sincenon–planarityis taken into accountby a setconstruction.In thatcase,thebivariate
EGFsatisfies

§ ��Ø¿xMs#��t¬Ø:s ' © à �2á , andwefindN ��Ø ��t¬Ø § �!Øe��s © à �2á t	� § �!Øe��� � x
sothatthemeanroot degreeis, by Lagrangeinversion,À¿� � � �

� � � À
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A similar calculationshows thatthefractionof treeswith root degree
�

is asymptoticallys 	ø�� � � � � y�x � � � x
which is a shiftedPoissonlaw of rate

�
. Probabilisticphenomenaqualitatively similar to

thoseencounteredin planetreesareobservedhereasthemeanroot degreeis asymptotic
to a constant. However a Poissonlaw eventually reflectingthe nonplanaritycondition
replacesthemodifiedgeometriclaw presentin planetrees. ��

6. Numbers of componentsin alignments.Alignments( « ) aresequencesof cycles(ChapterII).
Theexpectednumberof componentsin a randomalignmentof « 9 isK b 9 L Z\[^]�" � +hb ' Q N " � + Z\[^]�" � +gb ' Q N ' Q ;K b 9 L " � + ZI[�]�" � +Gb ' Q N ' Q N q
Methodsof ChapterIV imply thatthenumberof componentsin a randomalignmenthasexpectationX �¬ " � + ��' andstandarddeviation ® "P¯ � ' . r�

7. Image cardinality of a randomsurjection.Theexpectedcardinalityof the imageof a random
surjectionin ° 9 (seeChapterII) is K b 9 L � � " < + � � ' Q ;K b 9 L " < + � � ' Q N q
The numberof valueswhosepreimageshave cardinality S is obtainedby replacingthe singleex-
ponentialfactor

� �
by b W ¬ S � . Methodsof ChapterIV imply that the imagecardinalityof a random

surjectionhasexpectation�¬ " < ZI[�] <�' andstandarddeviation ® "P¯ � ' . r
Postscript: Towards a theory of schemas.Let us look backandrecapitulatesome

of the informationgatheredin pages120—130regardingthe numberof componentsin
compositestructures.Theclassesconsideredin the tablebelow arecompositionsof two
constructions,eitherin theunlabelled(U) or thelabelled(L ) universe.Eachentrycontains
theBGF for thenumberof components(e.g.,cyclesin permutations,partsin integerpar-
titions, andso on), andthe asymptoticordersof the meanandstandarddeviation of the
numberof componentsfor objectsof size � .

Integerpartitions,
f²±³d

(U)/21�354  b� +Gb %  ;< b ;� +gb ; % (
(*(@EX ¯ � ZI[�] �´¶µ < ¬ C F ® " ¯ � '
Integercompositions,

dg±¨d
(U)4 � +  b� +Gb E Q N� < F ® " ¯ � '

Setpartitions,· ± · (L )/M1R3 "$ Ã" � � + ��'@'X �ZI[�] � X ¯ �ZI[^] �
Surjections,

dg± · (L )" � +  Ã" �}� + ��'@' Q NX �< ZI[�] < F ® " ¯ � '
Permutations,· ±`¸

(L )/M1R3�¹  �ZI[�]�" � +Gb ' Q N>ºX ZI[^] � F X ¯ ZI[�] �
Alignments,

d»±`¸
(L )¹D� +  �ZI[�]�" � +hb ' Q N�º Q NX �� + � F ® " ¯ � '

Someobviousfactsstandout from thedataandcall for explanation.First theoutercon-
structionappearsto play the essentialrôle: outersequenceconstructs(cf integercompo-
sitions,surjectionsandalignments)tendto dictatea numberof componentsthat is �m� � �



III. 4. RECURSIVEPARAMETERS 131

on average,while outer set constructs(cf integer compositions,set partitions,and per-
mutations)areassociatedwith a greatervariety of asymptoticregimes. The differences
in behaviour are to be assignedto the ratherdifferent typesof singularity involved: on
theonehandsetscorrespondingalgebraicallyto an ������� Ó � operatorinduceanexponential
blow up of singularities;on the otherhandsequencesexpressedalgebraicallyby quasi-
inverses� � � Ó � 	�� arelikely to inducepolarsingularities.(Recursive structureslike trees
leadto yet othertypesof phenomenawith a numberof components,i.e., theroot degree,
thatis boundedin probability.) Eventually, suchfactscanbeorganizedinto broadanalytic
schemas,aswill beseenin ChaptersIV–VII.�

8. Balls in bins: occupancy. Thereare � ballsthrown into ¼ binsin all possibleways( ¼ fixed).
ThebivariateEGFwith b markingthenumberof ballsand  markingthenumberof binsthatcontainS ballsis 4�� � %�"$ + ��' b WS � E¾½ q
Let ¼ and � tendto infinity in sucha way that

9½ - f , a fixed constant.The proportionof bins
containingS elementstends(onaverageandin probability)to thelimit� Qed f WS � q
Thusa Poissonlaw of rate f describestheoccupancy of binsin a randomallocation. r�

9. Distinct componentsizesin sets.Take thenumberof distinctblock sizesandcycle sizesin set
partitionsandpermutations.ThebivariateEGF’sareV¿9 L�NDÀ � +  >%± ��� - Á 9�Â Ã FÄV¿9 L�NDÀ � +  >%± ��� - Á 9:Ã q
Find acomparableOGFfor thenumberof distinctsummandsin anintegerpartition. r

III. 4. Recursive parameters

In this section,we adaptthegeneralmethodologyof previoussectionsin oderto treat
parametersthat aredefinedby recursive rulesover structuresthat are themselvesrecur-
sively specified.Typical applicationsconcerntreesandtree-likestructures.

Consideracombinatorialclassspecifiedrecursively

(24) Å toù } Å �Rx
whereù is any compositionof basicconstructorsandatoms.By distinguishingafinite set
of configurationsÆÈÇÉÅ consideredto be “small” size,onecanrephrasethe specifica-
tion (24) in theform

(25) Åut|Æ ³eÊ x Ê t�ù ©¯} Å£� 
A certainfunctionalequationwill thenresultfor thecountingGFs:

(26) {G�!Øe��tjz���Ø � ³ � ��Ø ��x � ��Ø ��t8Ëmv {��!Øe� y For instance,generalplanetrees( Ì ) andCayley trees( ¦ ) admit theequivalentspecifica-
tions Ì t � ô±û } Ì��Rx Ì t � ³ � ô±û ¡ � } Ì��¦ t � zÃÿ } ¦m� x ¦ t � ³ � zYÿ ¡ � } ¦5� 
In otherwords,the“small” objectsof size

�
havebeenmovedoutof theoriginalconstruc-

tion. In thecaseat hand,we individualizeleaves2 of trees.

2A leaf in a rootedtreeis anodewithoutdescendents.
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First, considera parameter� on Å that is inheritedfrom a parameterö definedon
Ê

andanotherparameteré (the“initial conditions”)especiallydefinedon the“small” struc-
turesof Æ , with Ægx Ê ason theright of (25). Then,with theauxiliary variable s marking� on

�
aswell as é and ö on Æ and

Ê
, generalprinciplesleadto a functionalrelation,

(27) { ß ��Ø¿xMs#��toz � �!Ø x�s�� ³ Ëmv { � �!Ø x�s�� y Here,wehave indicatedtheinvolvedparametersby subscriptsfor clarity. For instancethe
parameter� equalto “root–degree”of a treeis of thisstructuraltype,beinginheritedfromé�Íäw on a leaf

�
and öÎÍ �

on componentsof ù © .
What we have donewhenpassingfrom é to � is to examinethe effect of one level

of recursion.Assumenext that � and ö areoneandthe same.In otherwords,thereis a
uniqueparameter� definedthroughrecursionon objectsof therecursive classÅ , with ö
thatsinglesout “initial conditions”. An instanceis now the total number� of leavesin a
tree: it is eitherdefinedto be 1, by a specialcaseor elseit is inheritedadditively asthe
sumof thevaluesobtainedfrom therootsubtrees,cf (25). Indeed,if ÏütºÐSÐ�x>Ï � x »^ xCÏ � Ñ is
a treewith root Ð and ,m� � , onehas� �SÏ¿��to�´�£Ï � � ³ Ó^Ó»Ó ³ �´�£Ï � ��x
with � coincidingwith éWÍ �

on atoms.With this identificationof � and ö , thebivariate
generatingfunction {��!Ø x�s�� becomesimplicitly definedby a functional equationof the
form { ß ��Ø¿xMs#�ëtäz � �!Ø x�s�� ³ Ëmv { ß �!Ø x�s�� y Oncethemechanismis clear, wemayaswell dropsubscriptsindicativeof parameters
andwrite

(28) {ü��Ø¿xMs#�ëtäz��!Ø x�s�� ³ Ëmv {���Ø¿xMs#� y This standsout asa “deformation”of theusualunivariatefunctionalequationfor theGF
of Å , to which it reduceswhen sht � . With anaturalextensionof notations,we mayeven
write symbolicallya recursivespecificationfor class–parameterpairs,ÐSÅ,x��8Ñ´t	ÐPÆ x�é�Ñ ³ Ëmv�ÐSÅ xM�8Ñ y xandsimply applythecommontranslationmechanismsto getback(28). Naturally, similar
considerationsapply to vectorial parametersand/orto collectionsof mutually recursive
combinatorialclasses.

EXAMPLE 10. Leavesin specialvarietiesof trees. How many leavesdoesarandomtree
of somevariety have? Candifferentvarietiesof treesbe somehow distinguishedby the
proportionof their leaves? Beyond the botany of combinatorics,suchconsiderationsare
for instancerelevantto theanalysisof algorithmssincetreeleaves,having nodescendants,
canbestoredmoreeconomically;see[85, Sec.2.3] for a motivationto suchquestions.

ConsideroncemoretheclassÌ of planeunlabelledtrees,Ì�t � ôªû } Ì�� , enumerated
by theCatalannumbers:

+ � t �� Â � � 	 �� 	ø�#Ä . Thenumber
+ � ~ � of treeswith � nodesand

�
leavesis to be determined.Let � be the parameter“numberof leaves” and

+ �!Ø x�s�� the
associatedbivariateOGF. In orderto individuateleaves,rewrite theoriginal specification
of planetreesas Ì�t � ³ � � ô û ¡ � } Ì��P� 
Theparameter� is additive;hence,to thedefiningrelation,therecorrespondstermwise+ �!Ø x�s��ëtäØRs ³ Ø + ��Ø¿xMs#�� � + �!Ø x�s�� 
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Theinducedquadraticequationcanbesolvedexplicitly+ �!Ø x�s���t �ÀÎÑ �´³ ��s � � �DØ � � � � À)�!s ³ä� �DØ ³ ��s � � � � Ø ��Ò 
It is howeversimplerto expandusingtheLagrangeinversiontheoremwhich provides+ � ~ � t v s � y �Mv Ø � y + ��Ø¿xMs#�M��t v s � y � �� v q

� 	�� y �!s ³ q� � q � � �t �
�
� � �Ó� v q � 	�� y q � 	#�� � � q)� � 	�� t �

�
� � �)� � � � À� � � � 

Thesenumbersareknown asNarayananumbers,seeEIS A001263, andthey surfacere-
peatedlyin connexion with ballotsproblems.) The meannumberof leavesthenderives
from thecumulativeGF,N ��Ø ��t & ' + ��Ø¿xMs#� � ' ��� t �À Ø ³ �À Ø( � � ÁRØ x
sothat themeanis � ��À exactly for � � À . Also, thedistribution is concentratedsincethe
standarddeviation is easilycalculatedto be

4 � ( � � .In a similar vein,definebinaryplanetreesby theequation,

(29) è�t � ³ ��è¬ô � � ³ � � ô ú � ³ ��èäô � ôGè¯�
x
which stressesthe distinctionbetweenfour typesof nodes: leaves, left branching,right
branching,andbinary. Let s ¢ xMs � xMs � be variablesthat mark nodesof degree0,1,2, re-
spectively. Thentheroot decomposition(29) givesfor theMGF

ú t ú �!Ø x�s ¢ x�s � xMs � � the
functionalequation ú täØRs ¢ ³ ÀBØRs � ³ ØRs � ú � x
by whichLagrangeinversiongivesú � ~ � å ~ � æ ~ � % t À ��æ�

� �� ¢ x � � x � � �,x
subjectto thenaturalconditions:

� ¢ ³ � � ³ � � t � andand
� ¢ t � � ³o� . Specializations

andmomentscanbeeasilycalculatedfrom suchanapproach[117]. In particular, themean
numberof nodesof eachtypeis asymptotically:

leaves: � � Á x 1-nodes: � � À x 2-nodes: � � À 
Finally, for Cayley trees,thebivariateEGFwith s markingthenumberof leavesis the

solutionto § �!Ø x�s��ëtjs#Ø ³ Ø��£sª© à �$~ ' á � � � 
Thedistribution is expressedin termsof Stirling partitionnumbers.Themeannumberof
leavesin a randomCayley treeis foundto beasymptoticto � s 	ø� . ��

10. Leavesand node-degreeprofile in simplevarietiesof trees. The meannumberof nodesof
outdegree S in a randomCayley treeof size � is asymptoticto� (�� Q N �S � q
Degreesof nodesarethusapproximatelygivenby a Poissonlaw of rate1.

Moregenerally, for a family of treesgeneratedby Ô " b '�- bªÕ " Ô " b '@' with Õ apower series,the
BGF of thenumberof nodesof degree S satisfiesÔ " b F  '.- b À Õ " Ô " b F  '@' % " Õ W  + �
' Ô " b F  ' W Ã F



134 III. PARAMETERS AND MULTIVARIATE GF’S

whereÕ W - K  �W LmÕ "$ ' . Thecumulative GF isT:" b 'ø- b Õ W Ô " b ' W� +gbªÕ)Ö " Ô " b '@' - Õ W b ; Ô " b ' W Q N Ô Ö " b 'MF
from whichmomentscanbedetermined. r�

11.Markingin functionalgraphs.Considertheclass× of finite mappingsdiscussedin ChapterII:× - · \}Ø._ F Ø -e¸ \�ÙÚ_ F Ù - \ � _ÜÛ · \�ÙÝ_ q
ThetranslationonEGF’s isÞ " b '.-»��ß�=à� ? F�á " b 'ø- Z\[^] �� + Ô " b ' F Ô " b 'ø-»�}â =à� ? q
Here are bivariateEGF’s for "�ã ' the numberof components,"�ãSã ' the numberof maximal trees,"�ãSãSã ' thenumberof leaves:"�ã '��}ä�ß�=�� ? F "�ãSã ' �� +  Ô " b ' F "�ãSãSã ' �� + Ô " b F  ' with Ô " b F  '.- "$ + ��' b % b ��â¿=à�}å ä ? q
ThetrivariateEGF

Þ "$ N F  ; F b ' of functionalgraphswith  N markingcomponentsand  ; marking
treesis Þ " b F  N F  ; '.-0/21�3 "$ N ZI[^]�" � +  ; Ô " b '@' Q N '.- �" � +  ; Ô " b '@' ä æ q
An explicit expressionfor thecoefficientsof thetrivariate

Þ
involvestheStirling cyclenumbers.r

Weshallstopheretheseexamplesthatcouldbemultipliedadlibitum sincesuchcalcu-
lationsgreatlysimplify wheninterpretedin thelight of asymptoticanalysis.Thephenom-
enaobservedasymptoticallyare,for goodreasons,especiallycloseto what the classical
theoryof branchingprocessesprovides.

Wenext turnto finercharacteristicsof trees,likepathlength.Asapreamble,oneneeds
asimplelineartransformationoncombinatorialparameters.Let

�
beaclassequippedwith

two scalarparameters,� and é , relatedby�´�£O���t � O � ³ é)�£O�� 
Then,thecombinatorialform of BGFsyieldsÿÜ�Ý�Þ Øæ Ü æ s#ßeà ÜRá t ÿÜ)Ý�Þ Ø�æ Ü æ s]æ Ü æ © ß�à Ü�á x
thatis,

(30) Ò ß ��Ø¿xMs#�ët¬Ò � �!ØRs�xMs#� 
This is clearly a generalmechanism:a linear transformationon parameters inducesa
monomialsubstitutiononthecorrespondingmarkingvariablesin MGFs.Wenow put it to
usein theanalysisof pathlengthin trees.

EXAMPLE 11. Path lengthin trees.Pathlengthis animportant“global” characteristicof
treesclassicallydefinedasthesumof distancesof all nodesto the root of the tree. (Dis-
tancesaremeasuredby thenumberof edgesontheminimalconnectingpath.)For instance,
whena treeis usedasa datastructurewith nodescontainingadditionalinformations,path
lengthrepresentsthe total costof accessingall dataitemswhena searchis startedfrom
the root. For this reason,path lengthsurfaces,undervariousmodels,in the analysisof
algorithmslike tree-sort,quicksort,andsoon [85, 130].

Fromthedefinitionof pathlength,ç �SÏ¿� ã t ÿè Ý�é dist�ëê�x root�£Ï¿����x
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thereimmediatelyresultsthat

(31)
ç �SÏ¿�´t ÿìbíSî
îCïÓðSñ�ò�ï£íSóôóDîCõé � ç �£ö#� ³ � ö � � 

(Distribute nodesin their correspondingsubtrees:distancesto the subtreerootsmustbe
correctedby 1; regroupterms.)

Fromthis point on,we specializethediscussionto generalplanetrees(seeEx. 12 for
more): Ì�t � û } Ì�� . Introducemomentarilytheparameter¤��SÏ¿��t � Ï � ³ ç �SÏ¿� . Then,one
hasfrom theinductivedefinition(31)andthegeneraltransformationrule (30):+�÷ �!Ø x�s���t Ø� � +ùø �!Ø x�s�� and

+ ø ��Ø¿xMs#�ët +�÷ ��Ø�s8x�s�� 
In otherwords,

+ �!Ø x�s��úÍ +�÷ �!Ø x�s�� satisfiesa nonlinearfunctionalequationof thediffer-
encetype:

(32)
+ ��Ø¿xMs#�ët Ø� � + �!s�Ø x�s�� 

Thegeneratingfunction
N ��Ø � of cumulatedvaluesof

ç
thenobtainsby differentiationwith

respectto s uponsettingsht � . We find in this way that
N �!Øe� ã t &�' + ��Ø¿x � � satisfiesN ��Ø ��t Ø� � � + �!Øe��� � �!Ø +ùû �!Øe� ³ N ��Ø �M�#x

which is a linearequationthatsolvestoN �!Øe��täØ � + û ��Ø �� � � + ��Ø �M� � � Ø t ØÀ)� � � ÁRØe� � ØÀ ( � � ÁRØ
whereüªt � � Á Ø . Consequently, onehasN � t¬À � � 	�� � � À � � À� � � �£xwherethesequencestarting1, 5, 22,93,386for � �äÀ constitutesEISA000346. We thus
have:

Themeanpathlengthof a randomCatalantreeof size� is asymptotic
to À ( o � Í ; in short: a branch in a randomCatalantreeof size � has
expectedlengthof theorder of ( � .

