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Abstract. We considerthe sequenceomparisorproblem,alsoknown as*“hid-
denpattern”’problemwhereonesearchefor agivensubsequende atext (rather
thana stringunderstoodisa sequencef consecutie symbols).A characteristic
parameteiis the numberof occurrence®f a given patternw of lengthm asa
subsequence a randomtext of lengthn generatecby a memorylesssource.
Spacingetweenettersof the patternmay eitherbe constrainedr notin order
to definevalid occurrencesWe determinghe meanandthevarianceof thenum-
berof occurrencesandestablisha Gaussiarimit law. Theseresultsareobtained
via combinatoricson words, formal languagetechniquesand methodsof ana-
lytic combinatoricsdhasedon generatingunctionsandconvergenceof moments.
Themotivationto studythis problemcomesfrom anattemptatfinding areliable
thresholdfor intrusiondetectionsfrom textual dataprocessingpplicationsand
from molecularbiology.

1 Introduction

String matcding and sequenceomparisonare two basicproblemsof patternmatch-
ing known informally as“stringology”. Hereafter by a string we meana sequenc®f
consecuife symbols.In string matching,givena patternw = wyws . . . wy, (of length
m) onesearchegor some/alloccurrencesf w (asablock of consecutie symbols)in
atext T,, of lengthn. The algorithmsby Knuth—Morris—Prattand Boye—Moore[7]
provide efficient waysof finding suchoccurrencesAccordingly, the numberof string
occurrencem arandontext hasbeenintensiely studiedoverthelasttwo decadesyith
significantprogressn thisareabeingreported3, 9,10,15-17 24]. For instanceGuibas
andOdlyzko [9, 10] have revealedthe fundamentatble playedby autocorrelatiorvec-
tors and their associategolynomials.Régnierand Szpanlkwski [16,17] established
thatthenumberof occurrencesf a stringis asymptoticallynormalundera diversity of
modelsthatincludeMarkov chains Nicodeme,Salvy, andFlajolet[15] shaved gener
ally thatthenumberof placesn arandomtext atwhicha‘motif’ (i.e.,ageneraregular
expressiorpattern)terminatess asymptoticallynormally distributed.

In sequenceomparisonsye searchfor a givenpattern’vV.= wyws . . . w,, in the
textT,, = t1t ... t, asasubsequencehatis, welook forindicesl < iy < iy < --- <
im < nsuchthatt;, = wq, ti, = wa, -+, t;,, = wm. We alsosaythattheword w is
“hidden” in thetext; thuswe call this the hiddenpatternproblem.For example,dat e
occursas a subsequenci the text hi dden patt ern, in fact four times, but not



evenonceasa string. We canimposean additionalsetof constraintsD on theindices
11,12, - - -, iy tO recordavalid subsequenceccurrencefor a givenfamily of integers
d; (d; > 1, possiblyd; = 00), oneshouldhave (i;+1 — ;) < d;. In otherwords,the
allowed lengthsof the “gaps” (i;4+1 — 4; — 1) shouldbe < d;. With # representing
‘don’t-care-symbol’(similar to the unix ‘x’-convention)andthe subscriptdenotinga
strictupperboundon thelengthof theassociatedap,atypical patternmaylook like
ab#,r #fac#a#d#a#br #a;
there,# abbreviates#., and#; is omitted;themeaningsthat'ab’ shouldoccurfirst
contiguouslyfollowedby ‘r * with a gapof < 2 symbols,followed anywherelaterin
thetext by ‘ac’, etc. Thecasewhenall thed;’s areinfinite is calledthe unconstained
problem whenall the d;’s arefinite, we speakof the constainedproblem.The case
whereall d; reduceto 1 givesbackclassicalstringmatchingasalimit case.

