INRIA France

USA

ABSTRACT

y_{h,n} y_h (x) =_{n≥0}Σ y_{h,n} x^n

sequence B_0 (x) = B_{h +1} (x) = 1 + xB_h (x)^2 for h ≥

y_{h,n} n with h h .

INRIA France

USA

B_{h,n} n ≤ h

B_h (z) =_{n≥0}Σ B_{h,n} z^n

B0 (z) = 1 .

B_h (z) = 1 + z(B_{h − 1} (z^2 for h ≥

y_h (z

y_h (z) =_nΣ y_{h,n} z^n . (1.1)

y_0 (z) ≠

y_{h +1} (z) = P(z,y_h (z h ≥ where P(z,y P(z,y) =_{0≤k≤d}Σ P_k(z)y^k with p_d (z) ≠ d > 1 . (1.3)

h lim d^{− h} deg y_h (z inf : xεR^+ , y_h (x) as h (1.5) Clearly μ and ρ_h (z)} P(z,y y_0 (z

(A) P(z,y P(z,y) ≠ bz^ay^d ). y_h ≤ h ≤ y_h (z) y_h z 1 => z = 1.

h (z) λ_1 and λ_2 0_{1 2} .

λ_1 ≤ nd^{− h}_2

y_{h,n} = d^2 √ 2π(r^2 β (r) + rβ′(r rp_d (r)^{− 1/(d −} d^h (β(r)− rβ′(r r + O(d^{− 2}

(ρ ,∞ ) of

rβ′^{(r) = nd− h ,}

and β(z) (ρ ,∞ ) by β(z) = log y_0 (z) + d − 1

1 log p_d (z) +

j=0Σ^{∞ d− j− 1 log}_{pd (z)yj (z)}d^{yj+1 (z)}

h (z)_h* y_{h,n} 1

h lim d^{− h}N_h* = 0 .

If 1 N_h* ′ d^h as h

h, n

n − N_h* O(d^{2 3} )

y_{h,Nn}* y_{h,n} = − 2 1 σ_{− 2} d_{− h} (n − N_h*)_2 +O(d_{− 2h}n − N_h*_3

where σ^2 ′ .

y_h (z function β(z y_h (z

y_{h +1} (z y_h (z) and y_h (z β(z β(z h.

P(z,y y_h (z y_h (z h

λ_1 β(z y_h (z P(z,y) = bz^ay^d , b > 0, a ≥

y_h (z) = (bz^a )^{d − 1}

d^h − 1

y_0 (z)^{dh} , y_0 (z

y(z) =_{k=0}Σ^m a_kz^{ek} ≤ e_0 < e_1 < < e_m, a_1 , ,a_m >

y(z) y z z = e_1 − e_0 , e_2 − e_0 , ,e_m − e_0 ) = y(z y(z) = z^{e0} (z^d (z d > h y_h (z y_h (z y_h (z z^{eh} y_h*(z^d ) y_h*(z d y_2 (z

y_h (z h z∈ C , z z z , Im z polynomials y_h (z y_h (z) = g(z)α (z)^{dh} +o h (1.11) α (z), g(z y_h (z y_{h,n}

y_h (z

x_{n +1} = x_n^2 + g_n

with g_n 4 x_n

for n ≥ n_0.

1.

y_h (z

h (z) ≥ 2 εR^+, y_h (z) y_h (r z > z =

Proof. Let_h (z)} y_n (z z r, z ≠ y_h (z)_nΣ y_{h,n} z^n_nΣ y_{h,n} r^n = y_h (r

C with 1, y_{h,n} z^n y_{h,n} r^n (2.2) Let u = = z y_{h,n} u^n y_{h,n} n , y_h (u) y_h y_h (z) y_h (r z ≠ r, z r if y_h (u) y_h u ≠ 1, u 1. m ≥ z with z y_m(z) y_m

k_{=0}Σ^d p_k(z)y_{m− 1} (z)^k_{k=0}Σ^d p_k y_{m− 1}^k . (2.3) y_{m− 1} (z p_k(z p_k(z) p_k ≤ k ≤ d , y_{m− 1} (z) y_{m− 1} y_{m− 1} (z) y_{m− 1} z ≠ 1, z y_h (z) y_h h ≥ y_m(z) y_m ≤ m ≤ h

h (z)} y_h (z h ≥ 2 z r at r h, y_h (z

y_h (z) = z^{a h} y_h*(z^m y_h*(u m > y_h (z

y_0 (z y_1 (z y_0 (z) = 1, P(z,y) = zy+z^3 y^2 y_h (− y_h h = h =

h (z) ≠ 1, z 1 y_2 (z) y_2 ≥ 2 ≥ 0, y_h (z) = z^{a h} y_n*(z^r h*(n)