Undertheuniform combinatorialmodel,treesthustendto besomewhatimbalanced. �
Theimbalancepropertyfoundfor randomCatalantreesis a generalphenomenon—it

appliesto binaryCatalanandmoregenerallyto all simplevarietiesof trees.Ex. 12 below
andChapterV imply thatpathlengthis invariablyof order � ( � onaveragein suchcases.
Height is of typical order ( � asshown by Rényi andSzekeres[120], de Bruijn, Knuth
andRice [37], Kolchin [90], aswell asFlajolet, andOdlyzko [52]. Figure9 borrowed
from [130] illustratesthis on a simulation. (The contourof the histogramof nodesby
levels,oncenormalized,hasbeenprovedto convergeto the processknown asBrownian
excursion.)�

12.Path lengthin simplevarietiesof trees.TheBGFof pathlengthin avarietyof treesgenerated
by Ô " b 'ø- bªÕ " Ô " b '@' satisfies Ô " b F  'ø- bªÕ " Ô " b  F  '@' q
In particular, thecumulative GF isT:" b 'Üý»þ ä " Ô " b F  '@' ä L�N - Õ Ö " Ô " b '@'Õ " Ô " b '@' " b Ô Ö " b '@' ; F
from whichcoefficientscanbeextracted. r
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FIGURE 9. A randomprunedbinarytreeof size256andits associated
level profile: the histogramon the left displaysthe numberof nodesat
eachlevel in thetree.

III. 5. “Uni versal” generatingfunctions and combinatorial models

By auniversalgeneratingfunction,wemeanageneratingfunctionin anumber(possi-
bly infinite) of variablesthatmarkahomogeneouscollectionof characteristicsof acombi-
natorialclass.For instanceonemaybeinterestedin thejoint distributionof all thedifferent
letterscomposingwords,the numberof cyclesof all lengthsin permutations,andsoon.
A universalMGF naturallyentailsvery detailedknowledgeon theenumerativeproperties
of structuresto which it is relative. Universalgeneratingfunctions,given their expres-
sivepower, alsomakeweightedmodelsaccessibleto calculation,asituationthatcoversin
particularBernoulli trials andbranchingprocessesfrom classicalprobabilitytheory.

As a basicexample,considerthe classof all words ÿ t û }�� � over somefinite
alphabet

� t }���� x������^x � � � . Let ��tÔ��� � x������^x�� � � , where � k ���>� is thenumberof occur-
rencesof theletter

� k in word � . TheMGF of
�

with respectto � isÒ,�!Ø x
	���täØRs � ³ ØRs�� ³ Ó»Ó^Ó ³ ØRs � x
and � on ÿ is clearlyinheritedfrom � on

�
. Thus,by thesequencerule,onehas

(33)
 ��Ø¿x�	8�ët ���� Ø���s � ³ s�� ³ Ó»Ó^Ó ³ s � � x

which describesall wordsaccordingto their compositionsinto letters. In particular, the
numberof wordswith � k occurrencesof letter

� k and � t�� � k isv s � æ� s � %� Ó»Ó»Ó s � c� y �!s � ³ s�� ³ Ó^Ó»Ó ³ s � � � t � �� � x � � x�������x � � � t � y� � y � � y Ó^Ó»Ó � � �We arebackto theusualmultinomialcoefficients.�
13. After Bhaskara Acharya " circa 1150AD

'
. Considerall thenumbersformedin decimalwith

digit 1 usedonce,with digit 2 usedtwice,.. . , with digit 9 usedninetimes.Suchnumbersall have45
digits. Computetheir sum � anddiscover, muchto youramazementthat � equals

45875559600006153219084769286399999999999999954124440399993846780915230713600000.

This numberhasa long run of nines(andfurtherninesarehidden!). Is therea simpleexplanation?
Thisexerciseis inspiredby theIndianmathematicianBhaskaraAcharyawhodiscoveredmultinomial
coefficientsnear1150AD; see[85, p. 23] for a brief historicalnote. r
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Next, considerpermutationsandthevariouslengthsof their cycles.TheMGF wheres � x�s�� mark1-cyclesand2-cyclesrespectively is����� � s � Ø � ³ s � Ø �À ³ Ø Í" ³ Ó»Ó»Ó ���
By analogy, oneis led to consideringanMGF in infinitely many variables

(34) �~�!Ø x
	���tx����� � s � Ø � ³ s � Ø �À ³ s Í Ø Í" ³ Ó^Ó»Ó � �
TheMGF expression� hastheneatfeaturethat,uponspecializingall but a finite number
of s k to 1, wederiveall theparticularcasesof interestwith respectto any finite collection
of cycles lengths. Mathematically, an object like � in (34) is perfectlywell defined: it
suffices to consider � t�� �!s#� the field of fractionsin infinitely many variables—any
elementof � involvesonly finitely many indeterminates;then calculatenormally with
formal power seriesof �&v v Ø y y , assuming� asthecoefficient field. Indeed,with thenotion
of formal convergence3 definedin the appendix,onecan take limits in � v v Ø y y and write
legitimately

��¥�§� ¨£« �}�)� �� ��k
� � s k Ø kl  ! tx�}�)� �� ��¥¦§� ¨ « ��k
� � s k Ø kl  ! t"�#�
Henceforth,we shallkeepin mind thatverificationsof formal correctnessarealwayspos-
sibleby returningto basicdefinitions.

Universalgeneratingfunctionsareoftensurprisinglysimpleto expand.For instance,
theequivalentform of (34)�5��Ø¿x�	8��trs ' æ � 9 � Ó s ' % � % 9 � Ó s '%$ � $ 9 Í Ó»Ó^Ó
implies immediatelythat thenumberof permutationswith � � cyclesof size

�
, � � of sizeÀ , etc,is

(35) � y& � y & � y Ó»Ó»Ó & � y ��' æ À ' % Ó^Ó»Ó � ' - xprovided � l & k t � . This is a resultoriginally dueto Cauchy. Similarly, theEGFof set
partitionswith s k markingthenumberof blocksof size l is�}�)� � s � Ø� y ³ s � Ø �À y ³ s Í Ø Í" y ³ Ó^Ó»Ó �(�
A formulaanalogousto (35),with l '*) beingreplacedby l y '*) follows. Severalexamplesof
such“universal”generatingfunctionsarepresentedin Comtet’sbook;see[28], pages225
and233.

3In contrast,thequantityevocative of ageneratingfunctionof wordsover aninfinite alphabet+ Â�-,.0/2143 V5K2L#N�6 K879 Q N
cannotreceive asounddefinitionasaelementof theformaldomain:2; ; 3=< < ; for instance,thecoefficient of

3
in the

sequenceof approximantswould notevenconvergeto anelementof : equippedwith thediscretetopology.
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14.Universal GFsfor compositionsandsurjections. TheuniversalGF’sof integercompositions

andsurjectionswith  K markingthenumberof componentsof size O are�� + J VK2L#N  K b K F �� + J VKML�N  K � )K Â q
Theassociatedcountswith � - J K O � K aregivenbyn � N % � ; % (*(*(� N F � ; F q*q*q p F �ø�� � 9 æ < � 9 % (*(*( n � N % � ; % (
(*(� N F � ; F q*q*q p q
Thesefactoredforms derive directly from the multinomial expansion. The symbolic form of the
multinomialexpansionof powersof a generatingfunction is sometimesexpressedin termsof Bell
polynomials,themselvesnothingbutarephrasingof themultinomialexpansion;seeComtet’sbook[28,
Sec.3.3] for a fair treatmentof suchpolynomials. r�

15.Faà di Bruno’s formula. Theformulæfor thesuccessive derivativesof a functionalcomposi-
tion > " b 'ø-@? "BA)" b '@'þ � > " b '.-C? Ö "BA)" b '@' A Ö " b 'MFJþ ;��> " b 'ø-@? Ö Ö "BA)" b '@' A Ö " b ' ; % ? Ö " b ' A Ö Ö " b 'MF q*q2q F
areclearlyequivalentto theexpansionof aformalpowerseriescomposition(assume

? " Å�'�- A)" ÅP'ø-Å
): > N -@? N A N F > ; -C? ; A ;N % <�? N A ; F q*q*q¿q

The generalform, a mereavatar of the multinomial expansion,is known as Fàa di Bruno’s for-
mula[28, p. 137]. (Faàdi Bruno(1825–1888)wascanonizedby theCatholicChurchin 1988,albeit
not for reasonsrelatedto his formula.) r�

16.Relationsbetweensymmetricfunctions.Symmetricfunctionsmaybemanipulatedby mech-
anismsthat areoften reminiscentof the setandmultisetconstruction.They appearin many areas
of combinatorialenumeration.Let D - \8EGFP_ HF L�N be a collectionof formal variables. Definethe
symmetricfunctions¿ F " � % EGF b 'ø- i 9�H 9 b 9 F ¿ F �� + E F b - i 9JI 9 b 9 F i F E F b� + E F b - i 9�K 9 b 9 q
The H 9 F I 9 F K 9 , calledresp.elementary, monomial,andpower symmetricfunctionsareexpressible
as H 9&- iF æ=L F % LNM M M L F c E F æ E F % (2(*( E F c F I 9ª- iF æ8O F % O�M M M O F c E F æ E F % (*(*( E F c F K 9£- Hi F L�N E�HF q
Thefollowing relationshold:U£" b ' - �R>" +�b ' F R>" b 'Ú- �U£" +�b ' FP " b 'ð- bRQQ b Z\[^]]U£" b 'MF U " b ' - /M1R3TS �l P "BU ' Q UU q
Consequently, eachof H 9�F I 9)F K 9 is polynomiallyexpressiblein termsof any of theotherquantities.
(Theconnectioncoefficientsagaininvolve multinomials.) r�

17.Regular graphs.A graphis Z –regularif f eachnodehasdegreeexactlyequalto Z . Thenumber
of Z –regulargraphsof size � is K E H N E H ; (*(*( E H9 L ¿N O F L K O 9 " � % EGFVE K ' q
[Gessel[65] hasshown how to extractexplicit expressionsfrom suchhugesymmetricfunctions.] r
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III. 5.1. Word models. Theenumerationof words,or “sequences”asthey aresome-
timesalsocalled,constitutesa rich chapterof combinatorialanalysis. Applicationsare
to be found in classicalprobability theoryandstatistics[33] aswell asin computersci-
ence[139] and mathematicalmodelsof biology [149]. We focus our attentionhereto
problemsthatinvolveuniversalgeneratingfunctions.

EXAMPLE 12. Wordsandrecords.Fix analphabet
� t }�� � x������^x � � � andlet ÿ t û }�� �

be the classof all wordsover
�

, where
�

is naturallyorderedby
� �XW � � W Ó^Ó»Ó W � � .

Given a word � tY� � Ó»Ó^Ó � � , a (strict) recordis an element� k that is larger than all
precedingelements: � k ®Z��[ for all \ W l . (Refer to Figure 12 of ChapterII for a
graphicalrenderingof recordsin thecaseof permutations.)

Considerfirst thesubsetof ÿ comprisingall wordsthathave the letters
� [ æ x������^x � [ ¤assuccessive records,where \ �4W Ó^Ó»Ó W \^] . Thesymbolicdescriptionof this setis in the

form of a productof _ terms

(36)

� � [ æ � ��� ³ Ó»Ó^Ó ³ � [ æ �^`$� Ó»Ó^Ó � � [ ¤ � ��� ³ Ó»Ó»Ó ³ � [ ¤ �a`ª�b�
Considernow MGFsof wordswhere Ø markslength, c marksthenumberof records,and
eachs k marksthenumberof occurrencesof letter

� k . TheMGF associatedto thesubset
describedin (36) is then� Ødc s�[ æ � ��� Ø���s � ³ Ó»Ó»Ó ³ s�[ æ ��� 	 � � Ó»Ó^Ó � ØecRs�[ ¤ � ��� Ø���s � ³ Ó»Ó»Ó ³ s�[ ¤ ��� 	 � �4�
Summingoverall valuesof _ andof \ � W Ó»Ó»Ó W \ ] gives

(37)
 �!Ø xfc�x
	��ët �jg � � Ñ �´³ Ødc s g � ��� Ø���s � ³ Ó^Ó»Ó ³ s g ��� 	 � Ò x

therationalebeingthat,for arbitraryquantitiesq g , onehas��] � ¢ ��=h [ æ8ikjljlj i [ ¤ h � qd[ æ qd[ % Ó^Ó»Ó qe[ ¤ t
�jg � � � � ³ q g �8�

We shallencountermoreapplicationsof (37) below. For thetime beinglet ussimply
examinethemeannumberof recordsin a word of length � over thealphabet

�
, whenall

suchwordsaretakenequallylikely. Oneshouldset s knm¸ �
(thecompositioninto specific

lettersis forgotten),sothat


assumesthesimplerform �!Ø xfc���t �jk
� � � �´³ c Ø��� l Ø � �
Logarithmicdifferentiationthengivesaccessto thegeneratingfunctionof cumulatedval-
ues, N ��Ø �`Í && c  ��Ø¿x
ce� //// o � � t Ø��� ,PØ ��k
� � ���� �ml �p� �DØ �
Thus,by partialfractionexpansion,themeannumberof recordsin ÿ � (whosecardinality
is , � ) hasvalue

(38) �kq - � # records��t|� � � � 	 ��k
� � �ml��ª,B� �, � l �
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Thereappearsthe harmonicnumber � � , like in the permutationcase,but now with a
negativecorrectiontermwhich,for fixed , , vanishesexponentiallyfastwith � (thisbetrays
thefactthatsomelettersfrom thealphabetmightbemissing). �
EXAMPLE 13. Weightedword modelsandBernoulli trials. Let

� t }%� � x������^x � � � bean
alphabetof cardinality , , andlet r�t } ç�� x������^x ç � � beasystemof numberscalledweights,
whereweight

ç k is viewedasattachedto letter
� k . Weightsmaybeextendedfrom letters

to wordsmultiplicatively by definingtheweight o �s�>� of word � aso ���>� t ç [ æ ç [ % Ó^Ó»Ó ç [ - if � t � [ æ � [ % Ó^Ó»Ó�� [ -t �jk
� � ç ß ) àut ák x
where� k �s�>� is thenumberof occurrencesof letter

� k in � . Finally, theweightof a setis
by definitionthesumof theweightsof its elements.

Combinatorially, weightsof setsare immediatelyobtainedoncethe corresponding
generatingfunctionis known. Indeed,let �Jv ÿ tõû }P� � have“universal”GF� �!Ø x�s � x������»xMs � ��t �t Ýew Ø æ t`æ s ß æ àut á� Ó»Ó^Ó s ß c àut á� x
where� k ���&� is thenumberof occurrencesof letter

� k in � . Thenonehas� �!Ø x ç � x������»x ç � ��t �t Ýew Ø�æ t`æ o �s�>�
x
so thatextractingthecoefficient of Ø � givesthe total weightof � � t �@xÎÿ � underthe
weightsystemr . In otherwords,theGF of a weightedsetis obtainedby substitutionof
thenumericalvaluesof theweightsinsidetheassociateduniversalMGF.

In probability theory, Bernoulli trials refer to sequencesof independentdraws from
a fixed distribution with finitely many possiblevalues.Onemay think of the succession
of flippingsof a coin or castingsof a dice. If any trial has , possibleoutcomes,thenthe
variouspossibilitiescanbedescribedby lettersof the , -ary alphabet

�
. If theprobability

of the l th outcomeis takento be
ç k , thenthe r -weightedmodelson wordsbecomesthe

usualprobabilisticmodelof independenttrials. (In thissituation,the
ç k ’sareoftenwritten

as y k ’s.) Observe that, in the probabilisticsituation,onemusthave
ç�� ³ Ó^Ó»Ó ³ ç � t �

with each
ç k satisfying wj� ç k � �

. The equiprobablecase,whereeachoutcomehas
probability

� �ª, canbe obtainedby setting
ç k t � �ª, andit thenbecomesequivalentto

the usualenumerative model. In termsof GFs,the coefficient v Ø � y � �!Ø x ç�� x�������x ç � � then
representstheprobabilitythatarandomwordof ÿ � belongsto � . Multivariategenerating
functionsandcumulative generatingfunctionsthenobey propertiessimilar to their usual
counterparts.

As an illustration, assumeone hasa biasedcoin with probability y for heads( z )
and

2 t �{� y for tails (
§

). Considertheevent: “in � tossesof thecoin,thereneverappear� contiguousheads.Thealphabetis
� t } z x § � . The languagedescribingtheeventsof

interest(with varying � ) is, asseenin ChapterI,��tõû iÓ } z0��û }�§ û iÓ } z0�R�e�
Its universalGF with s markingheadsand c markingtails is then ��Ø¿xMs�x
ce��t ��� Ø  s ��� Ø�s � ��� Ødc �#� Ø  s ��� Ø�s � 	 � �
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Thus,theprobabilityof theabsenceof � -runsamongstasequenceof � randomcoin tosses
is obtainedafterthesubstitutions ¸ y , c ¸ 2

in theMGF,v Ø � y ��� y  Ø ��� Ø ³32 y  Ø  © � x
leadingto anexpressionwhich is amenableto numericalor asymptoticanalysis.(Fellers’
book[43, p. 322–326]offersfor instancea classicaldiscussionof theproblem.)

To concludethe discussionof probabilisticmodelson words,we comeback to the
analysisof records.Assumenow thatthealphabet

� t }%�G� x������»x � � � hasin all generality
theprobabilityy k associatedwith theletter

� k . Themeannumberof recordsis analysedby
aprocessentirelyparallelto thederivationof (38): onefindsby logarithmicdifferentiation
of (37)
(39)�kq - � # records�´t	v Ø � y N �!Øe� where

N �!Øe��t Ø��� Ø ��k
� � y k��� Ø��|y � ³ Ó^Ó»Ó ³ y k 	 � � �
ThecumulativeGF

N �!Øe� in (39) hassimplepolesat thepoints
� x � � i � 	 � x � � i � 	 � , andso

on,where
i g t}y � ³ Ó»Ó»Ó ³ y g . For asymptoticpurposes,only thedominantpolesat Ø t �

counts(seeChapterIV for a systematicdiscussion),nearwhichN �!Øe� �� ¨ � ���� Ø ��k
� � y k��� i k 	 � �
Consequently, onehasanelegantasymptoticformulageneralizingthecaseof permutations
thathasaharmonicmean(8):

Themeannumberof records in a randomword of length � with non
uniformletterprobabilitiesy k satisfiesasymptotically� q - � # records� � ��k
� � y ky k ³ y k © � ³ Ó»Ó^Ó ³ y � �

This relationandsimilar oneswereobtainedby Burge[25]; analogousideasmayserve to
analysethesortingalgorithmQuicksortunderequalkeys [128] aswell asthehybrid data
structuresof Bentley andSedgewick; see[12, 27]. �

Similarconsiderationsapplyto weightedEGFsof words.For instance,theprobability
of having attaineda completecouponcollectionin casea company issuescouponl with
probability y k (with

� �gl��e, ), is

� y v Ø � y �jk
� � �ës�~ ) � ��� ���
Theprobabilitythatall couponsaredifferentat time � is

� y v Ø � y �jk
� � � �´³ y k Ø ��x
which correspondsto the “birthday problem” in the caseof nonuniformmatingperiods.
Integral representationscomparableto theonesof ChapterII arealsoavailable.
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III. 5.2. Treemodels. Weexamineheretwo importantuniversalGFsassociatedwith
tree models; theseprovide valuableinformationsconcerningthe degreeprofile and the
level profile of trees,while being tightly coupledwith an importantclassof stochastic
processes,thebranchingprocesses.