Motivations. Our original motivation to study this problemcamefrom intrusion
detectionin the areaof computersecurity The problemis importantdueto the rise
of attackson computersystemsThereare several approacheso intrusiondetections,
but, recentlythe patternmatchingapproacthasfound mary adwocatesmostnotably
in [2,14,25]. The mainideaof this approachs to searchin an auditfile (the text) for
certainpatterngdknown alsoassignaturesjepresentinguspiciousactivities thatmight
beindicative of anintrusionby an outsider or misuseof the systemby aninsidet The
key to this approachs to recognizethat thesepatternsare subsequences becausean
intrusion signaturespecificatiorrequiresthe possibility of a variablenumberof inter-
veningeventsbetweensuccessie eventsof the signatureln practiceone often needs
to put someadditionalrestrictionson the distancebetweerthe symbolsin the searched
subsequenceavyhich leadsto the constrainedrersionof subsequencpatternmatching.
Thefundamentatjuestionis then:How manyoccurrenceof a signatue (subsequence)
constitutea real attack? In other words, how to seta thresholdso that we can de-
tectonly realintrusionsandavoid falsealarmst is clearthatrandom(unpredictable)
eventsoccurandsettingthethresholdoo low will leadto anunrealisticnumberof false
alarms.Ontheotherhand settingthe thresholdoo high mayresultin missingsomeat-
tacks,whichis evenmoredangerousThisis afundamentaproblemthatmotivatedour
studiesof hiddenpatternstatistics By knowing the mostlikely numberof occurrences
andthe probability of deviating from it, we canseta thresholdsuchthat with a small
probabilitywe missrealattacks.

Molecular biology providesanotherimportantsourceof applicationg[18,23,24].
As a rule, there,one searchedor subsequencesiot strings. Examplesare in akun-
dance:split geneswhereexonsareinterruptedby introns startingandstoppingsignal
in genestandemrepeatsn DNA, etc.In generalfor genesearchingthe constrained
hiddenpatternmatching(perhapswvith anexotic constraintset)is theright approactor
finding meaningfulinformation. The hiddenpatternproblemcanalsobe viewed asa
closerelative of the longestcommonsubsequenc@.CS) problem,itself of immediate
relevanceto computationabiology andstill surroundedy mystery[20].

We, computerscientisteandmathematiciangrecertainlynotthefirst whoinvented
hiddenwordsandhiddenmeaning1]. RabbiAkivain thefirst centuryA.D. wroteacol-
lectionof documentsalledMaasehMerkavaon secretmysticismandmeditationsin
the eleventhcenturySpanishSolomonlbn Gabirol calledthesesecretteachingKab-
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balah Kabbalistsorganizedthemselesas a secretsociety dedicatedto study of the
ancientwisdomof Torah,looking for mysteriousconnectionandhiddentruth, mean-
ing, andwordsin Kaballahandelsevhere(withoutcomputers!)Recentversionsof this
actiity areknowled@ discoveryand datamining bibliographicsearh, lexicographic
reseach, textual dataprocessingor evenwebsiteindexing. Publicdomainutilities like
agr ep, gr appe, webgl i npse (developedby ManberandWu [26], Kuchera [13],
and others)dependcrucially on approximatepatternmatchingalgorithmsfor subse-
guencedetection.Many interestingalgorithms,basedon regular expressionsand au-
tomatadynamicprogrammingdirectedacyclic word graphsdigital triesor suffix trees
have beendeveloped;see[5, 8,13,26] for aflavour of the diversity of approaches.

In all of the contexts mentionedabove, it is of obvious interestto discernwhat
constitutesa meaningfulobsenation of patternoccurrencefrom whatis merelya sta-
tistically unavoidable phenomenor{noise!). This is preciselythe problemaddressed
here.We establishhiddenpattern statistics—i.e., preciseprobabilisticinformationon
numberof occurrencesf a givenpatternw asa subsequence arandomtext 7, gen-
eratedby a memorylessourcethisin the mostgeneralcase(coveringthe constrained
andunconstrainedersionsaswell asmixedsituations) Surprisinglyenoughandto the
bestof our knowledge thereareno resultsin the literaturethataddresghe questionat
this level of generality An immediateconsequencef our resultsis the possibility to
setthresholdsatwhich appearancef a (subsequencejatternstartsbeingmeaningful.