Proof. z ≠ 1, z_h (z)} y_1 (z) y_1 y_0 (z) y_0

If y_n = n < mand y_m ≠ y_2 (z) y_2 n_{≥m}Σ y_n z^{n − m}_{n≥m}Σ y_n . (2.6)

y_n > y_n z^{n − m} = y_n y_n = n > m (i.e., y_2 (x z^g = g ≥ 2, g z^g = y_n = n m (mod g r g y_n = n m (mod r y_h (x), h = y_{h,n} = n e_h (mod r e_h n y_{h,n} y_h (x ≤ h ≤

y_h (x) = x^{eh} y_h*(x^r where y_h*(t y_h (x ≤ h ≤ 2.

Write P(x,y) =_{0≤i,j<r}Σ g_{i,j} (x^r ,y^r )x^iy^j

g_{i,j} (u,v

y_1 (x) = x^{e1} y_1*(x^r ) =_{i,j}Σ g_{i,j} (x^r ,y_0 (x)^r )x^{i +e0 j} y_0*(x^r )^j ,

e_1 ≡ i + e_0 j r i,j g_{i,j} (u,v) ≠ y_2 (x) = x^{e2} y_2*(x^r ) =_{i,j}Σ g_{i,j} (x^r ,y_1 (x)^r )x^{i +e1 j} y_1*(x^r )^j , e_2 ≡ i + e_1 j r i,j g_{i,j} (u,v) ≠ 0. i,j g_{i,j} (u,v) ≠ i_1 ,j_1 (i_2 ,j_2 i_1 ≡ e_1 − e_0 j_1 r i_2 ≡ e_1 − e_0 j_2 r j_1 ≡ j_2 (mod r i_1 ≡ i_2 (mod r 0 ≤ i_1 ,i_2 ,j_1 ,j_2 ≤ r − i_1 ,j_1 ) ≠ (i_2 ,j_2 j_1 j_2 (mod r e_2 ≡ e_1 + (e_1 − e_0 ) j_1 ≡ e_1 + (e_1 − e_0 ) j_2 r e_1 ≡ e_0 (mod r j_1 j_2 (mod r r e_0 ≡ i + e_0 j r) i,j g_{i,j} (u,v) ≠ y_h (x) = x^{e0} y_n*(x^r ) h ≥ i,j) with g_{i,j} (u,v) ≠ y_{h +1} (x) = g_{i,j} (x^r ,y_h (x)^r )x^iy_h (x)^j ≤ h ≤ h ≥ e_h

y_h (z h (z)

inf : x∈ R^+ , y_h (x) as h 0 γ, η, ξ R(δ) = : z) , z)^{− 1} } (2.15)

y_h (z) ξd^h ) . (2.16)

Proof. Choose η_1 > p_d (z

R_1 = : z)_1 , z)^{− 1} } ,

a = min

z∈ R_1 min 2 1 p_d (z) , 2 1 .

K_1

P(z,y) ay^d (2.17)

if z∈ R_1 and y K_1

P(z,y) p_d (z) y^d 1 −_{k=0}Σ^{d − 1} p_d (z) p_k(z) y^{k− d} ,

p_k(z z∈ R_1. If y a^{− 1/(d −} ,

then

ay^d y ,

K_2 = K_1 ,a^{− 1/(d −}

u_0 = y and u_{n +1} = P(z,u_n n ≥ z∈ R_1 ,y K_2

u_k ≥ a^{d − 1}

d^k − 1

y^{dk} . (2.18) y u_k

Set K_3 = K_2 a^{− 1} h_0 y_{h0} ( ) ≥ 2 K_3 .

Since y_{h0} (z η_2 0_{2 1} R_2 = : z)_2 , z)^{− 1} } , then y_{h0} (z) K_3 for z∈ R_2

y_{h0 +k}(z) a^{d − 1}

d^k − 1

K_3^{dk} ≥

K_3 a^{− 1/(d −}

d^k

≥ 2^{dk} ,

h ≥ h_0 and z∈ R_2 γ and ξ small enough. h η is y_0 (z ,y_{h0 − 1} (z R(δ) ⊆ R_2 y_h (z γsmall enough.

h (z) δ, 0 constant 0 ≥ 2, z^{− 1} z /∈ R(δ,η) = : z^{− 1} , z) } ,

y_h (z) y_h (z d^h ) . (2.19)