The major classesof treesthat we have encounteredso far arethe unlabelledplane
treesandthelabellednonplanetrees,prototypesbeingthegeneralCatalantrees(ChapterI)
andtheCayley trees(ChapterII). In bothcases,thecountinggeneratingfunctionssatisfy
a relationof theform

(40) {���Ø ��t¬Ø�����{ü��Ø �M�
x
wheretheGF is eitherordinary(planeunlabelledtrees)or exponential(nonplanelabelled
trees).Correspondingrespectively to thetwo cases,thefunction � is determinedby

(41) �8���>� t ���Ýd� s � x �8���>� t ���Ýd� s �î y x
where

N v�� is the setof allowed nodedegrees. Meir andMoon in an importantpa-
per[104] have describedsomecommonpropertiesof treefamiliesthataredeterminedby
the Axiom (40). (For instancemeanpathlengthis of order � ( � andheight is

4 � ( � � .)Following theseauthors,weshallcall simplevarietyof treesany classwhosecountingGF
is definedby anequationof type(40). For eachof thetwo casesof (41),weshallwrite

(42) �8�s�>�´t «�k
� ¢ � k � k �
First we examinethedegreeprofile of trees.Sucha profile is determinedby thecol-

lection of parameters� k , where � k �SÏ¿� is the numberof nodesof outdegree l in Ï . The
variable s k will beusedto mark � k , that is, nodesof outdegreel . Thediscussionalready
conductedregardingrecursiveparametersshowsthattheGF {G�!Ø x
	�� satisfiestheequation{ü��Ø¿x�	8��täØ��&��{��!Ø x
	���� where �&���&�´tjs ¢ � ¢ ³ s � � � � ³ s � � � � � ³ Ó^Ó»Ó �
FormalLagrangeinversioncanthenbeappliedto {��!Ø x
	�� , to theeffect thatits coefficients
aregivenby thecoefficientsof thepowersof � .

PROPOSITION III.4 (Degreeprofileof trees). Thenumberof treesof size� anddegree
profile � � ¢ x � � x � �Bx������a� in a simplevarietyof treesdefinedby the“g enerator” (42) is

(43) { �e� � å ~ � æ ~ � % ~l�l�l� toî �,Ó ��
� �� ¢ x � � x � � x������ � �

� å¢ � � æ� � � %� Ó^Ó»Ó �
There, î � t �

in theunlabelledcase, whereasî � t � y in thelabelledcase. Thevaluesof
the � k are assumedto satisfythetwo consistencyconditions: � k � k t � and � k l � k t� ��� .

PROOF. Theconsistency conditionstranslatethe fact that the total numberof nodes
shouldbe � while thetotal numberof edgesshouldequal � ��� (eachnodeof degreel is
theoriginatorof l edges).Theresultfollows from Lagrangeinversion{ �e� � å ~ � æ ~ � % ~l�l�l� toî � Ó v s � å¢ s � æ� s � %� Ó^Ó»Ó y � �� v � � 	

� y �&���>� � � x
to which thestandardmultinomialexpansionapplies,yielding (43).
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For instance,for generalCatalantrees( � k t �
) andfor Cayley trees( � k t � �}l y ) these

formulæbecome�
�
� �� ¢ x � � x � ��x������ � and

� � ��� � yw y � å � y � æ À y � % Ó»Ó^Ó � �� ¢ x � � x � ��x������ �4� �
Theproofabovealsoshowsthelogicalequivalencebetweenthegeneraltreecounting

resultof PropositionIII.4 andthemostgeneralcaseof Lagrangeinversion. (This results
from thefact that � canbespecializedto any particularseries.)Putotherwise,any direct
proof of (43) providesa combinatorialproof of the Lagrangeinversiontheorem. Such
directderivationshavebeenproposedby Raney [119] andarebasedonsimplebut cunning
surgeryperformedon lattice pathrepresentationsof trees(the “conjugationprinciple” of
whicha particularcaseis the“cycle lemma”of Dvoretzky–Motzkin [40]).

The next exampledemonstratesthe usefulnessof universalgeneratingfunctionsfor
investigatingtheprofileof trees.

EXAMPLE 14. Treesand level profile. Givena rootedtree Ï , its level profile is defined
asthe vector � � ¢ x � � x � � x������a� where � k is the numberof nodespresentat level l (i.e., at
distancel from the root) in tree Ï . Continuingwithin the framework of a simplevariety
of trees,we now definethequantity { �e� � å ~ � æ ~ � % to bethenumberof treeswith size � and
level profilegivenby the � k . ThecorrespondinguniversalGF {ü�!Ø x
	�� with Ø markingsize
and s k markingnodesat level l is expressiblein termsof thefundamental“generator” � :

(44) {ü��Ø¿x�	8��t¬ØRs ¢ �,�!ØRs � � ��ØRs � �,�!ØRs Í �8� Ó»Ó^Ó �M�M�M���
We maycall this a “continued � -form”. For instancegeneralCatalantreeshave generator�8���>� t	� ��� �&� 	 � , sothatin this casetheuniversalGF is thecontinuedfraction:{���Ø¿x�	8��t s ¢ Ø��� s � Ø��� s��»Ø��� s Í Ø

. . .

�
In contrast,Cayley treesaregeneratedby �8���&��t|s t , sothat

{ü�!Ø x
	���t¬Ø�s ¢ s Ø�s � s Ø�s��}s ØRs Í s ..
. x

which is a “continuedexponential”,that is, a tower of exponentials.Expandingsuchgen-
eratingfunctionswith respectto s ¢ x�s � x������ , in ordergivesstraightforwardly:

PROPOSITION III.5 (Level profile of trees). Thenumberof treesof size � and level
profile � � ¢ x � � x � �Bx������ � in a simplevarietyof treesdefinedbythe“g enerator” �8���>� of (42)
is { �e� � å ~ � æ ~ � % ~l�l�l� toî � 	 �´Ó � à � å á� æ � à � æ á� % � à � % á� $ Ó»Ó^Ó

where � à ø áè ã tºv � è y �8���>� ø �
There, theconsistencyconditionsare � ¢ t �

and � k � k t � .
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(Notethatonemustalwayshave � ¢ t �
for asingletree;thegeneralformulawith � ¢��t �

givesthelevel profileof forests.)
For instance,thecountsfor generalCatalantreesandfor Cayley treesarerespectively� � ¢ ³ � � �p�� � � � � � ³ � � ���� � � � � � ³ � Í ���� Í � Ó»Ó»Ó x � � ��� � y� ¢ y � � y � � y Ó^Ó»Ó �

� æ¢ � � %� � �
$� Ó»Ó^Ó �

The first of theseenumerative resultsis due to Flajolet [44] and it placesitself within
a generalcombinatorialtheory of continuedfractions; the secondone is due to Rényi
andSzekeres[120] who developedsucha formula in the context of a deepstudyof the
distributionof heightin randomCayley trees. ��

18.“Continuedforms” for pathlength.TheBGFof pathlengthareobtainedfrom thelevel profile
MGF by meansof thesubstitution K#�G�� K . For generalCatalantreesandCayley trees,this gives� " b F � 'ø- b� + b��� + b�� ;

. . .

F Ô " b F � '.- b � b�� � b�� ;<� ..
. F

where � markspathlength. TheMGFsareordinaryandexponentialrespectively. (Combinedwith
differentiation,suchMGFsrepresentanattractive optionfor meanvalueanalysis.) r

It is interestingto comparethecountingresultsprovidedby universalgeneratingfunc-
tions. In away, they contain“all” theinformationregardingarandomobject,but in a form
that is not necessarilysyntheticenough.Thusuniversalformulæappearasoffering a per-
spective thatcomplementstheanalysisof singleparameterspresentedin earliersections.
As we show next, they canalsobe usedto reducebranchingprocessesto combinatorial
models.

EXAMPLE 15. Weightedtreemodelsandbranchingprocesses.Considerthefamily Ì of
all generalplanetrees.Let r�t²� ç ¢ x ç�� x������ � bea systemof numericweights.Theweight
of a nodeof outdegree l is taken to be

ç k andthe weight of a treeis the productof the
individualweightsof its nodes:

(45) o �£Ï¿��t «jk
� ¢ ç ß ) à é�ák x
with � k �£Ï¿� the numberof nodesof degree l in Ï . Onecanview the weightedmodelof
treesasa modelin which a treereceivesa probabilityproportionalto o �s�>� . Precisely, the
probabilityof selectingaparticulartree Ï underthismodelis, for a fixedsize �
(46)

|�� - ~ � �SÏ¿�´t o �SÏ¿�� æ é æ � � o �SÏ¿� �
Thisdefinesaprobabilitymeasureovertheset Ì � andonecanconsidereventsandrandom
variablesunderthis weightedmodel.

The weightedmodel definedby (45) and (46) covers any simple variety family of
trees:just replaceeach

ç k by thequantity � k givenby the“generator’(42) of themodel.
For instance,planeunlabelledunary-binarytreesareobtainedby r²t � � x � x � x2w)xMw¿x������ � ,
while Cayley treescorrespondto

ç k t � ��l y . Two equivalencepreservingtransformations
arethenespeciallyimportantin this context:
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ç �k t & ç k for somenonzeroconstant& . Thenthe weight

correspondingto r#� satisfieso ���SÏ¿�ªt & æ é æ o ���>� . Consequently, themodelsas-
sociatedto r and r�� areequivalentasregards(46).�s\*\D� Let r#�=� bedefinedby

ç �=�k tJ� k ç k for somenonzeroconstant� . Thentheweight
correspondingto r��=� satisfieso �=���SÏ¿�´t & æ é æ 	 � o �s�>� , since � k l�� k �SÏ¿��t � Ï � ���
for any tree Ï . Thusthemodelsr#�=� and r areagainequivalent.

Eachtransformationhasasimpleeffecton thegenerator� , namely:

(47) �8���&� m¸ � � ���>� t & �8���&� and �8���>� m¸ � ��� �s�>��tJ�8�s���>�8�
Onceequippedwith suchequivalencetransformations,it becomespossibleto describe

probabilisticallytheprocessthatgeneratestreesaccordingto a weightedmodel. Assume
that

ç k ��w andthatthe
ç k aresummable.Thenthenormalizedquantitiesy k t ç k� k ç k

form a probabilitydistribution over � . By thefirst equivalence-preservingtransformation
themodelinducedby theweightsy k is thesameastheoriginalmodelinducedby the

ç k .
Sucha modeldefinedby nonnegative weights

} y k � summingto 1 is nothingbut the
classicalmodelof branchingprocesses(alsoknown asGalton-Watsonprocesses); see[7].
In effect, a realization

§
of thebranchingprocessis classicallydefinedby the two rules:��\D� producearootnodeof degreel with probability y k ; ��\�\D� if l~� � , attachto therootnode

a collection
§k� x������»x § k of independentrealizationsof theprocess.This maybeviewedas

the developmentof a “f amily” stemmingfrom a commonancestorwhereany individual
hasprobability y k of giving birth to l descendants.Clearly, theprobabilityof obtaininga
particularfinite tree Ï hasprobability o �£Ï¿� , where o is givenby (45) andtheweightsareç k t@y k . Thegenerator �8�s�>�´t «�k
� ¢ y k � k
is thennothingbut theprobabilitygeneratingfunctionof (one-generation)offspring,with
thequantity ¤±t�� û � � � beingits meansize.

For the record,we recall that branchingprocessescanbe classifiedinto threecate-
goriesdependingon thevaluesof ¤ :

Subcriticality: when ¤ W � , therandomtreeproducedis finite with probability1
andits expectedsizeis alsofinite.
Criticality: when ¤¬t �

, the randomtreeproducedis finite with probability 1
but its expectedsizeis infinite.
Supercriticality: when ¤�® � , therandomtreeproducedis finite with probability
strictly lessthan1.

Fromthediscussionof equivalencetransformations(47), thereresultthat,regardingtrees
of a fixedsize � , thereis completeequivalencebetweenall branchingprocesseswith gen-
eratorsof theform ���R���>� t �8���d�>��8�s�R� �
(Suchfamiliesof relatedfunctionsareknown as“exponentialfamilies” in probabilitythe-
ory.) In this way, onemayalwaysregardat will therandomtreeproducedby a weighted
modelof somefixedsize � asoriginatingfrom a branchingprocessof subcritical,critical,
or supercriticaltypeconditioneduponthesizeof thetotal progeny.
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Finally, takeaset �-vxÌ for whichtheuniversalgeneratingfunctionof � with respect
to thedegreeprofile is available,� ��Ø¿xMs ¢ xMs � x������ �´t �é�Ý�� Ø æ é æ Ñ s ß å à é�á¢ s ß æ à é�á� Ó^Ó»Ó Ò �
Then,for asystemof weightsr , onehas� �!Ø x ç ¢ x ç�� x������ ��t �é�Ý�� o �£Ï¿�DØ�æ é æ��
Thus,the probability that a weightedtreeof size � belongsto � becomesaccessibleby
extractingthecoefficient of Ø � . This appliesa fortiori to branchingprocessesaswell. In
summary, the analysisof parameters of treesof size � undereither weightedmodelsor
branching processmodelsderivesfrom substitutingweightsor probability valuesinside
thecorrespondingcombinatorialgenerating functions. �

Thereductionof combinatorialtreemodelsto branchingprocesseshasbeenpursued
mostnotablyby the “RussianSchool”: seeespeciallythebooksby Kolchin [90, 91] and
referencestherein.Conversely, symbolic-combinatorialmethodsmaybeviewedasa sys-
tematicway of obtainingequationsrelative to characteristicsof branchingprocesses.We
do not proceedfurtheralongtheselinesasthis would take usoutsideof thescopeof the
presentbook.�

19. Catalan trees,Cayley trees,and branching processes.Catalantreesof size � aredefined
by the weightedmodel in which � K ý �

, but alsoequivalently by � � K - K�� K , for any K F Å
and� � � . In particularthey coincidewith therandomtreeproducedby thecritical branchingprocess

with offspringprobabilitiesthataregeometric:¡ K -�� ¬ < K�¢#N .
Cayley treesarea priori definedby � K -�� ¬ O � . They canbegeneratedby thecritical branching

processwith Poissonprobabilities, ¡ K - � Q N ¬ O � , and more generallywith an arbitrary Poisson
distribution ¡ K -»� QM� � K ¬ O � . r

III. 6. Additional constructions

Wediscusshereadditionalconstructionsalreadyexaminedin earlierchapters,namely
pointing and substitution(SectionIII. 6.1) as well as order constraints(SectionIII. 6.2)
on the onehand,implicit structures(SectionIII. 6.3) on the otherhand. Given the that
basictranslationmechanismscanbe directly adaptedto the multivariaterealm,suchex-
tensionsinvolve basicallyno new conceptand the methodsof ChaptersI and II canbe
recycled. In SectionIII. 6.4,we revisit theclassicalprincipleof inclusion-exclusionunder
a generatingfunctionperspective. In this light, theprincipleappearsasa typically multi-
variatedevice well-suitedto enumeratingobjectsaccordingthenumberof occurrencesof
sub-configurations.

III. 6.1. Pointing and substitution. Let ÐSvhx��8Ñ beaclass–parameterpair, where� is
multivariateof dimension,5� �

andlet £~�!Ù � betheMGF associatedto it in thenotations
of (12) and(22). In particular Ø ¢ t Ø markssize,and Ø ] marksthe componentl of the
multiparameter_ . Pick upa variable�HÍäØ k for somel with w5� l��5, . Thensince� & t �*¤%¥��f¦D��§ ��t � Ó �¨¤%¥P�f¦���§e�
x
the interpretationof theoperator� t is immediate;it means“pick up in all possibleways
in objectsof © a configurationmarked by ª andpoint to it”. For instance,if «¬¨®0¯
°�± is
theBGF of treeswhere ® markssizeand ° marksleaves,then ²´³µ«¬s®N¯f°¶±¸·¹°�º�³e«¬¨®0¯
°�±
enumeratestreeswith onedistinguishedleaf.
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20.Pointing-erasingandthecombinatoricsof Taylor’s formula.Thederivativeoperator¼d½ corre-

spondscombinatoriallyto a“pointing-erasing”operation:selectin all possiblewaysanatommarked
by ¾ andmake it transparentto ¾ -marking(e.g.,by replacingit by a neutralobject).Theoperator¿�ÀeÁ ÂeÃ¨Ä ¾GÅÇÆ È�ÉÊ�Ë ¼ À½ Â�Ä ¾�Å
Ì
thencorrespondsto picking up in all possibleway a subsetof

Ê
configurationsmarked by ¾ and

unmarkingthem.Theidentity (Taylor’s formula)Â�Ä ¾nÍ�ÎµÅ2È@ÏÀ�Ð�ÑTÒ ÉÊ�Ë ¼ À½ Â�Ä ¾GÅ*Ó�Î À
canthenreceive a simplecombinatorialinterpretation:Given a populationof individuals( Ô enu-
meratedby Â ), form thebicolouredpopulationof individualsenumeratedby Â�Ä ¾¸ÍÕÎeÅ , whereeach
atomof eachobjectcanberepaintedeitherin ¾ -colouror Î -colour; this is equivalentto decidinga
priori for eachindividual to repaint

Ê
of its atomsfrom ¾ to Î , this for all possiblevaluesof

ÊÖ�×
.

Taylor’s formulafollows. Ø
Similarly, the substitution ª¹ÙÚÜÛ�¬sÝµ± in a GF «¬s®�± , where Û�¬sÝµ± is the MGF of a

class Þ , meansattachingan objectof type Þ to configurationsmarked by the variable ®
in © . We refrain from giving detaileddefinitions(that would be somewhat clumsyand
uninformative)astheprocessis betterunderstoodby practicethanby long formal devel-
opments.Justificationin eachparticularcaseis normallyeasilyobtainedby returningto
thecombinatorialdefinitionof generatingfunctionsas“reducedimages”of combinatorial
classes.

EXAMPLE 16. Constrainedinteger compositionsand“slicing”. This exampleillustrates
variationsaroundthesubstitutionscheme.Considercompositionsof integerswheresuc-
cessive summandshave sizesthat areconstrainedto belongto a fixed set ßáàãâ�ä . For
instance,therelationsßæåç·éèµ¬�ªê¯fë�±íì�îðïpª�ï�ë�ñµ¯òß ä ·"èµ¬sªk¯
ëG±íìeîóï�ëôïpõ´ªkñe¯
will correspondto weakly increasingsummandsin thecaseof ßæå andto summandsthat
canatmostdoubleateachstagein thecaseof ß ä . In the“raggedlandscape”representation
of compositions,this meansconsideringdiagramsof unit cellsalignedin columnsalong
thehorizontalaxis,with successivecolumnsobeying theconstraintimposedby ß .

Let «¬¨®0¯
°�± betheBGF of suchß –restrictedcompositions,where ® markstotal sum
and ° marksthe valueof the last summand,that is, the heightof the last column. The
function «¬¨®0¯
°�± satisfiesanequationof theform

(48) «¬s®N¯f°¶±{·�öÇ¬¨®d°¶±¶÷J¬¨øÕù «¬s®N¯f°¶±�úB± ³´ûüðý=³ ¯

þbþbþþbþbþþbþbþþbþbþþbþbþþbþbþþbþbþþbþbþþbþbþþbþbþþbþbþþbþbþþbþbþ
ÿbÿÿbÿÿbÿÿbÿÿbÿÿbÿÿbÿÿbÿ
ÿbÿÿbÿÿbÿÿbÿÿbÿ k

������������������������
������������������������
������������������������
������������������������
u
j

u

FIGURE 10. The techniqueof “adding a slice” for enumeratingcon-
strainedcompositions.
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where öÇ¬s®�± is thegeneratingfunctionof theone-columnobjectsand ø is a linearoperator
over formal seriesin ° givenby

(49) ønù ° � ú��|· �� �	� 
����� ° 
��
In effect, Equation(48) describesinductively objectsas comprisingeither one column
( öÇ¬s®e°�± ) or elsebeingformedby addinganew columnto anexistingone.In thelattercase,
thelastcolumnaddedhasasize � thatmustbesuchthat ¬��e¯��0±��ôß , if it wasaddedaftera
columnof size� , andit will contribute ° 
 ® 
 to theBGF «¬¨®0¯
°�± ; thisis preciselywhat(49)
expresses.In particular, «¬s®N¯�î%± givesbacktheenumerationof © –objectsirrespective of
thesizeof thefirst column.