Results. Let 2,, be the numberof occurrence®f a given pattern)V asa subse-
quencen arandomtext of lengthn generatedy a memorylessource(i.e., symbols
aredrawn independently)We investigatehe generalkcasewherewe allow someof the
gapsto berestricted,andothersto be unboundedThenthe mostimportantparameter
is the quantityb definedasthe numberof unboundedyaps(the numberof indices; for
whichd; = oo) plus1; the productD of all thefinite constraintsi; playsalsoarole.
We obtainthemeanthevarianceall momentsandfinally acentrallimit law. Precisely
we prove in Theoreml thatthe numberof occurrencetasmeanandvariancegivenby

b
E[2.] ~ 3 Dr(W),  Var[2,] ~ o*(0V) n?!

wherer (W) is theprobabilityof W, ando? (W) is acomputableonstanthatdepends
explicitly (thoughintricately)onthestructureof thepatternV andtheconstraintsThen
we prove the centrallimit law by momentmethodsthatis, we shav thatall centered
moments({2,, — E[Qn])/n”—% corvergeto the appropriatemomentsof the Gaussian
distribution (Theorem?2). We stressthat, exceptin the constrainectase the difficulty
of the analysislies in a nonlineargrowth of the meanandthe varianceso that mary
standardapproacheto establishinghe centrallimit law tendto fail.

For theunconstrainegiroblem,onehasb = m, andboththe meanandthevariance
admitpleasantlysimpleclosedforms.For theconstrainedasepnehash = 1, while the
meanandthevariancebecomeof lineargrowth. To visualizethedependengof o2 (W)
of W, we obsere that, whenall the d; equall, the problemreducesto traditional
stringmatdingthatwasextensvely studiedn thepastaswitnessedy the (incomplete)
list of references[3,9,10,15-1724]. It is well known that for string matchingthe
variancecoeficient is a function of the so-calledautocorelation of the string. In the
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generalcaseof hidden patternmatching,the autocorrelatiormust be replacedby a
morecomplex quantitythatdependsn the way pairsof constrainedccurrencesnay
intersect(cf. Theoremt).

Methodology. The way we approactthe probabilisticanalysisis througha formal
descriptionof situationsof interestby meansof regular languagesBasically sucha
descriptionof contexts of one,two, or several occurrencegivesaccesso expectation,
variance,and higher momentsrespectiely. A systematidranslationinto geneiating
functionsis available by methodsof analytic combinatoricsderiving from the origi-
nal Chomsly-Schitzenbegertheorem.Then, the structureof the implied generating
functionsat the pole z = 1 providesthe necessarasymptoticinformation. In fact,
thereis animportantphenomenormf asymptoticsimplificationwherethe essential®f
combinatorial-probabilistideaturesare reflectedby the singularforms of generating
functions.For instanceyariancecoeficientscomeout naturallyfrom this approacho-
getherwith, for eachcase,a suitablenotion of correlation;higher momentsare seen
to arisefrom a fundamentakingularsymmetryof the problem,a fact that eventually
carrieswith it the possibility of estimatingmomentsFromthereGaussianaws even-
tually result by basicmomentcorvergencetheorems.Perhapshe originality of the
presentapproacHies in sucha joint useof combinatorial-enumerate techniquesand
of analytic-probabilistianethods.

2 Framework

We fix analphabetA := {a;,az,...,a,}. Thetextis T,, = t1t2---t,. A particular
matchingproblemis specifiedby a pair (W, D): thepatternW = w; - - - w,,, isaword
of lengthm; theconstaint D = (di, ..., d,,_1) is anelementof (N U {oco})™ 1.

Positions and occurrences. An m-tuple I = (i1,i2,...,im) (1 <41 <y <--- <
im) Satisfiesthe constraintD if i, — i; < dj, in which caseit is calleda position
Let P,,(D) bethesetof all positionssubjectto the separatiorconstraintD, satisfying
furthermorei,, < n. An occurrenceof pattern)V in the text T,, of lengthn subject
to the constraintD is a positionI = (iy,%2,---,iy,) of P,(D) for which t;, = wy,
tiy = Wa,...,t;,, = wy. Foratext T, of lengthn, the numberof occurrences?, (D)
(of w) subjectto theconstraintD is thena sumof characteristivariables

2,(D)= Y X;, with X;:=[woccursatpositionlinT,], (1)
1€P.(D)

where[B] = 1 if thepropertyB holds,and[B] = 0 otherwise(lversons notation).