Proof. h h ≥ h_0 y_h (z) y_h (z − c) c, e^c ≤ y_h (z)^{1⁄2} y_{h +1} (z) P(z,y_h (z)e^{− c} ) ≤ p_d (z)y_h (z)^de^{− cd}_{k=0}Σ^d p_d (z) p_{d − k}(z) y_h (z)^{− k}e^{ck}

≤ y_{h +1} (z)e^{− cd} + O(e^cy_h (z)^{− 1}

≤ y_{h +1} (z − cd +2cξ^{− 1} d^{− h} ) ≤ y_{h +1} (z − cd − d^{− 2} .

y_{h0} (z) y_{h0} (z)e (2.21) z, z /∈ R(δ), z^{− 1}

y_{h0 +k}(z) y_{h0 +k}(z d^k_{j=h0}Π

h_0 +k− 1

− d^{− 2}

≤ y_{h0 +k}(z d^k/

h ≥ h_0 ≤ h ≤ h_0 − ω h (z) 0 0 ∈ R(δ)

y_h (z) = d^h β(z) − d − 1

1 log P_d (z + O d_h

where β(z) (δ).

Proof. y_h (z R(δ

v_h (z) = log y_h (z z z∈ R(δ) −

y_{h +1} (z) = p_d (z)y_h (z)^d 1 + p_d (z)y_h (z)^d q(z,y_h (z

where

q(z,y) = P(z,y) − p_d (z)y^d . (2.25)

v_{h +1} (z) = dv_h (z) + log p_d (z) + log 1 + p_d (z)y_n (z)^d q(z,y_h (z . (2.26)

Since

v_0 (z) = log y_0 (z

v_h (z) = d^h log y_0 (z) + d − 1 d^h − 1 log p_d (z) +

m=1Σ^{h dj− 1 r} h − j^{(z}

where r_j (z) = log 1 + p_d (z)y_j (z)^d q(z,y_j (z . (2.28)

β(z) = log y_0 (z) + d − 1

1 log p_d (z) +

j=0Σ^{∞ d− j− 1 r} j^{(z) . (2.29)}

r_j (z R(δ β(z z∈ R(δ

v_h (z) = d^h β(z) − d − 1

1 log p_d (z) −

j=0Σ^{∞ d− j− 1 r} h +j^{(z}

O d^h

β(z) =_hlim d^{− h}v_h (z) =_hlim d^{− h} log y_h (z) . (2.31)

β(z z∈ R(δ β(z δ

β(z R(δ 0.

β(z).

n (z) μ,ρ be

(zβ′^{(z} ′^{> z∈ (ρ ,∞} and

z lim zβ′(z) . (2.33)

(z,y) (z,y) ≠ bz^ay^d )

z lim zβ′(z) = 0 . (2.34)

Proof. z∈ (ρ ,∞

zβ′^{(z) =}_h^{lim d− h}_{yh (z)}^{zyh (z) . (2.35)}

f(z) ≠

f(z) =_{k=0}Σ^∞ f_kz^k , f_k ≥

g(z) = f(z)

′^{(z)}

______

zfor z∈ R^+ g(z

zg′^{(z) = z2}_{f(z)}^{f (z) + z}_{f(z)}^f′^{(z) −}

f(z)

′^{(z)} ______ 2

X

X=k) = f(z) f_kz^k . g′^{(z) = fk is ≠ 0.}

f(z) = f_1 (z) + f_2 (z f_1 (z f_2 (z

f_i (z) =_{k=0}Σ^∞ f_{i,k}z^k , i =

then

z f(z)

′^{(z)} ______ ≥ f(z) f_1 (z) . z f^1 (z)

1 ′^{(z)}

(2.37)

z∈ R^+ X

X=k) = f(z) f_kz^k .

But X X_1 and X_2

X_i =k) = f_i (k) f_{i,k}z^k ,

f_i (z) (z λ Y_1 + )Y_2 Y_1 and Y_2 λ and

1 Y_1 λ and Y_2

Y_1 and Y_2

λ Y_1 + )Y_2 ) Y_1 ) + Y_2 ) . (2.38)

If F_i X_i

λ ∫x^2 dF 1 + )∫x^2 dF 2 − (λ ∫ 1 + )∫ 2 )^2

∫x^2 dF 1 (∫ 1 )^2 + )∫x^2 dF 2 − ∫ 2 )^2 ,

f_1 (z) = p_d (z)y_h (z)^d , f_2 (z) = y_{h +1} (z) − f_1 (z) = P(z,y_h (z − p_d (z)y_h (z)^d .