For a rule ß thatis “simpleenough”,thebasicequation(48)will ofteninvolvea sub-
stitution. Let usfirst rederive in this way theenumerationof partitions.We take ß · ßæå
andassumethatthefirst columncanhaveany positivesize.Compositionsinto increasing
summandsarethenthesameaspartitions.Since� ù ° � ú�·-° � ÷�° �	� å ÷@° �	� ä ÷������µ· ° �î � ° ¯
thefunction «¬s®N¯f°¶± satisfiesa functionalequationinvolving a substitution,

(50) «¬¨®0¯
°�±{· ®e°î �(®e° ÷ îî �(®e° «¬s®N¯
®e°¶± �
This relationiterates:anylinear functionalequationof thesubstitutiontype! ¬�°¶± ·#"í¬�°¶±k÷%$T¬�°¶± ! ¬'&{¬�°¶±f±
is solvedformallyby

(51)
! ¬�°¶± ·(" ¬s°�±k÷%$T¬s°�±)" ¬'&{¬�°¶±f±ê÷%$T¬s°�±*$T¬+&{¬s°�±
±*"í¬+&-, ä/. ¬�°¶±f±k÷#�����2¯

where & , � .�¬�°¶± designatesthe � th iterateof ° .
Returningto compositionsinto increasingsummands,that is, partitions,the turnkey

solution (51) gives, upon iterating on the secondargumentand with the first argument
beingtreatedasaparameter:

(52) «¬s®N¯f°¶± · ®e°î �}®d° ÷ ® ä °¬^î0�}®e°�±�¬^î1�(® ä °¶± ÷ ®328°¬^î �}®d°¶±�¬fî��}® ä °¶±�¬^î �}® 2 °�± ÷������ �
Equivalencewith thealternative form

(53) «¬s®N¯f°¶±{·-®e° ÷ ® ä ° äî �(® ÷ ®�28°42¬^î0�}®�±�¬^î1�}® ä ± ÷ ®35�°65¬^î �}®µ±�¬^î �}® ä ±�¬^î0�}® 2 ± �����
is theneasilyverifiedfrom (50) uponexpanding«¬s®N¯f°¶± asa seriesin ° andapplyingthe
methodof indeterminatecoefficientsto theform ¬fî7��®d°¶±^«¬¨®0¯
°�±í· ®e°�÷�«¬s®N¯
®e°�± . The
presentation(53) is furthermoreconsistentwith thetreatmentof partitionsgivenin Chap-
ter I sincethequantity ù ° 
 úB«¬¨®0¯
°�± clearlyrepresentstheOGFof partitionswhosesmallest
summandis 1 andwhoselargestsummandis � . (In passing,the equalitybetween(52)
and(53) is ashallow but curiousidentity thatis quitetypical of thearea.)

This samemethodhasbeenappliedin [54] to compositionssatisfyingcondition ß ä
above. In thiscase,successivesummandsareallowedto doubleatmostateachstage.The
associatedlinearoperatorisønù ° � ú2·�° ÷#������÷@° ä � ·J° î��(°�ä �î �(° �
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For simplicity, it is assumedthatthefirst columnhassize1. Thus, « satisfiesa functional
equationof thesubstitutiontype:«¬s®N¯f°¶±Ç·�®e°R÷ ®d°î �}®d°98 «¬¨®0¯�î�±:�(«¬¨®0¯�® ä ° ä ±); �
Thiscanbesolvedby meansof thegeneraliterationmechanism(51),treatingmomentarily«¬s®N¯�î%± asaknown quantity:with <�¬s°�±��|·J®e°R÷C«¬s®N¯�î�±�=G¬fî��}®e°�± , onehas«¬s®N¯f°¶±Ç·(<�¬�°¶±>� ®d°î �}®e° <�¬s® ä ° ä ±k÷ ®e°î �(®e° ®eä�°�äî �}® ä ° ä <�¬s®�?�° 5 ±-�@����� �
Then, the substitution ° · î in the solution becomespermissible. Upon solving for«¬s®N¯�î%± , oneeventuallygetsthesomewhatcuriousGF for compositionssatisfyingß ä :«¬s®N¯�î%± · A �CB å ¬*�ðî�± �CD å�E �CD å ¬s®�±^®µä)FHG�I DJ�CD äA �CBLK ¬*�ðî�± � E � ¬s®�±^® ä FHG�I DJ�CD ä

where E � ¬¨®µ± · ¬^î0�}®�±�¬^î1�}® 2 ±�¬fî �(®�M�±4������¬^î �}® ä	F D å ± �
Thesequenceof coefficientsstartsas îd¯�îd¯=õG¯	N0¯�O�¯	P�¯�î�Q0¯�õ�R0¯�OTS andis EISA002572: it rep-
resentsfor instancethe numberof possiblelevel profilesof binary trees,or equivalently
the numberof partitionsof 1 into summandsof the form îe¯ åä ¯ å5 ¯ åU ¯ ����� (this is relatedto
thenumberof solutionsto Kraft’s inequality). See[54] for detailsincludingvery precise
asymptoticestimatesandTangora’spaperfor relationsto algebraictopology. V

Thereasonfor presentingthis methodin somedetail is that it is very general.It has
beenin particularemployed to derive a numberof original enumerationsof polyominos
by area,a topic of interestin somebranchesof statisticalmechanics:for instance,the
bookby JansevanRegsburg [144] discussesmany applicationsof suchlatticemodelsto
polymersand vesicles. SeeBousquet-Ḿelou’s review paper[23] for a methodological
perspective. Someof theoriginsof themethodpoint to Pólya in the1930’s,see[114], and
independentlyto Temperley [141, pp.65–67].»

21.Carlitz compositions.Let W betheclassof compositionssuchthatpairsof adjacentsummands
arealwaysdistinct. Thesecanbegeneratedby theoperatorX Á Y�Z�Ã È Y�Ä É\[ Y Å	]L^ [ Y�Z , from which
the OGF follows. Alternatively, onemay start from Smirnov words(p. 152 below) andeffect the
substitution_ Z1`acb Z , sothat d Ä b Å2Èfe Ég[ihÏZ�j ^ b ZÉ Í b Zlk ]6^6m
For maximalsummandn�o , replacep by o in the formulaabove. (Suchcompositionshave been
introducedby Carlitz in 1976;seethepaperby KnopfmacherandProdinger[82] for earlyreferences
andasymptoticproperties.) Ø

III. 6.2. Order constraints. We refer in this subsectionto the discussionof order
constraintsin labelledproductsthathasbeengivenin ChapterII. We recallthatthemodi-
fied labelledproduct q ·é¬sr tvu0wk±
only includestheelementsof ¬srxu�w2± suchthattheminimal labellies in the

q
component.

Oncemorethe univariaterulesgeneralizeverbatimfor parametersthat areinheritedand
thecorrespondingexponentialMGFsarerelatedbyy ¬s®N¯	zÇ± ·|{ ýK ¬¨º�}*~X¬s�8¯�z�±
±-����¬+�8¯	zÇ±l�T� �
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valley: �l� ]6^�� �l�����l��� ^ leafnode( Y Ñ )
doublerise: � � ]6^ ��� � ��� ��� ^ unaryright-branching( Y ^ )
doublefall: �l� ]6^�� �l� � �l��� ^ unaryleft-branching( Y�� ^ )
peak: �l� ]6^ ���l� � �l��� ^ binarynode( YJ� )

FIGURE 11. Local orderpattersin a permutationandthefour typesof
nodesin thecorrespondingincreasingbinarytree.

To illustratethis multivariateextension,we shallconsidera quadrivariatestatisticon per-
mutations.

EXAMPLE 17. Local order patternsin permutations. An element&L� of a permutation
written &J·�&�å�¯ ����� ¯�&�� whencomparedto its immediateneighbourscanbe categorized
into oneof four typessummarizedin thefirst two columnsof Figure11. Thecorrespon-
dencewith binary increasingtreesdescribedin Example16 of ChapterII thenshows the
following: peaksand valleys correspondto binary nodsand leaves, respectively, while
doublerisesanddoublefalls areassociatedwith right-branchingandleft-branchingunary
nodes.Let ° K ¯
° å ¯f°4� å ¯f° ä bemarkersfor thenumberof nodesof eachtype,assummarized
in Figure11. ThentheexponentialMGF of increasingtreesunderthisstatisticsatisfiesºº�®�� ¬s®N¯	zÇ± ·-° K ÷J¬s°¶åT÷�° � å ± � ¬s®N¯	zÇ±k÷@° ä � ¬¨®0¯�z�± ä �
This is solvedby separationof variablesas

(54) � ¬s®N¯	zÇ± ·��° äg� å ÷ �:���T� ¬s® � ±� � � å ���T� ¬s® � ± � � å° ä ¯
wherethefollowing abbreviationsareused:

� åç· îõ ¬s°¶å{÷@° � å ±8¯ � ·�� ° K ° ä � � äå �Onehas � ·J° K ®¸÷�° K ¬s° å ÷@° � å ± ®µäõl� ÷�° K ¬
¬�° å ÷@° � å ± ä ÷�õ´° K ° ä ± ® 2NJ� ¯
whichagreeswith thesmallcases.Thiscalculationis consistentwith whathasbeenfound
in ChapterII regardingtheEGFof all permutationsandof alternatingpermutations,îî �}® ¯ �/��� ¬¨®µ±�¯
thatderive from thesubstitutionsè�° K ·¹°2å4·¹°4� å · ° ä · îdñ and è�° K ·¹° ä · îe¯f°2åb·°4� å ·�S�ñ , respectively. Thesubstitutionè�° K · °¶åb· °�¯f°4� å · ° ä ·�îdñ givestheBGF of
Euleriannumbers(61)derivedbelow by othermeans.

By specializationof thetetravariateGF, thereresultsthat,in a treeof size � themean
numberof nodesof nullary, unary, or binarytypeis asymptoticto �:=�N , with avariancethat
is ��¬+�k± , therebyensuringconcentrationof distribution. V

A similar analysisyieldspathlength. It is foundthata randomincreasingbinarytree
of size � hasmeanpathlength õ �¢¡�£T¤g� ÷¥��¬+�k± �
Contraryto what the uniform combinatorialmodelgive, suchtreetendto be ratherwell
balanced,andatypicalbranchis only about38.6%worsethanin aperfectbinarytee.This
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FIGURE 12. The level profile of a randomincreasingbinary tree of
size256. (Comparewith Figure 9 for binary treesunderthe uniform
Catalanstatistic.)

factappliesto binarysearchtreesandit justifiestheperformanceof suchtreesto bequite
goodwhenappliedto randomdata[86, 102, 130] or subjectedto randomization[123].

III. 6.3. Implicit structur es. Hereagain,we notethatequationsinvolving sumsand
products,eitherlabelledor not,areeasilysolvedjust like in theunivariatecase.Thesame
appliesfor thesequenceconstructionandfor thesetconstruction,especiallyin thelabelled
case—referto the correspondingsectionsof ChaptersI andII. Again, theprocessis best
understoodby examples.

Supposefor instanceonewantsto enumerateconnectedlabelledgraphsby thenumber
of nodes(markedby ® ) andthenumberof edges(markedby ° ). Theclass¦ of connected
graphsandtheclass§ of all graphsarerelatedby thesetconstruction,§(·�¨æè©¦Rñµ¯
meaningthat every graphdecomposesuniquely into connectedcomponents.The corre-
spondingexponentialBGFsthensatisfyª ¬¨®0¯
°�± ·(«¬ � ý � ³ � implying ®C¬s®N¯f°¶±{·�¡�£T¤ ª ¬s®N¯f°¶±8¯
sincethenumberof edgesin agraphis inherited(additively) from thecorrespondingnum-
bersin connectedcomponents.Now, the numberof graphsof size � having � edgesis8 � � � D å �+¯ ä
 ; , sothat

(55) ®C¬¨®0¯
°�±{·�¡�£3¤±°�î ÷³²���´êå ¬^î ÷@°�± � � � D å �+¯ ä ® ��g�Cµ �
This formula,which appearsasa refinementof theunivariateformulaof ChapterII, then
simply reads:connectedgraphsare obtainedas components(the ¡�£T¤ operator) of gen-
eral graphs,where a general graph is determinedby thepresenceor absenceof an edge
(correspondingto ¬^î ÷@°¶± ) betweenanypair of nodes(theexponent� ¬s�¶�pî�±	=dõ ).

Pullingoutinformationoutof theformula(55) is howevernotobviousdueto thealter-
nationof signsin theexpansionof ¡�£3¤N¬fîí÷¥·n± anddueto thestronglydivergentcharacter
of theinvolvedseries.As anaside,wenoteherethatthequantity¸®C¬¨®0¯
°�±{·(®º¹ ®° ¯f°4»
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enumeratesconnectedgraphsaccordingto size(markedby ® ) andexcess(markedby ° )
of the numberof edgesover the numberof nodes. This meansthat the resultsof Sec-
tion 5.3of ChapterII obtainedby Wright’s decompositioncanberephrasedastheexpan-
sion(within ¼#¬�°¶±�ù ù ®�ú ú ):
(56)

¡�£3¤ ° î ÷½²���´êå ¬^î ÷@°�± � � � D å �'¯ ä ® � ° D ��g�¾µ · î°�¿ D å ¬s®�±2÷ ¿ K ¬s®�±2÷������· î°(ÀJÁ � îõ4Á äCÂ ÷ À îõ ¡�£T¤ îî � Á � îõ4Á � îÃ Á äCÂ ÷������2¯
with Á�Ä�Á ¬s®�± . SeeTemperley’searlyworks[140, 141] aswell asthe“giant paperon the
giantcomponent”[77] andthepaper[55] for directderivationsthateventuallyconstitute
analyticalternativesto Wright’scombinatorialapproach.

EXAMPLE 18. Smirnov words. Following theterminologyof JacksonandGoulden[68],
aSmirnov word is aword thathasnoconsecutiveequalletters.Let Å ·ÇÆ è q ñ betheset
of wordsoverthealphabet

q ·éè�< å ¯ ����� ¯	<ÉÈ%ñ of cardinality Ê , and Ë bethesetof Smirnov
words.Let also ° � markthenumberof occurrencesof the � th letterin aword. Onehas¿ ¬¨®0¯�z�± · îî �p¬ � åT÷#�����%÷ � È ± with � � ·�®e° � �Start from a Smirnov word andsubstituteto any letter < � that appearsin it an arbitrary
nonemptysequenceof letters < � . Whenthis operationis doneat all placesof a Smirnov
word,it givesriseto anunconstrainedword. Conversely, any wordis associatedto aunique
Smirnov wordby collapsinginto singlelettersmaximalgroupsof contiguousequalletters.
In otherterms,wordsderive from Smirnov wordsby a simultaneoussubstitutionthatwe
representfiguratively asÅ ·-ÞvÌÍ< å ÙÚÎÆ B å è©< å ñµ¯ ����� ¯�<ÉÈ ÙÚÎÆ B å è<ÉÈ%ñ�Ï �
Thereresultstherelation

(57) ¿ ¬ � å´¯ ����� ¯ � È ± · Û À � åî � � å ¯
����� ¯ � Èî � � È Â

�
This relationdeterminestheMGF Û�¬ � å´¯ ����� ¯ � È ± implicitly. Indeed,sincetheinversefunc-
tion of � =G¬^î � � ± is � =G¬fî ÷ � ± , onefinds

(58) Û�¬ � å ¯ ����� ¯ � È�± · ¿ÐÀ � åî ÷ � å ¯
����� ¯ � Èî ÷ � È Â

�
For instance,if weset � � ·-® , thatis, we“forget” thecompositionof thewordsinto letters,
wegettheOGFof Smirnov word countedaccordingto lengthasîî �ÑÊ ýå � ý · î ÷C®î �p¬+ÊÒ��î�±f® · î ÷ �� B å ÊG¬sÊ¢��î%± � D å ® � �
This is consistentwith elementarycombinatoricssincea Smirnov word of length � is
determinedby thechoiceof its first letter( Ê possibilities)followedby asequenceof �v��î
choicesconstrainedto avoid oneletteramongstÊ (andcorrespondingto Ê ��î possibilities
for eachposition). The interestof (58) is to apply equallywell to the Bernoulli model
wherelettersmayreceiveunequalprobabilitiesandwhereadirectcombinatorialargument
doesnot appearto beeasy:it sufficesto performthesubstitution� � ÙÚÔÓ � ® in this case.

Fromthesedevelopments,onecannext build theGFof wordsthatnevercontainmore
than Õ consecutive equalletters. It sufficesto effect in (58) the substitution� � ÙÚ � � ÷



III. 6. ADDITIONAL CONSTRUCTIONS 153�����´÷ �ÉÖ� . In particularfor theunivariateproblem(or, equivalently, thecasewhereletters
areequiprobable),onefindstheOGFîî �ÑÊ ® å D ý/×å D ýîT÷@® å D ý ×å D ý · î �(® Ö � åî �ØÊ´®ó÷J¬+ÊÒ�pî�±f® Ö

�
This extendsto an arbitraryalphabetthe analysisof single runsanddoubleruns in bi-
narywordsthatwasperformedin Section4 of ChapterI. Naturally, this approachapplies
equallywell to nonuniformletter probabilitiesandto a collectionof differentrun length
upperboundsdependingoneachparticularletter. For instance,this topic is pursuedin sev-
eralworks of Karlin andcoauthors(see,e.g.,[106]), themselvesmotivatedby biological
applications. V

III. 6.4. Inclusion-Exclusion. Inclusion-exclusionisafamiliartypeof reasoningrooted
in elementarymathematics.Were-examineit herein theperspectiveof multivariategener-
atingfunctions,whereit essentiallyreducesto a combineduseof substitutionandimplicit
definitions.

Let Ù beasetendowedwith a realor complex valuedmeasureì�eì in suchaway that,
for
y ¯	~fÚ9Ù , thereholdsì y9Û ~æìd·¹ì y ì�÷ ì ~æì whenever

y9Ü ~ ·|Ý �
Thus, ì �eì is anadditivemeasure,typically takenassetcardinalityor a discreteprobability
measureon Ù . Themoregeneralformulaì y¥Û ~ôìd·¹ì y ì�÷ ì ~æì �-ì y ~ôì where

y ~Þ�l· y%Ü ~ ¯
follows immediately. What is calledthe inclusion-exclusionprinciple or sieve formula is
thefollowing multivariategeneralization,for anarbitraryfamily

y å ¯ ����� ¯ y È¢Ú9Ù :
(59)ì y å Û ����� Û±y È ì Ä ßß Ùáà¸¬ y å y ä ����� y È ± ßß where

y �|·�Ùxà y· �å/â4�sâ È ì y � ì� �å�â6� I�ã ��äCâ È ì y � I y � äeì�÷������%÷�¬*�ðî%± È D å ì y å y ä ����� y Èµì �
The easyproof by induction resultsfrom elementarypropertiesof the booleanalgebra
formedby thesubsetsof Ù ; see,e.g.,[28, Ch.IV].) An alternativeformulationresultsfrom
setting~ � · y � , ~ � · y � :
(60) ì ~óåC~ ä ������~ È ìµ· ì Ù ìå� �å/â4�sâ È ì ~æ�=ì ÷ �å/â4� I/ã ��äCâ È ì ~æ� I ~æ��äeìç�è������÷X¬*�ðî%± È ì ~ å ~ ä ����� ~ È ì �
In termsof measure,thisequalityquantifiesthesetof objectssatisfyingexactlyacollection
of simultaneousconditions(all the ~ � ) in termsof thosethatviolateat leastsomeof the
conditions(themembersof the ~ � ).