z y^{h +1} (z) zy_{h +1} (z) ≥ y_{h +1} (z) p_d (z)y_h (z)^d . z . p^d (z) zp_d (z) + d y_h (z) zy_h (z)

≥ d y_{h +1} (z) p_d (z)y_h (z)^d . z y^n (z) zy_h (z) .

z y^{h +1} (z) zy_{h +1} (z) ≥ d^{h − 2} z

y^2 (z) zy_2 (z) . j=2Π^h_{yj+1 (z)}

p_d (z)y_j (z)^d . (2.39)

j=2Π^∞_{yj+1 (z)}

p_d (z)y_j (z)^d

b = b(z) > ≤

d^{− h}z y^h (z) zy_h (z) ≥ d^{− 1}

y^2 (z) zy_2 (z)

> z(zβ′(z ′ h f(z ′^{(z) ≤ f(z . f(z z∈ R+ ,}

zβ′^{(z) ≤}_h^{lim d− h deg yh (z) . (2.41)}

h ≥ h_0,

deg y_{h +1} (z) = d deg y_h (z) + deg p_d (z

deg y_{h0 +k}(z) = d^k deg y_{h0} (z) + d − 1 d^k − 1 deg p_d (z) . (2.42)

z∈ R^+,

y_{h +1} ′(z) ≥ dp_d (z)y_h (z)^{d − 1} y_h (z

y_{h +1} (z) y_{h +1} (z) ≥ d y_h (z) y_h (z) e^{dh} )

γ, h ≥ z∈ ( ∞

R(δ) y_h (z R^+

any h_1

h =h_1Π ∞ e^{dh} ) > 1 /

z∈ ( ∞ h ≥ h_1

zβ′^{(z) ≥ d− h}_{yh (z)}^{zyh (z) / . (2.43)}

h_2 ≥ h_0 ,h_1 z

y_{n2} (z) zy_{h2} (z) ≥ / y_{h2} (z

zβ′^{(z) ≥ )d− h2 deg yh2 (z) .}

d^{− h2} deg y_{h2} (z) =_hlim d^{− h} deg y_h (z) ,

P(z,y

t_h (z) = d^{− h} y_h (z) y_h (z)

a_h (z) =

kΣ^pk^{(z)y}h^{(z)k} kΣ^pk^{(z)y}h^{(z)k}

b_h (z) =

kΣ^pk^{(z)y}h^{(z)k} kΣ_d^{k p}k^{(z)y}h^{(z)k}_{. (2.46)}

t_{h +1} (z) = d^{− h − 1} a_h (z) + b_h (z)t_h (z) . (2.47)

If E = max{deg p_k(z)}

z∈ R^+,

0 ≤ a_h (z) ≤ Ez^{− 1} , 0 ≤ b_h (z) ≤ 1 .

Hence t_{h +1} (z) ≤ t_h (z) + O(d^{− h}z^{− 1}

t_{h +m}(z) ≤ t_h (z) + Cd^{− h}z^{− 1} (2.49) m∈ Z^+ C > 0. y_h (ρ h r∈ R^+ Y(r) > P(z,y) > 2yfor z ≥ r, y ≥ Y(r y_h (ρ h y_k(ρ ′) > Y(ρ / k

ρ ′^{∈ (ρ / ρ yh (ρ} ′^h ρ . Since y_h (ρ P(x,y B < 1

b_n (ρ ) ≤ B , h ≥ 0 . Hence t_{h +1} (ρ ) ≤ Bt_h (ρ ) + O(d^{− h} ) . (2.50) t_h (ρ h C_1 > 0 t_{2h} (ρ ) ≤ C_1 (B^h + d^{− h} t_{2h +1} ≤ C_1 (B^h + d^{− h} ) . (2.51) Hence t_h (ρ ) → h h_0 Cd^{− h0} + C_1 (B^{h0} + d^{− h0} ) /4 . (2.52) t_{2h0} (z) /2

for z

t_h (z)

h ≥ 2h_0 and z∈ [ρ , β′(z) for z

every β′(z) → z .

h lim_{z→ 0+}lim_h (z) = 0 . (2.53)

h_0 and z∈ δ),

h_0 (z) / Cd

− h_0 /4 .

h_0 +m(z) , m∈ Z + , z∈ δ

y_h = h

y_h (z) = z^{vn} y_h*(z

where y_h*(z y_h* ≠

z→ 0^+ lim y_h (z) zy_n (z) = v_h .