Hereis a textbookexampleof aninclusion–exclusionargument,namely, theenumer-
ation of derangements. Recall that a derangementis a permutation& suchthat &L�êé·ìë ,
for all ë . Fix Ù asthesetof all permutationsof ùuîd¯)��ú , take themeasureìT��ì to besetcar-
dinality, andlet ~ � be the subsetof permutationsin Ù associatedto theproperty & � é·íë .
(ThereareconsequentlyÊ ·�� conditions.) Thus, ~ � meanshaving no fixed point at ë ,
while ~ � meanshaving a fixedpoint at thedistinguishedvalue ë . Then,theleft handside
of (60) is the numberof permutationsthatarederangements,that is, î � . As regardsthe
right handside,the � th sumcomprisesitself 8 � 
 ; termscoutingpossibilitiesattachedto the
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choicesof indices ë^åxïð������ïÞë 
 ; eachsuchchoiceis associatedto a factor ~è� I ����� ~æ�åñthatdescribesall permutationswith fixedpointsat thedistinguishedpoints ë^å´¯ ����� ¯	ë 
 (i.e.,&{¬sëfå�±T·òëfå%¯ ����� ¯	&L��ñð·#ë 
 ). Clearly, ì ~è� I ����� ~æ�åñ�ìd·é¬+�¶�ó��±C� . Thereforeonehasîô��·��g�T� À � î Â ¬s�±�pî�±��´÷ À � õ Â ¬s�±�}õe±��3�9������÷�¬*�ðî%± � À �� Â S��u¯
which rewritesinto themorefamiliar formîô��g� · î � îîT� ÷ îõl� �@�����%÷ ¬*�ðî%± ��g� �
This givesan elementaryderivationof the derangementnumbersalreadyencounteredin
ChapterII.

The derivation above is perfectlyfine but carryingit out on complex examplesmay
representsomewhatof a challenge.In contrast,aswe now explain, thereexistsa parallel
approachbasedonmultivariategeneratingfunctions,whichis technicallyeasyto dealwith
andhasgreatversatility.

Let us now reexaminederangementsin a generatingfunction perspective. Consider
the set õ of all permutationsandbuild a supersetö asfollows. The set ö is comprised
of permutationsin which an arbitrarynumberof fixed points—some,maybenone,not
necessarilyall—have beendistinguished. (This correspondsto aribitraryproductsof the~ � in theargumentabove.).For instanceö containselementslikeî ¯	N0¯�õG¯ îe¯	N�¯=õG¯ î ¯=õG¯	N0¯ îd¯�õ ¯	N ¯ î ¯=õG¯�N ¯ î ¯=õ ¯	N ¯
wheredistinguishedfixedpointsareunderlined.Clearly, if oneremovesthedistinguished
elementsof a ÷��íö , what is left constitutesan arbitrarypermutationof the remaining
elements.Onethenhas ö|ø·%ù u0õ ¯
where ù denotesthe classof urnsthat aresetsof atoms. In particular, the EGF of ö isE ¬¨®µ±{·(« ý =G¬fî4�R®�± . Whatwe’vejustdoneis enumeratingthequantitiesthatappearin (60),
but with thesigns“wrong”, i.e.,all positive.

Introducenow the variable � to mark the distinguishedfixed pointsin objectsof ö .
TheexponentialBGF is then E ¬s®N¯ � ± ·#«ú ý îî �(® �
Let û¬s®N¯f°¶± betheBGF of permutationswhere ° marksthenumberof fixedpoints. (Let
usignoremomentarilythefactthat û¬s®N¯f°¶± is otherwiseknown.) Permutationswith some
fixedpointsdistinguishedaregeneratedby thesubstitution° ÙÚòî�÷ � inside û¬s®N¯f°¶± . In
otherwordsonehasthefundamentalinclusion-exclusionrelationE ¬s®N¯ � ±{·#û¬¨®0¯�îT÷ � ± �This is theneasilysolvedas û¬s®N¯f°¶± · E ¬¨®0¯
°ê��î%±8¯
sothatknowledgeof (theeasy)E gives(theharder)û . For thecaseathand,this yieldsû¬s®N¯f°¶±{· « � ³ D å � ýî �}® ¯ û¬¨®0¯�Se±{·(î ¬s®�±{· « D ýî �}® ¯
and, in particular, the EGF of derangementshasbeenretrieved. Note that the soughtû¬s®N¯	Sµ± comesout as E ¬s®N¯��ðî%± , sothatsignscorrespondingto thesieveformula(60)have
now beenput “right”, i.e.,alternating.
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Theprocessemployedfor derangementsisclearlyverygeneral.It isageneratingfunc-
tion analogueof the inclusion-exclusionprinciple: countingobjectsthatsatisfya number
of simultaneousconstraintsis reducedto countingobjetsthat violate someof the con-
straintsat distinguished“places”—thelatter is usuallya simplerproblemThegenerating
functionanalogueof inclusionexclusionis thensimply the substitution� ÙÚò°ü��î , if a
bivariateGF is sought,or � ÙÚý�ðî in theunivariatecase.

The book by GouldenandJackson[68, pp. 45–48]describesa useful formalization
of the inclusionprocessoperatingon MGFs. Conceptually, it combinessubstitutionand
implicit definitions.Onceagain,themodusoperandi is bestgraspedthroughexamples.

EXAMPLE 19. Risesand ascendingruns in permutations. A rise in a permutation&�·#&�å>�����	&�� is apairof consecutiveelements&��
¯	&L� � å satisfying&L�gïò&�� � å . Theproblem
is to determinethe number

y � � 
 of permutationsof sizehaving exactly � risestogether
with theBGF

y ¬s®N¯f°¶± .
Guidedby theinclusion-exclusionprinciple,we tackletheeasierproblemof enumer-

atingpermutationswith distinguishedrises,of which thesetis denotedby r . For instance,r containselementslikeõ#î N3þ Ã þÿR3þ¢P�þ�îdî î©O�î�õ O3þ�î�S î�N��íî Ã ¯
wherethoserisesthataredistinguishedarerepresentedby arrows. (Note thatsomerises
may not be distinguished.) Maximal sequencesof adjacentdistinguishedrises(boxed
in the representation)will be calledclusters. Then, r canbe specifiedby the sequence
constuctionappliedto atoms( � ) andclusters( w ) asr�·|Æ è���÷ w�ñµ¯ where w�·�¨ B ä è�� ñe¯
sincea clusteris an orderedsequence,or equivalently a set,having furthermoreat least
two elements.ThisgivestheEGFof r as~X¬¨®µ± · îî ��¬s®n÷�¬+« ý �pî �}®µ±
± · îõ �ó« ý ¯
whichhappensto coincidewith theEGFof surjections.

For inclusion-exclusionpurposes,we needtheBGF of r with � markingthenumber
of distinguishedrises.A clusterof size � contains�è��î rises,sothat~X¬¨®0¯ � ± · îî �p¬¨®n÷J¬'« ý ú �pî �(® � ±�= � ± · �� ÷Jî1�ó« ý ú

�
Now, theusualargumentapplies:theBGF

y ¬s®N¯f°¶± satisfies~ô¬s®N¯ � ±T· y ¬s®N¯�îê÷ � ± , sothaty ¬¨®0¯
°�±{·(~X¬¨®0¯
°v��î%± , which yieldstheparticularlysimpleform

(61)
y ¬¨®0¯
°�±{· °v�pî°v�ó« ý � ³ D å � �

In particular, this GF expandsasy ¬s®N¯f°¶±{·éî ÷C®n÷�¬�° ÷Jî�± ® äõJ� ÷�¬�° ä ÷ Ã ° ÷Jî�± ®32NJ� ÷�¬�° 2 ÷-îeî�° ä ÷-îeî�°R÷Jî�± ®35Ã � ÷#����� �
Thecoefficients

y � � 
 areknown astheEuleriannumbers. In combinatorialanalysis,these
numbersarealmostasclassicastheStirling numbers.A detaileddiscussionof their prop-
ertiesis to be found in classicaltreatiseslike [28] or [71]. (From Eq. (61), permutations
without risesareenumeratedby ~ô¬s®N¯��ðî�±{·(« ý , analtogetherobviousresult.)
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Momentsderiveeasilyfrom anexpansionof (61)at °æ·éî , which givesy ¬¨®0¯
°�±{· îî �(® ÷ îõ î¬fî �(®�± ä ¬�°v�pî�±2÷ îî�õ ®32e¬¨õç÷C®µ±¬^î0�}®�± 2 ¬�°v�pî�± ä ÷������ �
In particular:themeanof thenumberof risesin a randompermutationof size� is åä ¬s�Ò�Xî%±
andthevarianceis ø åå ä � , ensuringconcentrationof distribution.

Thesamemethodappliesto theenumerationof ascendingruns: for a fixedparame-
ter � , anascendingrun(of order � ) is asequenceof consecutiveelements&L�'&L� � åg�����	&�� ����D å
suchthat & � ï@& � � å ï(�����Jïò& � ����D å . An inclusion-exclusionsimilarto theoneseenabove
shows thattheBGFof thenumberof ascendingrunsof order � in permutationsis

(62) ~ , � . ¬s®N¯f°¶±{· À îî ��¬s®¸÷J¬'« ý ú �Ñ« ��D å%¬¨® � ±f±�= � �	D å ± Â ú ´ ³ D å ¯ « È ¬¨®µ±��|· È�� ´ K ® ��L� �
(Risescorrespondto �ç·�õ .)

TheBGF (62) canbeexploitedto determinequantitative informationon long runsin
permutations.First,anexpansionat °æ· î shows thatthemeannumberof ascendingruns
is ¬s� ����±	=���� exactly, assoonas �	�
� . This entailsthat, if �C·��G¬��� ± , theprobabilityof
finding anascendingrun of order � tendsto 0 as �}Ú�� . What is usedin passingin this
argumentis the generalfact that for a discretevariable � with valuesin S�¯�îe¯�õ�¯ ����� , one
has(with Iverson’snotation)� ¬���"î�± ·	�T¬fù ù ���"î�ú ú�± ·	� ¬���� � ¬� ¯�î�±f±íï�� ¬� ± �
An inequalityin theconversedirectionresultsfrom thesecondmomentmethod.In effect,
the varianceof the numberof ascendingruns is found to be of the exact form " � ��÷$ � where " � is essentially î=���� and $ � is of comparableorder. Thus, by Chebyshev’s
inequalities,concentrationof distribution holdsaslong as � is suchthat ����·��G¬s�k± . In this
case,with high probability (i.e., with probability tendingto 1 as � tendsto � ), thereare
many ascendingrunsof order � .

Whathasbeenfoundhereis a fairly sharpthresholdphenomenon:

In a randompermutationof size� , with highprobability, anascending
run of order � is presentif ���ç·��G¬s�k± but not presentif �¹·��G¬��� ± .
Let � K ¬+�k± be the largest integer such that � K � ï�� , so that � K ¬+�k± ø¬s¡�£T¤��k±�=>¡�£T¤�¡�£T¤�� . Then,with high probability, there is no ascending
run of length � K ÷�î but at leastoneascendingrun (andin fact many)
of length � K ��î . V

Many variationson thethemeof risesandascendingrunsareclearlypossible.Local
orderpatternsin permutationshave been intenselyresearched,notablyby Carlitz in the
1970’s. GouldenandJackson[68, Sec.4.3] offer ageneraltheoryof patternsin sequences
andpermutations.Specialpermutationspatternsassociatedwith binary increasingtrees
arealsostudiedby Flajolet,Gourdon,andMart́ınez[48] (by combinatorialmethods)and
Devroye [39] (by probabilisticarguments).On anotherregister, thelongestascendingrun
hasbeenfound above to be of order ¬+¡�£3¤��k±	=>¡�£T¤\¡�£3¤�� in probability. The superficially
resemblingproblemof analysingthelengthof the longestincreasingsequencein random
permutations(elementsmustbein ascendingorderbut neednot beadjacent)hasattracted
a lot of attention,but is considerablyharder. This quantityis ø õ�� � on averageandin
probability, asshown by apenetratinganalysisof theshapeof randomYoungtableausdue
to Logan,Shepp,Vershik,andKerov [97, 146] Solvinga problemopenfor over20 years,
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Baik, Deift, andJohansson[8] have eventuallydeterminedits limiting distribution. (The
undemandingsurvey by AldousandDiaconis[2] discussessomeof thebackgroundof this
problem.)»

22. Increasingsubsequencesin permutations.This exerciseis basedon Lifschitz andPittel’s
work [96] who wereamongstthefirst to provide nontrivial lower boundsby elementaryarguments.
Let � Ä ��Å bethelengthof thelongestincreasingsubsequencein permutation� and � Ä ��Å thenumber
of increasingsubsequences(of all length).Then,theEGF

d Ä b Å of cumulatedvaluesof � satisfiesd Ä b Å�Æ ÈéÏ "!�# � Ä ��Å b�$  $% � % Ë È ÉÉg[ b�& ')(+* ^�] '), Ì Á b.- Ã d Ä b Å2È -ÏÀ j Ñ e0/ Ê k ÉÊ�Ë21 É3�4 5 & / ]L^ (76 & �98 - m
Since

3�: n;� andtheexponentialfunction is convex, theexpectedlengthof the longestincreasing
subsequencehasupperbound < 4 / Í>= Ä / ^ ( � Å with <TÈ 3�?2@BADCE3 mÈ 3 m FDF.GIH�J . Ø
EXAMPLE 20. Patternsin words. Take the setof all words ¿ ·iÆ è q ñ over a finite
alphabet

q ·éè©<�å%¯ ����� ¯	< È ñ . A patternK ·óÓ¶å Ó ä �����+Ó 
 , whichisparticularwordof length �
hasbeenfixed. What is soughtis theBGF ¿ ¬¨®0¯
°�± of Å , where ° marksthenumberof
occurrencesof patternK insidea word of Å . Resultsof ChapterI alreadygive accessto¿ ¬s®N¯	Sµ± , which is theOGFof wordsnot containingthepattern.

In accordancewith theinclusion-exclusionprinciple,oneshouldintroducetheclassË
of wordsaugmentedby distinguishinganarbitrarynumberof occurrencesof K . Definea
clusterclusterasa maximalcollectionof distinguishedoccurrencesthathave anoverlap.
For instance,if KR·#<É<É<É<É< , a particularword maybegiveriseto theparticularcluster:

a b a a a a a a a a a a a a a b a a a a a a a a b b
------------------------------------------ ---

a a a a a
a a a a a

a a a a a

Thenobjectsof Ë decomposeassequencesof eitherarbitrarylettersfrom
q

or clusters.
Clustersarethemselvesobtainedby repeatedlysliding thepattern,but with theconstraint
thatit shouldconstantlyoverlappartlywith itself.

Let Ld¬s®�± betheautocorrelationpolynomialof ¨ asdefinedin ChapterI, andseţ L�¬s®�± ·L�¬¨®µ±É� î . A moment’sreflectionshouldconvincethereaderthat ® 
 ¸ Ld¬s®�±7M D å whenexpanded
describesall the possibilitiesfor forming clustersof N overlappingoccurrences.On the
exampleabove, one has

¸ Ld¬s®�± ·òî4÷é®X÷ ® ä ÷é®�2b÷é®35 , and a particularclusterof 3
overlappingoccurrencescorrespondsto oneof thetermsin ® 
 ¸ L´¬¨®µ±fä asfollows:®�OP QSR T

a a a a a ® O
a a a

® äP�QUR.T
a a V}¬s®n÷CÝ�W ÷C® 2 ÷C® 5 ±

a
® 5P QUR T

a a a a V}¬s®n÷C®eäT÷C® 2 ÷@Ý"X ± �
TheOGFof clustersis consequently��¬s®�± · ® 
 =G¬fî � ¸ Ld¬s®�±f± sincethis quantitydescribes
all the ways to write the pattern( ® 
 ) and thenslide it so that it shouldoverlapwith it-
self (this is given by ¬fîv� ¸ L�¬s®�±f± D å ). By a similar reasoning,the BGF of clustersis� ® 
 =�¬^î4� � ¸ L%¬s®�±f± , andtheBGFof Ë with thesupplementaryvariable� markingthenumber
of distinguishedoccurrencesis

��¬s®N¯ � ± · îî �ÑÊ%®æ� � ® 
 =G¬^î � � ¸ L�¬s®�±f±
�
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Finally, theusualinclusion-exclusionargument(change� to °è��î ) yields ¿ ¬s®N¯f°¶±{·�C¬¨®0¯
°ê��î%± . As a result:

For a patternK with correlationpolynomialL�¬¨®µ± andlength � , theBGF
of wordsover an alphabetof cardinality Ê , where ° marksthenumber
of occurrencesof K , is

¿ ¬¨®0¯
°�± · ¬�°á�pî%±YL�¬¨®µ±>�(°¬^î0�ÑÊ´®µ±�¬f¬�°á��î%±YL�¬¨®µ±>�(°�±ê÷J¬s°v��î%±^® 
 �
The specialization° · S givesbackthe formula alreadyfound in ChapterI. The same
principlesclearlyapply to weightedmodelscorrespondingto unequalletterprobabilities,
provideda suitablyweightedversionof thecorrelationpolynomialis introduced. V

Therearea very largenumberof formulærelatedto patternsin strings.For instance,
BGFs are known for occurrencesof one or several patternsunder either Bernoulli or
Markov models. We refer globally to Szpankowski’s book [139], wheresuchquestions
aretreatedsystematicallyandin greatdetail.»

23. Momentsof numberof occurrences.Observe that the derivativesof Z Ä b Ì*_dÅ at _XÈ ×
give

accessto the factorialmomentsof the numberof occurrencesof a pattern.Evaluatethe meanand
varianceof thenumberof occurrences.(Hint: set b0`acb ? o andexpandtherationalfractionsinvolved
nearb È É .) Ø»

24.Wordswith fixedrepetions.Let [
\ À+] Ä b Å{È Á Y À Ã [ Ä b Ì Y Å betheOGFof wordscontaininga
patternexactly

Ê
times. Thereexist two functions � Ä b Å
Ì ¿kÄ b Å suchthat [ \ À)] Ä b ÅTÈ
� Ä b Å ¿êÄ b Å À for

any
ÊRÖ É . Ø»

25.Patternsin Bernoulli sequences.Work out theBGF of thenumberof occurrencesof apattern
in a randomstring with nonuniformletter probabilitieŝ Z È`_ Äba Z Å . (Hint: oneneedsto definea
weightedcorrelationpolynomial < Ä b Å .) Ø»

26. Patternsin binary trees. Considerthe class c of prunedbinary trees. An occurrenceof
patternd in a tree e is definedby a nodewhose“danglingsubtree”is isomorphicto d . Let ^ bethe
sizeof d . TheBGF f Ä b Ì Y Å of classc whereY marksthenumberof occurrencesof d is sought.