But P(x,y v_{n +1} ≤ (d − v_h

z→ 0^+

lim_n (z) ≤ − d^{− 1} )^h ,

y_h ≠

z→ 0 lim y_h (z) zy_h (z) = y_{h,n} = 2πi 1 Γ ∫ yh (z)z^{− n − 1} dz

Let

d^h n

λ_{1 2} Γ r

rβ′^{(r) . (3.3)}

Since zβ′(z μbetween z and z r

[λ_1 ,λ_2 ], r∈ [r_1 ,r_2 r_1 < r_2 r θ_0 > β(z

r_1 z r_2 ,_0 ≤ z)_0 .

Re β(re^{iθ} ) (r) − 2 1 θ_2 (r_2 β (r) + rβ

′^{(r + O(θ4}

θ_0

Re β(re^{iθ} ) (r) − 4 1 θ_2 (r_2 β (r) + rβ

′^{(r . (3.5)}

If Γ_1 z = re^{iθ} with θ_0 2_0

2πi 1 Γ_1

∫ yh (z)z^{− n − 1} dz = O(r^{− n} d^h (β(r) − w

where w > r_1, r_2 θ_0 Γ_2 0 0

2πi 1 Γ_2

∫ yh (z)z^{− n − 1} dz =_{2πi}^1_{Γ2}∫ pd (z)^{− 1/(d −} d^h β(z z^{− n − 1} dz

+ O(r^{− n} d^n (β(r)− w′

where w′> r_1, r_2 θ_0

write

Γ_{2 3 4} ,

where

Γ_3 =^{iθ} :_{1 1} , θ_1 = hd^{− 2}

On Γ_{4 2} \Γ_3

Re β(re^{iθ} ) (r) − w h^2 d^{− h}

w > r_1 and r_2

2πi 1 Γ_4

∫ pd (z)^{− 1/(d −} d^h β(z z^{− n − 1} dz = O(r^{− n} d^h β(r) − w h^2 .

J = 2πi 1 Γ_3

∫ pd (t)^{− 1/(d −} d^h β(z z^{− n − 1} dz ,

then

J = 2π 1 1 ∫ θ_1

p_d (re^{iθ} )^{− 1/(d −} d^h β(re^{iθ} ) − n log r − niθ)dθ .

p_d (re^{iθ} )^{− 1/(d −} = p_d (r)^{− 1/(d −} +O(θ

J = π)^{− 1} A(r,n) 1 ∫ θ_1 − 2 1 d_h (r_2 β (r) + rβ ′^{(r θ2 ) . +O(θ) + O(dhθ3 dθ} = A(r,n)d^{− 2} π(r^2 β (r) + rβ′(r^{− 1/2} . +O(d^{− 2}

where A(r,n) = p_d (r)^{− 1/(d −} d^h β(r)− n log r

y_{h,n} when n n (defined

g(r) (r) − rβ′(r Now g′^{(r) (β}′^{(r) + rβ (r r ,} β′^{(r) + rβ (r) > r g}′^{(r r =} < ρ ,∞ y_{h,n} for r

n_0 = n_0 (h) ′ d^h ,

x = (n − n_0 )d^{− 2} .

x d^6 . If r

rβ′^{(r) = nd− h ,}

then

(n − n_0 )d^{− h} = rβ′(r) ′ = (r − σ^2 + O r −^2 where σ^2 ′ .

r − 1 = xd^{− 2} σ^2 + O(x^2 d^{− h} ) .

B_{h,n} ≤ h n

h, B_{h,n} n ∼ 2^h

2^{− 2} .^h . ) . (4.2) For h = 9, B_n n = B

β(r

f(λ ) (r)− rβ′(r r , where r < r < r

rβ′^{(r) .}

B_{h, n} h and n 2^h as h , then

h − h log B_{h, n} = f(λ ) .

y_0 (z) = z, y_1 (z) = z^2 , y_{h +1} (z) = y_h (z y_h (z) + 2 y_{h − 1} (z h ≥ 1 .

Since y_{h +1} (z y_{h − 1} (z y_h (z

y_h (z P(z,y

A_h (x,y A_0 (x,y) = A_{h +1} (x,y) = xyA_h (x,y)^2 + xy^2 A_h (x,y)^3 for h ≥ 0 . A_n (x A_h y

A_h (x,y).

β(r f(λ^{− h} log B_{h, n} as h, n with n 2^h.

REFERENCES

,

11 (1973), 429-437. 6 47 48

25

12 196 1 245.

44

R-2

17