TheOGFof c is f Ä b ÅkÈ Ä É�[ 4 É�[hg b Å ? Ä 3 b Å . Thequantity Y f Ä b Y Å is theBGF of c with _
markingexternalnodes.By virtueof thepointingoperation,thequantityi À Æ È Ò ÉÊ�Ë ¼ Àj Ä _kf Ä b _dÅaÅsÓ j j ^ Ì
describestreeswith

Ê
distinctexternalnodesdistinguished(pointed).Thequantityl Æ È Ï i À Y À Ä bIm Å À satisfies

l È Ä _kf Ä b _dÅaÅnj j ^ �po 'Yq Ì
by virtueof Taylor’s formula. It is alsotheBGF of treeswith distinguishedoccurrencesof d . SettingY `a Y [ÕÉ in

l
thengivesback f Ä b Ì Y Å as

f Ä b Ì Y Å2È É3 b r É�[ts É\[ug b [ug ÄçY [ÕÉ Å b m � ^ Ånv m
In particular f Ä b Ì × ÅkÈ É3 b r É�[ s Ég[ug b Í g b m � ^ v
gives the OGF of treesnot containingpattern d . The methodgeneralizesto any simplevariety of
treesandit canbe usedto prove that the factoredrepresentation(asa directedacyclic graph)of a
randomtreeof size / hasexpectedsize w Ä / ? 4 @xA�C / Å ; see[57]. Ø
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III. 7. Extr emalparameters

Apart from additively inheritedparametersalreadyexaminedat lengthin thischapter,
anotherimportantcategory is thatof parametersdefinedby a maximumrule. Two major
casesarethelargestcomponentin acombinatorialstructure(for instance,thelargestcycle
of apermutation)andthemaximumdegreeof nestingof constructionsin arecursivestruc-
ture(typically, theheightof a tree).In this case,bivariategeneratingfunctionsareof little
help. Thestandardtechniqueconsistsin introducinga collectionof univariategenerating
functionsdefinedby imposinga boundon the parameterof interest.SuchGF’s canthen
beconstructedby thesymbolicmethodin its univariateversion.

III. 7.1. Lar gestcomponents.Considera constructionr ·�y è q ñ , where y may
involve an arbitrarycombinationof basicconstructions,andassumeherefor simplicity
that theconstructionfor r is a non–recursiveone.This correspondsto a relationbetween
generatingfunctions ~X¬¨®µ± ·`z ù y ¬s®�±�ú�¯
wherez is thefunctionalthatis the“image” of thecombinatorialconstructiony . Elements
of
q

thusappearascomponentsin an object $ �òr . Let r ,|{ . denotethe subclassof r
formedwith objectswhose

q
–componentsall have a sizeat most } . The GF of r ,|{ . is

obtainedby thesameprocessasthatof r itself, safethat
y ¬s®�± shouldbereplacedby the

GF of elementsof sizeat most } . Thus,~ ,|{ . ¬¨®µ± ·`z ù ~ { y ¬s®�±�ú�¯
wherethe truncationoperator is definedonseriesby

~ { öÇ¬s®�±Ç· {���´ K ö � ® � ¬¨öÇ¬s®�± · ²���´ K ö � ® � ± �
Severalcasesof this situationhave alreadybeenencounteredin earlierchapters.For

instance,thecycledecompositionof permutationstranslatedbyû¬s®�± ·��I��� À ¡�£3¤ îî �(® Â
givesmoregenerallytheEGFof permutationswith longestcycle ï�} ,û ,|{ . ¬¨®µ± ·��S�0� À ® î ÷ ®µäõ ÷�������÷ ® {} Â ¯
which involvesthetruncatedlogarithm.Similarly, theEGFof wordsoveran Õ –aryalpha-
bet ¿ ¬s®�± · ¬'« ý ± Öleadsto theEGFof wordssuchthateachletteroccursat most } times:¿ ,|{ . ¬¨®µ± · À î ÷ ®îT� ÷ ®eäõJ� ÷(������÷ ® {}� Â Ö ¯
whichnow involvesthetruncatedexponential.Onefindssimilarly theEGFof setpartitions
with largestblockof sizeatmost } ,Û ,|{ . ¬¨®µ±{·��S�0� À ®î3� ÷ ®µäõl� ÷#�����%÷ ® {}� Â �
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A slightly lessdirectexampleis thatof thelongestrun in asequenceof binarydraws.
Thecollection Å of binarystringsover thealphabetè<�¯)}�ñ admitsthedecompositionÅ ·(Æ è©<Nñ �Æ è�}�Æè<Nñ�ñµ¯
correspondingto a “scansion” dictatedby theoccurrencesof theletter } . Thecorrespond-
ing OGFthenappearsundertheform¿ ¬s®�± ·��ô¬s®�±>� îî �}®��X¬s®�± where�X¬¨®µ± · îî �(®
correspondsto ��· Æ è©<Nñ . Thus, the OGF of stringswith at most � �éî consecutive
occurrencesof theletter < obtainsuponreplacing�ô¬s®�± by its truncation:¿ , 
 . ¬¨®µ± ·�� , 
 . ¬¨®µ± îî��}®�� , 
 . ¬s®�± where� , 
 . ¬¨®µ± · î ÷@®¸÷@® ä ÷�������÷C® 
©D å ¯
sothat ¿ , 
 . ¬s®�±{· î �}® 
î ��õ�® ÷C® 
C� å �

Suchgeneratingfunctionsarethuseasyto derive. The asymptoticanalysisof their
coefficients is however often hardwhencomparedto additive parameters,owing to the
needto rely on complex analytic propertiesof the truncationoperator. The basesof a
generalasymptotictheoryhavebeenlaid by Gourdon[70].»

27.Smallestcomponents.TheEGFof permutationswith smallestcycleof size ��� is����� Ä [ ' ^ [ ' ä� [ '��� ÅÉg[ b m
A symbolic theoryof smallestcomponentsin combinatorialstructuresis easily developedas re-
gardsGFs.Elementsof thecorrespondingasymptotictheoryareprovidedby PanarioandRichmond
in [112]. Ø

III. 7.2. Height. Thedegreeof nestingof a recursiveconstructionis ageneralization
of the notion of height in the simplercaseof trees. Considerfor instancea recursively
definedclass r�·�y è©r ñµ¯
where y is a construction.Let r�� �I� denotethesubclassof r composedsolelyof elements
whoseconstructioninvolvesat most � applicationsof y . We haveby definitionr � � � å � ·`y è�r � �S� ñ �
Thus,with z the imagefunctionalof constructiony , thecorrespondingGF’s aredefined
by a recurrence, ~ � � � å � ·`z ù ~ � �I� ú �
It is usually convenientto start the recurrencewith the initial condition ~�� D å �a¬s®�±ô· S .
(Thisdiscussionis relatedto semanticsof recursion,p. 16)

Considerfor instancegeneralplanetreesdefinedby§(·���V Æ è§Tñ sothat
ª ¬¨®µ± · ®î � ª ¬¨®µ± �

Definetheheightof a treeasthe numberof nodeson its longestbranch.Thenthesetof
treesof height ï	� satisfiestherecurrence§ � K � ·�� ¯�§ � � � å � ·���V Æ è§ � �S� ñ �
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Accordingly, theOGFof treesof boundedheightsatisfiesª � D å � ¬s®�± ·(S�¯ ª � K � ¬¨®µ± ·J®0¯ ª � � � å � ¬s®�± · ®î � ª � �I� ¬¨®µ± �
Therecurrenceunwindsandonefindsª � �I� ¬¨®µ± · ®î � ®î � ®

. . .î �}®
¯

wherethe numberof stagesin the fraction equals} . This is the finite form (technically
known asa “convergent”) of a continuedfractionexpansion.From implied linear recur-
rencesandananalysisbasedon Mellin transforms,deBruijn, Knuth, andRice [37] have
determinedtheaverageheightof a generalplanetreeto be ø � � � .

For planebinarytreesdefinedbyr�·���÷%r�V±r sothat ~ô¬s®�± ·J® ÷�¬+~ô¬s®�±f± ä ¯
(sizeis thenumberof externalnodes),therecurrenceis~ � K � ¬s®�± ·�®0¯>~ � � � å � ¬s®�± ·J®¸÷J¬'~ � �I� ¬¨®µ±
± ä �
In thiscase,the ~�� �S� aretheapproximantsto a “continuousquadraticform”, namely~ � �I� ¬s®�± ·J® ÷�¬s®¸÷J¬¨®n÷J¬)������± ä ± ä ± ä �
Thesearepolynomialsof degree õ�� for which no closedform expressionis known, nor
evenlikely to exist4. However, usingcomplex asymptoticmethodsandsingularityanalysis,
Flajolet andOdlyzko [52] have shown that the averageheight of a binary planetree isø õ � � � .

For Cayley trees,finally, thedefiningequationis� · èµî�ñ>u7¨æè � ñ sothat Á ¬s®�±{·-®�«.� � ý � �
TheEGFof treesof boundedheightsatisfytherecurrenceÁ � K � ¬s®�± ·-®N¯ Á � � � å � ¬¨®µ± ·J®3« ��� ��  � ý ���
We arenow confrontedwith a “continuousexponential”,

Á � �I� ¬s®�± ·J®�« ®3« ®�« .. . ®�« ý �
The averageheight was found by Rényi and Szekereswho appealedagainto complex
asymptoticsandfoundit to be ø � õ � � .

Theseexamplesshow thatheightstatisticsarecloselyrelatedto iterationtheory. Ex-
ceptin a few caseslikegeneralplanetrees,normallynoalgebrais availableandonehasto
resortto complex analyticmethodsasexposedin forthcomingchapters.

4Thesepolynomialsareexactly themuchstudiedMandelbrotpolynomialswhosebehaviour in thecomplex
planegivesriseto extraordinarygraphics.



162 III. PARAMETERS AND MULTIVARIATE GF’S»
28. Height in general Catalantrees. The modelof height in generalplanetreescanbe solved

algebraically. TheOGF ¡�¢ £+¤ Ä b Å of treesof height n¦¥ is of theformb�§ £ � ^ Ä b Å§ £ � � Ä b Å Ì
wherethe § ’saretheFibonaccipolynomials

§ Ñ Ä b Å2È × Ì § ^ Ä b Å2È É Ì § £ � � Ä b Å2È § £ � ^ Ä b Å [ b § £ Ä b Å m
Expressthe § £ in termsof ¡ Ä b Å itself. Findexplicit formsfor thedistributionof heightin trees

of ¨ - by meansof Lagrangeinversion. [This treatmentis dueto De Bruijn, Knuth, andRice[37].]Ø
III. 7.3. Averagesand moments. For extremalparameters,the GF of meanvalues

obey a generalpattern. Let © be somecombinatorialclasswith GF öÇ¬s®�± . Considerfor
instanceanextremalparameter© suchthat ö � �I� ¬s®�± theGF of objectswith © -parameterat
most � . TheGF of objectsfor which © ·|� exactly is equaltoö � �I� ¬s®�±>�}ö � � D å � ¬¨®µ± �
Thusdifferencinggivesaccessto theprobabilitydistributionof heightover © . Thegener-
atingfunctionof cumulatedvalues(providing meanvaluesafternormalization)is thenª ¬s®�± · ²�� ´ K �¬«Vö � �I� ¬s®�±>��ö � � D å � ¬s®�±®· ²�� ´ K «VöÇ¬s®�±>�}ö � �I� ¬¨®µ±9í¯
asis readilycheckedby rearrangingthesecondsum,or equivalentlyusingsummationby
parts.

For maximum componentsize, the formulæ involve truncatedTaylor series. For
height,analysisinvolvesin all generalitythedifferencesbetweenthefixedpointof a func-
tional y (the GF öÇ¬¨®µ± ) and the approximationsto the fixed point ( ö¯� �S�*¬s®�± ) provided by
iteration.This is acommonschemein extremalstatistics.»

29.Hierarchical partitions.Let ° Ä b Å¶È & ' [ É . Find a combinatorialinterpretationfor° Ä ° Ä®±)±)±8Ä ° Ä b ÅaÅaÅaÅ ( ¥ times)
m

(Suchstructuresshow up in statisticalclassificationtheory.) Ø»
30.Balancedtrees.Balancedstructuresleadto countingGF’scloseto theonesobtainedfor height

statistics.TheOGFof balanced2-3 treesof height ¥ countedby thenumberof leavessatisfiesthe
recurrence ² ¢ £ � ^ ¤ Ä b Å2È ² ¢ £+¤ Ä b � Í b�³ ÅkÈ Ä ² ¢ £+¤ Ä b ÅaÅ � Í Ä ² ¢ £+¤ Ä b ÅaÅ ³ m
Expressit in termsof theiteratesof � Ä b Å2È b � Í b ³ .

Find theOGFof meanvaluesof thenumberof internalnodesin suchtrees. Ø»
31.Extremalstatisticsin randommappings.Find theEGF’s relative to thelargestcycle, longest

branch,anddiameterof functionalgraphs.Do thesamefor thelargesttree,largestcomponent.[Hint:
see[53] for details.] Ø»

32.Deepnodesin trees.Find theGFof meanvaluesof thenumberof nodesat maximaldepthin
a generalplanetreeandin a Cayley tree. Ø
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III. 8. Notes

Multivariategeneratingfunctions are a commontool from classicalcombinatorial
analysis. Comtet’s book [28] is oncemorean excellentsourceof examples. A system-
atizationof multivariategeneratingfunctionsfor inheritedparametersis givenin thebook
by JacksonandGoulden[68].

In contrastgeneratingfunctionsfor averagesseemedto have receivedrelatively little
attentionbeforetheadventof digital computersandtheanalysisof algorithms.Many im-
portanttechniquesareimplicit in Knuth’sbooks,especially[85, 86]. Wilf discussesrelated
issuesin his book[153] andthepaper[151]. Early systemsspecializedto treealgorithms
have beenproposedby Flajolet andSteyaert in the beginning 1980’s [45, 59, 60, 138];
seealsoBerstelandReutenauer’swork [15]. Someof theideasdevelopedthere(viewing
generatingfunctionsof averagesasimagesof combinatorialstructureswith multiplicities
attached)took their inspirationfrom thewell establishedtreatmentof formal powerseries
in noncommutativeindeterminates(thatcanbeseenaswordswith multiplicitiesattached),
seeEilenberg’sbook[41] or theproceedingseditedby Berstel[126].

Theglobal framework of constructiblestructuresaffordsa neatstructuralcategoriza-
tion of parametersof combinatorialobjects—additively inheritedparameters,recursive
parameters,largestcomponents,andheight. This approachbecomesespeciallypowerful
whenexaminedin thelight of asymptoticpropertiesof structures.In addition,theprinci-
plesdevelopedhererendertheanalysisof alargeclassof combinatorialparametersentirely
systematic.This includescomplexity measuresfor a closedclassof programmesanddata
structures.Severalcomputationsin this areacanthenevenbeautomatedwith thehelpof
computeralgebrasystems[56, 158].





APPENDIX A

Auxiliary Results& Notions

1. Arithmetical functions. A generalreferencefor this sectionis Apostol’sbook[5].
Thefunction ´#¬'�0± is theEuler totientfunctionandit intervenesin theunlabelledcycle

construction.It is definedasthenumberof integersin ùuîd¯/�µú thatarerelatively primeto � .
Thus,onehas ´#¬ Ó�± ·cÓØ�éî if Ó is a prime. More generallywhen the prime number
decompositionof � is �·%Ó¶µ Iå �����+Ó µ�·È , then´#¬H��±T·óÓ µ I D åå ¬ Ó å ��î%±4�����sÓ µ ·È ¬ÍÓLÈ �pî�± �

A numberis squarefreeif it is not divisible by the squareof a prime. The Moebius
function ¸ ¬s�k± is definedto be 0 if � is not squarefreeand otherwiseis ¬*�ðî�± È if ��·Ó�å-�����+Ó È is aproductof Ê distinctprimes.

Many elementarypropertiesof arithmeticalfunctionsareeasilyestablishedby means
of Dirichletgenerating functions(DGF).Let ¬+< � ± � B å beasequence;its Dirichlet seriesis
formally definedby "í¬¹N%±T· ²���´êå < �� M �
In particular, the DGF of the sequence<É�é· î is the Riemannzetafunction, º�¬nN%±Õ·A � B å � D M . The fact thatevery numberuniquelydecomposesinto primesis reflectedby
Euler’s formula,

(1) º�¬nN�± ·¼»½ k¾ À î � îÓ M Â D å ¯
whereÓ rangesovertheset õ of all primes.(As observedby Euler, thefactthat º0¬^î�± ·��
in conjunctionwith (1) provides a simple analytic proof that thereare infinitely many
primes!)

Equation(1) implieselementarilythat

(2) ¿ã¬¹N%±��|· �� B å ¸ ¬+�k±� M ·¼»½ k¾ À î � îÓ M Â · îº�¬nN�± �
Thecoefficients ¸ ¬+�k± areknown astheMoebiuscoefficient (or Moebiusfunction). They
satisfy ¸ ¬s�k±T· ¬*�ðî�± È if ��·%Ó�å�Ó ä �����sÓ È for distinctprimesÓ � ¯
and ¸ ¬s�k± ·#S whenever � is divisibleby a square.

Finally, if ¬'<É�0±8¯�¬¹}���±�¯�¬�L���± haveDGF " ¬nN�±�¯)$T¬nN%±8¯*÷{¬¹N%± , thenonehastheequivalence" ¬nN�± ·�$T¬nN%± ÷{¬¹N%± ÀÂÁ <É�· �ÃÅÄ � } Ã L � ¯ Ã �
165
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In particular, taking LC�J· î ( ÷Ç¬nN�±ô·�º0¬¹N%± ) andsolving for $T¬nN%± shows (using (2)) the
implication < � · �ÃÆÄ � } Ã ÀÇÁ } � · �ÃÅÄ � ¸ ¬'�µ±)< � ¯ Ã ¯
which is known asMoebiusinversion. This relation is usedin the enumerationof irre-
duciblepolynomials(SectionI. 6.2).

2. Asymptotic Notations. Let È be a setand N K ��È a particularelementof È . We
assumea notion of neighbourhoodto exist on È . Examplesare È�·ÊÉÌË K Û è�÷Ì��ñ andN K · ÷Ì� , È ·�Í and N K any point in Í , È·(¼ or asubsetof ¼ , andsoon. Two functions!

and Î from Èæà è�N K ñ to ¼ aregiven.

— Ï –notation: write ! ¬¹N%± ·M ü MYÐ ÏX¬bÎ¶¬¹N%±f±
if theratio

! ¬nN�±�=�Î¶¬¹N%± staysboundedas NóÚÑN K in È . In otherwords,thereexists
a neighbourhoodÒ of N K anda constant�ÔÓ9S suchthatì ! ¬¹N%±�ì�ïò��ì Î�¬nN%±�ì8¯ Nÿ�ÕÒn¯ÖNôé·�N K �
Onealsosaysthat“

!
is of orderat mostÎ , or

!
is big–Ohof Î (as N tendsto N K )” .

— ø –notation: write ! ¬¹N%± øM ü M9Ð Î¶¬¹N%±
if theratio

! ¬nN�±�=�Î¶¬¹N%± tendsto 1 as NnÚ×N K in È . Onealsosaysthat“
!

and Î are
asymptoticallyequivalent(as N tendsto N K )”.

— � –notation: write ! ¬nN%± ·M ü M9Ð �G¬bÎ¶¬¹N%±
±
if theratio

! ¬¹N%±�=�Î¶¬¹N%± tendsto 0 as N ÚÑN K in È . In otherwords,for any (arbitrar-
ily small) L�Ó�S , thereexistsa neighbourhoodÒ�Ø of N K (dependingon L ), such
that ì ! ¬¹N%±�ìGï	L ì Î¶¬¹N%±�ì�¯ N��ÙÒ Ø ¯ÖNêé·�N K �
Onealsosaysthat“

!
is of ordersmallerthan Î , or

!
is little–ohof Î (as N tends

to N K )” .

Thesenotationsaredueto BachmannandLandautowardstheendof thenineteenthcen-
tury. SeeKnuth’snotefor a historicaldiscussion[87, Ch.4].

Relatednotations,of whichhoweverwe only makescantyuse,are

— Ú -notation: write ! ¬nN%± ·M ü M9Ð Úó¬bÎ¶¬¹N%±
±
if theratio

! ¬nN�±�=�Î¶¬¹N%± staysboundedfrom below in modulusby a nonzeroquan-
tity, as N¸ÚÛN K in È . Onethensaysthat

!
is of orderat leastÎ .

— Ü -notation: write ! ¬¹N%± ·M ü M9Ð Ü ¬bÎ¶¬¹N%±f±
if
! ¬¹N%±T·�Ï ¬nN%± and

! ¬nN%±T·�Úó¬nN�± . Onethensaysthat
!

is of orderexactly Î .
For instance,onehasas � Ú ÷Ì� in É Ë K :Ý � � ��·
�G¬s¡�£T¤ �k±UÞ ¡�£T¤�� ·#��¬ � �k±UÞ ¡�£T¤�� ·
�G¬ � �2±UÞ8 � ä ; ·�Úó¬+� � �k±UÞ � � ÷ � ��·�Ü ¬+�k± �
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As ªôÚ î in Í â2å , onehas� î � ªæ·
�G¬^î%±UÞ «.ßb·(��¬ Ý � � ª�±UÞ ¡�£T¤ ªæ·`Ü ¬�ªê�pî�± �
We take asgrantedin this book the elementaryasymptoticcalculuswith suchnota-

tions(see,e.g.,[130, Ch.4] for a smoothintroductioncloseto theneedsof analyticcom-
binatoricsanddeBruijn’s classic[35] for a beautifulpresentation.).We shall retainhere
thefact thatTaylor expansionsimply asymptoticexpansions;for instance,theconvergent
expansionsfor ì °Çìlï�î ,¡�£T¤�¬^î ÷@°�± · ²�
 ´êå ¬*�ðî%± 
� ° 
 ¯à�S�0�k¬s°�± · �
©BLK î�4� ° 
 ¯ ¬fî � °¶± µ · �
©BLK À �ð÷¥" �pî� Â ° 
 ¯
imply (as ° Ú S )¡�£T¤N¬fî0÷�°¶± ·�° ÷hÏX¬�° ä ±8¯à�S�0�k¬s°�± ·éî0÷�° ÷ °�äõ ÷hÏX¬�° 2 ±�¯ ¬^î4�4°¶± å ¯ ä ·éî4� ° õ ÷uÏ ¬s° ä ±8¯
and,in turn, (as ��Ú�÷Ì� )¡�£T¤ À î ÷ î� Â · î� ÷áÏ À î� ä Â ¯ À î � î¡�£T¤\� Â å ¯ ä · î � îõg¡�£3¤g� ÷;� À î¡�£T¤�� Â �

Two importantspecialexpansionsare Stirling’s formula for factorialsand the har-
monicnumberapproximation,

(3)
�g� · � � « D � � õ � ��¬
î ÷�â/�G±¶¯ Sôï�â/�xï åå ä �ã � · ¡�£T¤�� ÷ó÷÷ îõ�� � îî�õ�� ä ÷�äT� äT�·�Ï 8 � D 5 ; ¯ ÷ �·�S � O��"��õ�îd¯

thatarebestestablishedasconsequencesof theEuler–Maclaurinsummationformula[35,
130].»

1. Simplificationrulesfor theasymptoticcalculus.Someof themareå Ä � Â Å [ a å ÄsÂ Å Ä �uæÈ × Åå ÄsÂ Åèç å Äêé Å [ a å Ä % Â % Í % é % Å[ a å ÄsÂ Å if é È å ÄsÂ Åå ÄsÂÌ±+é Å [ a w ÄsÂ Å®w Äêé Å m
Similar rulesapplyfor = Ä®± Å . Ø»

2. Harmonicsof harmonics.Theharmonicnumbersarereadilyextendedto non-integral index byë ½óÆ È hÏÀ j ^ Ò ÉÊ [ ÉÊ Í�¾ Ó m
For instance,

ë ^ ( � È 3 [ 3�@xA�CE3 . This extensionis relatedto theGammafunction[150], andit can
beprovedthattheasymptoticestimate(3), with ¾ replacing/ , remainsvalid as ¾ a Í p . A typical
asymptoticcalculationshows thatë�ì - È @xA�C¯@xA�C / Í>í¸Í í¸Í ^�@xA�C / Í å Ò É@xA�C � / Ó m
Whatis theshapeof anasymptoticexpansionof

ëîì�ï - ? Ø
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3. Stackingsof dominos. A stockof dominosof length1cmis given. It is well known thatonecan

stackupdominosin a harmonicmode:

1/21/31/4

Estimatewithin 1% the minimal numberof dominosneededto achieve a horizontalspanof 1m
(=100cm). [Hint: about1.50926É × 6 ³ dominos!] Setup a schemeto evaluatethis integer exactly,
anddo it! Ø»

4. High precisionfraud.Why is it that,to forty decimalplaces,onefinds

gñð ÑaÑ)ò ÑaÑaÑÏÀ j ^ Ä [�É Å À ]6^3 Ê [ É mÈ H�m É+geÉ GDJ × ó GDH�GDF�J�ôDJDH 3 g × g ó 3 ó g HDH�F�H 3 ó J.G × 3 FDF gdÉ J.ô5 mÈ H�m É+geÉ GDJ 3 ó GIH.GIF�J.ôIJ�H 3 H�F g ó 3 ó g H�HDF.H 3 ôDJ.G × 3 FDF gµÉ J�ô Ì
with only four “wrong” digits in thefirst sum?(Hint: considerthesimplerproblemÉJDF × É mÈ × m ×�×�× É × 3 × H × g × G ×�ó2× ô × F × J É × É�É2É 3 É H É)gTÉ G É ó É ô É F É J 3 × 3 É 3�3�3 H 3 g 3 G ±+±)± m Å
Many fascinatingfactsof this kind areto befoundin worksby JonandPeterBorwein[21,22]. Ø
3. Cycle construction. Theunlabelledcycle constructionis introducedin Chapter1 and
is classicallyobtainedwithin theframework of Pólya theory[28, 113, 115]. Thederivation
givenhereis basedonanelementaryuseof symbolicmethodsthafollows[58]. It relieson
bivariateGF’sdevelopedin ChapterIII, with ® markingsizeand ° markingthenumberof
components.Consideraclass

q
andthesequenceclassÞp·|Æ B å è q ñ . A sequence&Ñ�XÞ

is primitive (or aperiodic)if it is not the repetitionof anothersequence(e.g., "�$�$:":" is
primitive,but ":$�"�$ is not). TheclassõðÞ of primitivesequencesis determinedimplicitly,Û�¬s®N¯f°¶± Ä ° y ¬s®�±î �(° y ¬s®�± · �
B å ûbÛ�¬s® 
 ¯f° 
 ±8¯
whichexpressesthateverysequencepossessesa“root” thatis primitive.Moebiusinversion
thengives ûbÛ�¬¨®0¯
°�±{· �
©B å ¸ ¬'��±
Û�¬s® 
 ¯f° 
 ± · �
©B å ¸ ¬'��± ° 
 y ¬¨® 
 ±î � ° 
 y ¬¨® 
 ± �
A cycle is primitive if all of its linearrepresentationsareprimitive. Thereis anexactone-
to-� correspondencebetweenprimitive � -cyclesandprimitive � -sequences.Thus,theBGFû���¬s®N¯f°¶± of primitive cycles is obtainedby effecting the transformation° � ÙÚ å� ° � onûbÛ�¬¨®0¯
°�± , which means û���¬¨®0¯
°�±{· { ³K û¬s®N¯ � ± � �� ¯giving afterterm-wiseintegration,û���¬¨®0¯
°�±{· �
©B å ¸ ¬'��±� ¡�£T¤ îî � ° 
 y ¬¨® 
 ± �
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Finally, cyclescanbecomposedfrom arbitraryrepetitionsof primitivecycles,whichyields��¬s®N¯f°¶±{· �
B å û���¬s® 
 ¯f° 
 ± �
Thearithmeticalidentity A Ã2Ä 
 ¸ ¬'�µ±�= �R·
´#¬'��±�=�� giveseventually

(4) ��¬¨®0¯
°�± · �
©B å ´#¬'��±� ¡�£T¤ îî � ° 
 y ¬¨® 
 ± ¯
aswasto beproved.

Formula(4) is exactly theonethatappearsin thetranslationof thecycleconstruction
in theunlabelledcase(TheoremIII.1). Uponsetting ° ·¹î , it givestheunivariateversion
(TheoremI.1).»

5. Around the cycle construction. Similar methodsyield the BGFsof multisetsof cycles and
multisetsof aperiodiccyclesasõÀ�Ð ^ ÉÉg[ Y ÀIö Ä b À Å and ÉÉg[ Y ö Ä b Å Ì
respectively [36]. (The latter fact correspondsto the propertythat any word can be written asa
decreasingproductof Lyndonwords;it servesto constructbasesof freeLie algebras[98, Ch. 5].)Ø»

6.Aperiodicwords.An aperiodicwordis aprimitivesequenceof letters.Thenumberof aperiodic
wordsof length / over an ÷ -aryalphabetcorrespondsto primitive sequenceswith ö Ä b ÅêÈ�÷ b and
is ø [ *xùú,- È Ïû $ - ¿kÄbü Ån÷ ùE( û m
For ÷ È 3 , thesequencestartsas

3 Ì 3 Ì ó Ì É 3 Ì H × Ì G g Ì É 3 ó Ì 3 g × Ì G × g Ì J�J × (EISA027375). Ø
4. Formal power series. Formalpowerseriesextendtheusualoperationson polynomials
to infinite seriesof theform

(5) ö · �� B6K ö �G® � ¯
where® is a formal indeterminate.Thenotation öÇ¬s®�± is alsoemployed.Let ý beafield of
coefficients(usually þn¯�Íó¯�¼ ); thering of formalpowerseriesis denotedby ýóùuù ®dúuú andit is
theset ýÅÿ (of infinite sequencesof elementsof ý ) writtenasinfinite powerseries(5) and
endowedwith theoperationsof sumandproduct,° � � ö ��® � µ ÷Ô° � � ÎT��® � µ �|· � � ¬¨ö �b÷�ÎT�G±�® �° � � ö � ® � µ V ° � � Î � ® � µ �|· � � ° ��
 ´ K ö 
 Î � D�
 µ ® � �

A topology(known astheformal topology)is put on ýóùuù ®�ú�ú by which two seriesö�¯YÎ
are“close” if they coincideto a largenumberterms.First, thevaluationof a formalpower
seriesö�· A � ö � ® � is the smallestÊ suchthat ö�È�é·�S andis denotedby � � ¡*¬*ö¶± . (One
sets� � ¡�¬+Sµ± · ÷Ì� .) Giventwo powerseriesö and Î , their distance��¬¨ö�¯7ÎG± is thendefined
as õ D������ ��� D	��� . With this distance(in factanultrametricdistance),thespaceof all formal
powerseriesis a completemetricspace. Roughly, thelimit of a sequenceof seriesè%ö � �	� ñ
existsif, for each� , thecoefficientof order � in ö � �	� eventuallystabilizesto a fixedvalue
as � Ú � . In this way convergencecan be definedfor infinite sums: it suffices that
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thegeneraltermof thesumshouldtendto 0 in the formal topology, i.e., thevaluationof
the generalterm shouldtend to � . Similarly for infinite products,where 
C¬^îð÷J° � �	� ±
convergesassoonas ° � �	� tendsto 0 in thetopologyof formalpowerseries.

It is thena simpleexerciseto prove that thesum E ¬¨ö¶±��l· A 
©BLK ö 
 exists (thesum
convergergesin the formal topology) whenever ö K · S ; the quantity then definesthe
quasi-inverse¬fî6��ö¶± D å , with theimpliedpropertieswith respectto multiplication,namely,E ¬*ö¶±�¬^îæ��ö¶± ·Yî . In the sameway onedefinesformally logarithmsandexponentials,
primitivesandderivatives,etc.Also, thecompositionö��EÎ is definedwhenever Î K ·(S by
substitutionof formal power series.More generally, any (possiblyinfinitary) processon
seriesthatinvolvesateachcoefficientonly finitely many operationsis well-defined(andis
accordinglyacontinuousfunctionalin theformal topology).»

7. TheOGFof permutations.Theordinarygeneratingfunctionof permutations,ø Ä b Å�Æ È hÏ- j Ñ / Ë b.- È É Í b Í 3 b � Í ó b.³ Í 3 g b 6 Í É 3 × b ð Í ô 3 × b� Í G × g × b�� Í ±+±)±
existsasanelementof � Á|Á b Ã Ã , althoughtheserieshasradiusof convergence0. Thequantity É ? ø Ä b Åis for instancewell-defined(via thequasi-inverse)andonecancomputelegitimatelyandeffectivelyÉ\[(É ? ø Ä b Å whosecoefficientsenumerateindecomposablepermutations(p. 57). Theformal seriesø Ä b Å canevenbemadesenseof analyticallyasanasymptoticseries(Euler),since� hÑ & ]��É Í�� b ü � 1 É�[ b Í 3 Ë b � [ H Ë b.³ Í g Ë b 6 [ ±+±+± Ä b0a × Í�Å m
Thus,theOGFof permutationsis alsorepresentableasthe(formal, divergent)asymptoticseriesof
anintegral. Ø

It canbeprovedthattheusualfunctionalpropertiesof analysisextendto formalpower
seriesprovidedthey makesenseformally.

5.LagrangeInversion. Lagrangeinversion(Lagrange,1770)relatesthecoefficientsof the
inverseof afunctionto coefficientsof thepowersof thefunctionitself. It thusestablishesa
fundamentalcorrespondencebetweenfunctionalcompositionandstandardmultiplication
of series.Althoughtheproof is technicallysimple,theresultaltogethernon-elementary.

The inversionproblem ®p· �ê¬�ë�± is solved by the Lagrangeseriesgiven below. It
is assumedthat ù ë K ú�ê¬s®�±ó·ìS , so that inversionis formally well definedandanalytically
local, and ù ë å úb�ê¬�ë�±9é· S . The problemis is then conveniently standardizedby setting�ê¬�ë�± ·-ë�= ! ¬së�± .

THEOREM A.1. Let
! ¬s°�± · A 
©B6K ! 
 ° 
 be a powerseriesof ¼íù�ù ®�ú�ú with

! K é·cS .
Then,the equation ëC· ® ! ¬�ë�± admitsa uniquesolutionin ¼#ùuù ®dúuú whosecoefficientsare
givenby (Lagrangeform)

(6) ë¶¬¨®µ±{· ²���´êå ë � ® � ¯ where ë � · î� ù ° � D å ú�¬ ! ¬�°¶±f± � �
Furthermore, onehasfor �uÓ9S (Bürmannform)

(7) ë¶¬s®�± 
 · ²���´�å ë � 
��� ® � ¯ where ëT�· �� ù ° � D�
 úµ¬ ! ¬s°�±
± � �
By linearity, a form equivalentto Burmann’s(7), with � anarbitraryfunction,isù ® � ú��C¬�ë¶¬s®�±f± · ù ° � D å úµ¬�� � ¬s°�± ! ¬�°¶± � ± �
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PROOF. Themethodof indeterminatescoefficientsprovidesa systemof polynomial
equationsfor è�ëT��ñ thatis seento haveaunique(polynomial)solution:ë å · ! K ¯ ë ä · ! K ! å ¯ ë 2 · ! K ! ä å ÷ ! K ! ä ¯ �������
Since ë � dependsonly on the coefficientsof

! ¬�°¶± till order � , onemay assumewithout
lossof generalitythat

!
is apolynomial.Then,by generalpropertiesof analyticfunctions,ë¶¬s®�± is analyticat 0 andit mapsconformallya neighborhoodof 0 into anotherneighbour-

hoodof 0. Accordingly, the quantity �¶ë � · ù ® � D å úBël�¨¬¨®µ± canbe estimatedby Cauchy’s
coefficient formula:

(8)

�¶ëT� · îõ�ë � { K/� ë � ¬¨®µ± �µ®® � (Direct coefficient formulafor ël�¨¬¨®µ± )· îõ�ë � { K/� �eë¬�ë�= ! ¬sëG±
± � (Changeof variable® ÙÚ ë )· ù ë � D å ú ! ¬�ë�± � (Reversecoefficient formulafor
! ¬sëG± � ).

In thecontext of complex analysis,thisusefulresultappearsasnothingbut anavatarof the
change-of-variableformula.Theproofof Bürmann’s form is entirelysimilar. V

Thereexist instructive(but longer)combinatorialproofsbasedonwhatis knownasthe
“cyclic lemma”or “conjugacy principle” [119] for Łukasiewicz words.(SeealsoEx. 36 in
ChapterI.) Anotherclassicalproof dueto Henrici relieson propertiesof iterationmatri-
ces[28, p. 144-153];seealsoComtet’sbookfor relatedformulations[28].

Lagrangeinversionservesmostnotablyto developexplicit formulæfor simplefam-
ilies of trees(eitherlabelledor not), randommappings,andmoregenerallyfor problems
involving coefficientsof powersof somefixedfunction.»

8. Lagrange–BÚrmanninversionfor fractionalpowers. TheformulaÁ b.- Ã Ò Î Ä b Åb Ó��4È �/ Í � Á Y - Ã��2ÄçY Å - � �
holdsfor any realor complex exponent� , andhencegeneralizesBürmann’s form. Onecansimilarly
expand

@xADC Ä Î Ä b Å ? b Å . Ø»
9. Abel’s identity. By computingin two differentwaysthecoefficientÁ b.- Ã & * � � � ,�! È Á b.- Ã & � ! ± & � ! Ì

whereÎóÈ b & ! is theCayley treefunction,onederive theAbel’s identityÄ � Í#"�Å Ä / Í � Í#"�Å - ]L^ È � " - ]6^ÏÀ j ^ e / Ê k Ä Ê Í � Å À ]L^ Ä / [ Ê Í#"�Å - ] À ]6^ m Ø
6. Regular languages. Two notionsof regularity for languagesaredescribedin the text
(SectionI. 4): $ -regularity, which meansdefinability by regular specifications,and

y
-

regularity, which correspondsto acceptabilityby a deterministicfinite automaton. We
indicatebriefly herethe reasonswhy the two notionsareequivalent. The argumentsare
minor adaptationsof well known factsin thetheoryof formal languages,andwe referthe
readerto oneof themany goodbookson thesubjectfor details.y

-regularity implies Û -regularity. This constructionis dueto Kleene[81] whosein-
teresthad its origin in the formal expressive power of nerve nets. Let a deterministic
automaton% begiven,with alphabet

q
, setof statesE , with & K and E theinitial stateand

thesetof final statesrespectively. Theideaconsistsin constructinginductively thefamily
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of languagesø � È �� � � of words that connectstate &�� to state & � passingonly throughstates& K ¯ ����� ¯'& È in between&�� and & � . We initialize thedatawith ø � D å �� � � to be thesingletonsetè©<Nñ if thetransition ¬(&��)�\<G± ·*& � exists,andtheemptyset( Ý ) otherwise.Thefundamental
recursion ø � È �� � � ·Jø � È D å �� � � ÷@ø � È D å �� � È Æ è�ø � È D å �È � È ñ�ø � È D å �È � � ¯
incrementallytakes into accountthe possibility of traversingthe “new” state & È . (The
unionsareclearly disjoint andthe segmentationof wordsaccordingto passagesthrough
state& È is unambiguouslydefined,hencethe validity of the sequenceconstruction.)The
languageø acceptedby % is thengivenby theregularspecificationø�· �+ F  , ø Ä Ä , Ä ÄK�� � ¯
thatdescribesthesetof all wordsleadingfrom theinitial state& K to any of thefinal states
while passingfreely throughany intermediatestateof theautomaton.Û -regularity implies

y
-regularity. An objectdescribedby aregularspecification- can

be viewedasa word decoratedwith separatorsthat indicatetheway it shouldbe parsed.
For instance,anelementof Æ è©<ó÷%<É<Nñ maybeviewedastheword. <óì*<É<¸ì)<É<¸ì)<¸ì)<�< /�¯
over theenrichedalphabet

q Û è10�ì �s¯20 . �*¯304/*�¨ñ . Theextendedrepresentationsarethenrecog-
nizableby automataasshown by an inductive construction.We only statethe principles
informally here.Let Ú65 - 5�Ú representsymbolicallytheautomatonrecognizingthereg-
ular expression- , with theinitial stateon the left andthefinal state(s)on theright. Then,
therulesareschematicallyÚ75 -Ç÷78 5�Ú · þ9 Ú65 - 5�ÚÚ65 8 5�ÚÚ75 - V:8 5�Ú · Ú75 - 5�ÚpÚ75 8 5�ÚÚ75 Æ è;-�ñ 5�Ú · <�Ú65 - 5�Ú>=

The classicaltheoryof formal languagesdefinesthe family of regular languagesas
thesmallestfamily containingthefinite languagesthat is closedunderset-theoreticunion
(
Û

), catenationproduct( � ), andtheKleenestaroperationø�?ó· è�â�ñ ÛáÛ ¬�ø �=ø#± Û ����� . Any
regular languageis thendenotedby a regularexpression.Theoperationsaretaken in the
set-theoreticsense,so that for instanceonehasthe identity1 ¬'< Û <�<G±@?}· ¬+<G±A? . It is a
standardresultof the theorythatany regular languageis recognizableby a deterministic
finite automaton,sothatthis notionof regularity is indeedequivalentto thetwo combina-
torial notionsof

y
-regularity and Û -regularity. (Note: thereductionof regular languages

to deterministicautomatagoesvia theconstructionof nondeterministicautomatafollowed
by a reduction,theRabin-Scotttheorem,thatusuallyinvolvesan exponentialblow-up in
thenumberof states.)

1Union, catenation,andKleenestarresemblesum,cartesianproductproduct,andsequenceconstructions,
respectively. However, thereis no systematiccorrespondencesincetheset-theoreticoperationsmay beapplied
ambiguously, in contrastto combinatorialconstructionsthatpreservestructure.For instance,in thecombinatorial
world, onehas B�C'D�EGFH B�C'DJIKD;D�E andtheexpressionB�C'D�IKD;D�E denotesstructuresricher thanjust words
over theletter D (seecoveringsonp. 9).
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7. Stirling numbers.. Thesenumberscountamongstthemostfamousonesof combinato-
rial analysis.They appearin two kinds:5 theStirling cyclenumber(alsocalled‘of thefirst kind’) Ì � 
 Ï enumeratespermu-

tationsof size � having � cycles;5 theStirling partition number(alsocalled‘of thesecondkind’) L � 
�M enumerates
partitionsof an � -setinto � nonemptyequivalenceclasses.

ThenotationsÌ � 
 Ï and L � 
�M proposedbyKnuth(himselfanticipatedby Karamata)arenowa-
daysmostwidespread;see[71].

The mostnaturalway to defineStirling numbersis in termsof the “vertical” EGFs
whenthevalueof � is keptfixed:�� BLKGN � � O ® ��g� · î�4� À ¡�£3¤ îî �(® Â 
�� BLKJP � �JQSR ��g�UT V�4�	W «�X0� VZY 
 �
Fromthere,thebivariateEGFsfollow straightforwardly:[\ ] ^Z_	` N�a b O c ^ R \aed T �S�0�#f chg�ikj VVml6R

n ToW Vml6R�Yqp3r[\ ] ^Z_	` P a b Q c ^ R \aed T sut vwW(cxW(y X lzVZY�Y3{
Stirling numbersandtheir cognatessatisfya hostof algebraicrelations.For instance,

the differential relationsof the EGFsimply the recurrencesreminiscentof the binomial
recurrence| a b�} T | a l~Vb lzV }w� W a l~V�Y

| a l~Vb�}3� P a b Q6T P a lzVb l~V Q � b P a lzVb Q {
By expandingthepowersin theverticalEGFof theStirling partitionnumbersor by tech-
niquesakin to Lagrangeinversion,onefindsexplicit forms| a b } T [`;�)�u�3�1��\ p ^ W lwVZY

����� f	�� n f a l~V � �a l b � � n f�� a l ba l b l � n W�� l � Y \ p ^����� d� a b Q T Vb d
�[���2` f b� n W lwVZY � W b l � Y \ {

Thoughcomforting,theseformsarenot toousefulin general.(Theonerelative to Stirling
cyclenumberswasobtainedby Schl̈omilch in 1852[28, p. 216].)

A moreimportantrelationis thatof thegeneratingpolynomialsof the � \ ��� for fixed a ,� \ W�c YJ� \[�'��� ��� ���\ c � T�c���W�c � VZY ��W�c � � Y ���;�;W(c � a lzVZYu{
Thisnicely parallelstheOGFfor the � \ �k� for fixed  ¡[\¢�£` � a   Q R \ T R �W Vml¤R�Y W Vml � R�Y �;���uW V¥l b R�Y {
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10.Schl̈omilch’s formulais establishedstartingfrom§ ¨© ¨�ª © §1«¬ ®¯u°�±³²*´¶µ�·1¸ ®®�¹Kº¼» ºº�½�¾3¿ À

andperformingthechangeof variablea la Lagrange:º ¬ ®J¹KÁ�Â�Ã . [28, p.216]. Ä
8. Treeconcepts. In theabstractgraph-theoreticsense,a forestis anacyclic (undirected)
graphanda treeis aforestthatconsistsof justoneconnectedcomponent.A rootedtreeis a
treein whichaspecificnodeis distinguished,theroot. Rootedtreesaredrawn with theroot
eitherbelow (the mathematician’s andgenealogist’s convention)or on top (thecomputer
scientist’s convention),andin this book,we employ bothconventionsindifferently. Here
arethentwo planarrepresentationsof thesamerootedtree

(9)

aÅ
b

c d

e f

g h i

j k

l

aÅ
b

d

j e k

l

f

i g h

c

wherethe stardistinguishesthe root. (Tagson nodes,Æ �'Ç��'È , etc,arenot part of the tree
structurebut only meantto discriminatenodeshere.) A tree whosenodesare labelled
by distinct integersthen becomesa labelled tree, this in the precisetechnicalsenseof
ChapterII. Sizeis definedby thenumberof nodes(vertices).Hereis for instancealabelled
treeof size9:

(10)

5

9

6 4

3

8 1

7

2

In a rootedtree,theoutdegreeof a nodeis thenumberof its descendants;outdeegree
is thusequalto degree(in the graph-theoreticsense,i.e., the numberof neighbours)mi-
nus1. Oncethis conventionis clear, one usuallyabbreviates“outdegree” by “degree”
whenspeakingof rootedtrees. A leaf is a nodewithout descendant,that is, a nodeof
(out)degreeequalto 0. For instancethetreein (10) has5 leaves.Non-leafnodesarealso
calledinternalnodes.

Many applicationsfrom genealogyto computersciencerequiresuperimposinganad-
ditional structureon a graph-theoretictree.A planetreeor planar treeis definedasa tree
in whichsubtreesdanglingfrom acommonnodeareorderedbetweenthemselvesandrep-
resentedfrom left to right in order. Thus,the two representationsin (9) areequivalentas
graph-theoretictrees,but they becomedistinctobjectswhenregardedasplanetrees.
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Binary treesplay a specialrole in combinatorics.Thesearerooted treesin which
everynonleafnodehasdegree2 exactlyas,for instance,in thefirst two drawingsbelow:

In the secondcase,the leaveshave beendistinguishedby ‘ É ’. The prunedbinary tree
(third representation)is obtainedfrom a regular binary treeby removing the leaves. A
binary treecanbe fully reconstructedfrom its prunedversion,anda treeof size � a �>Êalwaysexpandsa prunedtreeof size a .

A few majorclassesareencounteredthroughoutthisbook.Hereis a summary2.

Generalplanetrees(Catalantrees) Ë ¬ÍÌ*Î:ÏSÐ Ë�Ñ (unlabelled)

Binary trees Ò ¬ÍÌ¤ÓÍÔ�ÌÕÎ Ò Î ÒSÖ (unlabelled)

Prunedbinarytrees × ¬zØÙÓÍÔ�Ì*Î × Î ×ÚÖ (unlabelled)

Generalnonplanetrees(Cayley trees) Û ¬ÍÌ*ÎÝÜGÐ ÛÞÑ (labelled)

ThecorrespondingGFsarerespectivelyß Ô º Ö ¬à®�¹#á ®e¹Kâ�º¯ Àäã Ô º Ö ¬à®e¹ á ®e¹³âZº�å¯ º Àçæ Ô º Ö ¬à®J¹�á ®J¹³âZº¯ º Àéè Ô º Ö ¬ º�Áuê	ë4ì�í �
beingrespectively of type OGF for the first threeandEGF for the last one. The corre-
spondingcountsareß ½ ¬î®©Kï ¯ © ¹ ¯© ¹ð®ÚñwÀóò åAô ¾2¿ ¬ ®õ Ó ® ï ¯ õõ ñGÀéã ½ ¬ ®© Ó ® ï ¯ ©© ñwÀéè ½ ¬ © ½ Â ¿ {
The commonoccurrenceof the Catalannumbers,ö \ ( ÷ùøqú �Ú�³ûýü ú ûýþ ú ����û öÿú )is
explainedby pruningandby therotationcorrespondencedescribedon p. 48.

2 Theterm“general”refersto thefactthatnodegreeconstraintsareimposed.
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113. G.Pólya,KombinatorischeAnzahlbestimmungenfür Gruppen,GraphenundchemischeVerbindungen, Acta

Mathematica68 (1937),145–254.
114. , On the numberof certain lattice polygons, Journalof CombinatorialTheory, SeriesA 6 (1969),

102–105.
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technique,1991.





Index

� � ½ � (coefficient extractor),4	
(expectation),78,113

(asymptoticnotation),166�
(probability),78,112�
(asymptoticnotation),166
(variance),113�
(asymptoticnotation),166� (substitution),54��
(combinatorialisomorphism),3�
(derivative), 55,114� (standarddeviation),113� (asymptoticnotation),166� (labelledproduct),65� (asymptoticnotation),166

+, seedisjoint union� � � � �
(Iverson’s notation),34

�
(cycle construction),9, 68�
(multisetconstruction),9�
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(sequenceconstruction),8, 66�
(pointing),54

Abel identity, 171
admissibleconstruction,5, 64
alignment,82
alphabet,29
arithmeticalfunctions,165
arrangement,77–78
asymptoticnotations,166–168
atom,6, 62
autocorrelation(in words),36
automaton

finite, 33
average,seeexpectation

ballot numbers,42
balls-in-binsmodel,78,131
Bell numbers,73
Bell polynomials,138
Bernoulli trial, 140
BGF, seebivariategeneratingfunction
bijective equivalence(

��
), 4

binarydecisiontree(BDT), 53
binarytree,175
binomialcoefficient, 65
binomialconvolution,65
birthdayparadox,78–82,141
bivariategeneratingfunction(BGF),109
booleanfunction,52
Borges,JorgeLuis, 38
boxedproduct,98–102

branchingprocesses,144–146
Bürmanninversion,seeLagrangeinversion

canonicalization,55
cartesianproductconstruction( � ), 5
Catalannumbers( � ½ ), 3, 17–18,20, 42, 47–53,

175
generatingfunction,17

Catalantree,18,125
Cayley tree,89–91,129
Chebyshev inequalities,116
circulargraph,64
class(labelled),61–105
class(of combinatorialstructures),2
cluster, 155,157
code(words),38
codingtheory, 20,32,38
coefficient extractor(

� � ½ � ), 4
combination,30
combinatorialclass,2, 61
combinatorialisomorphism(

��
), 3

combinatorialparameter, 107–164
combinatorialschema,122–123,128
complexity theory, 52
composition(of integer),20–29

Carlitz type,149
cyclic (wheel),27
largestsummand,122
locally constrainedsummands,147–149
numberof summands,25,120–121
primesummands,24
profile,122� -parts,121
universalGF, 138

concentration(of probabilitydistribution),116–118
conjugacy principle,50
construction

cartesianproduct( � ), 5
cycle (

�
), 9, 168–169

labelled,68
labelledmultivariate,126
multivariate,119

disjoint union( � ), 8
implicit, 56–59
labelledproduct( � ), 64–66
multiset(

�
), 9

multivariate,119
pointing(

�
), 54–56

powerset(
�

), 9
labelled,66
labelledmultivariate,126
multivariate,119
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sequence(
�
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labelled,66
labelledmultivariate,126
multivariate,119

substitution( � ), 54–56
context-freespecification,53–54
continuedfraction,143,161
convergencein probability, 116
couponcollectorproblem,78–82,141
covering(of interval), 9
cumulatedvalue(of parameter),114
cycle construction(

�
), 9, 168–169

labelled,68
labelledmultivariate,126
multivariate,119
undirected,labelled,94

cycle lemma,50
cyclic permutation,64

degree(of treenode),174
denumerant,25
derangement,86,153
derivative (

�
), 55,114

Dirichlet series,165
disjoint unionconstruction( � ), 8, 64
divergentseries,57
Dyck path,51
Dyck paths,50

EGF, seeexponentialgeneratingfunction
EIS (Sloane’s Encyclopedia),17
Eulernumbers,103
Euler’s constant( � ), 81
Euleriannumbers,155
exp-log transformation,11,14
expectation(or mean,average),

	
, 78,113

exponentialgeneratingfunction
definition,62
product,65

Faàdi Bruno’s formula,138
factorialmoments,114
Ferrersdiagram,21
Fibonaccinumbers,24,36
finite automaton,33
finite field, 58
forest(of trees),42,90,174
functionalequation,132
functionalgraph,91–93

Galton-Watsonprocess,145
gamblerruin sequence,51
Gaussianbinomial,26
generaltree,175
generatingfunction

exponential,61–105
horizontal,110
multivariate,107–164
ordinary, 1–60
probability, 114
universal,136–146
vertical,110

GF, seegeneratingfunction
goldenratio (  ), 24,59
graph

acyclic, 94
bipartite,98
circular, 64
connected,97–98
enumeration,69–70
excess,94
functional,91–93
labelled,69–70,93–96
random,95–96
regular, 95,138
unlabelled,69–70

Groebnerbases,54

Hamlet,32
harmonicnumbers( ! ½ ), 81,115,167

generatingfunction,115
hierarchy, 90
Hipparchus,43
histograms,112

implicit construction,56–59,97–98,146–149,151–
153

inclusion-exclusion,153–158
increasingtree,102–105,150–151
inheritance(of parameters),118,126
integercomposition,seecomposition(of integer)
integerpartition,seepartition(of integer)
inversiontable(permutation),105
involution,85
isomorphism(combinatorial,

��
), 3

iterative specification,15–17
Iverson’s notation(

� � � � �
), 34

labelledclass,object,61–105
labelledconstruction,65–71
labelledproduct( � ), 65
labelledstructures,126–131
Lagrangeinversion,41–45,89,170–171
Lambert � –function,90
language(formal),29
latticepoints,29
leaf (of tree),132,174
letter(of alphabet),29
Łukasiewicz codes,49
Lyndonwords,169

mapping,91–93
regressive, 104

markingvariable,4, 109,120
Markov-Chebyshev inequalities,116
mean,seeexpectation
MGF, seemultivariategeneratingfunction
Moebiusinversion,56,166
molecularbiology, 33
momentinequalities,116–118
momentmethods,117
moments(of randomvariable),114
Motzkin numbers,43,52,56
multinomialcoefficient, 65,136
multisetconstruction(

�
), 9

multivariate,119
multivariategeneratingfunction(MGF), 107–164

namingconvention,4
necklace,3, 40
neutralobject,6, 62
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nonplanetree,46–47,89
�

(asymptoticnotation),166� (asymptoticnotation),166
OGF, seeordinarygeneratingfunction
orderconstraints(in constructions),98–105,149–

151
ordinarygeneratingfunction(OGF),4
outdegree,seedegree(of treenode)

pairing(permutation),85
parameter

recursive, 131–135
parameter(combinatorial),107–164

cumulatedvalue,114
inherited,118–119

partition
of sets,71–82

partition(of integer),20–29
denumerant,25
Durfeesquare,26
Ferrersdiagram,21
largestsummand,25
numberof summands,25,123
profile,123� -parts,124

partition(of set),129
pathlength,seetree
patterns

in permutations,156
in trees,158
in words,32,157

pentagonalnumbers,28
permutation,63,82–87

alternating,102–104
ascendingruns,155–156
cycles,82–87,111,127–128
cyclic, 64
derangement,86,153
indecomposable,57
inversiontable,105
involution,85
local ordertypes,150
longestcycle,85
longestincreasingsubsequence,156
pairing,85
pattern,156
profile,127
record,99–101
rises,155–156
shortestcycle,86
treedecomposition,102–104

PGF, seeprobabilitygeneratingfunction
planetree,41–45
pointingconstruction(

�
), 54–56,96–97

Poissonlaw, 128
polynomial(finite field), 58
polyomino,27,149
powersetconstruction(

�
), 9

labelled,66
labelledmultivariate,126
multivariate,119

preferentialarrangementnumbers,73
probabilisticmethod,117
probability(

�
), 78,112

probabilitygeneratingfunction(PGF),114
profile (of objects),122
prunedbinarytree,175

" -analogue,26

Ramanujan’s # -function,80,92
randomgeneration,52
randomvariable(discrete),112
randomwalk, 57
record

in permutation),99–101
in word,139

recursion(semanticsof), 16
recursive parameter, 131–135
recursive specification,15–17
relabelling,65
resultant,54
rotationcorrespondence(tree),48
RV, seerandomvariable

schema,seecombinatorialschema
Schr̈oder’s problems,43,90
semanticsof recursion,16
sequenceconstruction(

�
), 8

labelled,66
labelledmultivariate,126
multivariate,119

series-parallelnetwork, 44,45,47
setconstruction(

�
), seeconstruction,powerset

setpartition,38–40,71–82,129
numberof blocks,129

sieve formula,seeinclusion-exclusion
simplevariety(of trees),142
size(of combinatorialobject),2, 61
Smirnov word,152
spacings,30
species,13,59,97,105
specification,16

iterative, 15–17
recursive, 15–17

standarddeviation, ( � ), 113
statisticalphysics,27,149
Stirling numbers,173–174

cycle (1stkind), 84,111
partition(2ndkind), 38–40,73,129

Stirling’s approximation,19
substitutionconstruction( � ), 54–56
surjection,71–82

universalGF, 138
surjectionnumbers,73
symboliccombinatorics,1
symmetricfunctions,138

Taylor’s formula,147
theoryof species,97
thresholdphenomenon,156
totientfunction(of Euler),10,165
tree,15,40–47,88–96,174

balanced,58
binary, 42,175
branchingprocesses,144–146
Catalan,18
Cayley, 89–91
degreeprofile,142–143
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forests,42
general,15,175
height,161
increasing,102–105,150
leaf,132,174
level profile,143–144
Łukasiewicz codes,49
nonplane,46–47
nonplane,labelled,89
pathlength,134–135
pattern,158
plane,41–45,174
plane,labelled,88
regular, 42
restricted,41
root-degree,125,129
rooted,174
simplevariety, 142$
-ary,42

unary-binary, 43,56
treeconcepts,174–175
triangulation,2, 3, 18
truncatedexponential,75

uniformprobabilisticmodel,112
universalgeneratingfunction,136–146
unlabelledstructures,118–126
urn,64

Vallée’s identity, 14
variance(


), 113

w.h.p(with highprobability),95,117
wheel,27
word,29–40,76–82

code,38
language,29
pattern,32,36–38,157
record,139
runs,30–32,152
Smirnov, 152