Blocks and aggregates. In the generalcase the subsetF of indicesy for whichd;
is finite (d; < oo) hascardinalitym — b with 1 < b < m. Thetwo extremevalues
of b, namely b = m andb = 1, thusdescribethe (fully) unconstrainedndthe (fully)
constrainegroblemrespectrely. Thesubset/ of indices; for whichd; is unbounded
(d; = o0) hascardinalityb — 1. It separatethe pattern)V into b independensubpat-
ternsthatarecalledtheblocksandaredenotedoy Wy, W, ... W;. All the possibled;
“inside” W, arefinite andform the subconstrainD,.. In the exampledescribedn the
introduction,onehasb = 6 andthesix blocksare



W :a#lb#zr Ws = a#lc, Ws=a, W,= d#4a, W5:b#1r , Ws=a.
In thesameway, anoccurrencd = (iy,4s,. .., %4y ) Of W subjectto constraintD gives
rise to b subpositionsIt), 1121, .. %1 the rth term II"] being an occurrenceof W,
subjectto constraintD,.. Therth block Bl is the closedsegmentwhoseendpointsare
the extremalelementsof Z1"], andthe aggregateof position, denotedby a(I), is the
collectionof theseb blocks.In the exampleof theintroduction,the position
I=(6,7,9,18,19,22,30,33,50,51,60)

satisfieghe constraintD andgivesriseto six subpositions,

™M =(6,7,9), 1% =(18,19), 1¥ =22, 11 = (30,33), 1% = (50,51), I = 60;
accordingly theresultingaggrgatea(I) is formedwith six blocks,

B =16,9], B =[18,19], BB = [22], B = [30,33], B =[50, 51], B = [60].

Probabilistic model. We considera memorylessource that emits symbolsof the
text independentlyanddenoteby p, (0 < p, < 1) theprobabilityof thesymbola € A
beingemitted.For a givenlengthn, arandomtext, denotedby T3, is drawn according
to the productprobabilityon .4™. For instancethe patternprobability 7 (W) is defined
by 7(W) = [I;_, pw:, @ quantity that surfacesthroughoutthe analysis.Under this
randomnessodel,the quantity 2,,(D) becomes randomvariablethatis itself asum
of correlatedandomvariablesX (definedin (1)) for all allowablel € P, (D).

Generating functions. We shallconsiderthroughouthis paperstructuresuperim-
posedon words.For a classY of structuresandgivenaweightfunction ¢ (inducedby
theprobabilitiesof individual letters),we introducethe geneiting function

V(z) = Z Vo2 i= Z c(v)z!Vl,

veY

wherethe size |v| is the numberof lettersinvolved in the structure.Then!, V,, =
[V (z) is the total weight of all structuresof sizen. The collectionof occurrences
is describedby meansof regularexpressiongxtendedwith disjoint unions,andCarte-
sianproductslt is thenknown thatdisjoint unionsand Cartesiarproductscorrespond
respectiely to sumsand productsof generatingfunctions;see[19,21] for a general
frameawork. Suchcorrespondencesake it possibleto translatesymbolicallycombina-
torial descriptiongnto generatingunctionequationsanda greatuseis madeof thisin
whatfollows. All theresultinggeneratingunctionsturn outto berational, of theform
V(z) = (1 — 2)~*+1 P(2) for someintegerk > 0 andpolynomial P, sothat

k
V, = [z"]ﬁP(z) = TP (1 + 0(%)) . )

3 Mean and Variance Estimates of the Number of Occurrences

Mean value analysis. The first momentanalysisis easily obtainedby describingthe
collectionof all occurrenceén termsof formal languagesLet O bethe collection of
all occurrencesf W asa hiddenword. Eachoccurrenceanbe viewedasa “context”

! Thenotation[z"] f(z) representshe coeficient of 2™ in the seriesf (z).



with aninitial string,thenthefirst letterof the patternthenaseparatingtring,thenthe
secondetter, etc. ThecollectionQ is thendescribedy

O = A x{w; } x AU x {wo} x AS®2 X x {wp_1 } X AN =1 x {wy, } x A*. (3)

There for d < oo, A<? denoteshecollectionof all wordsof lengthstrictly lessd, i.e.,
A<= ;.4 A', whereasfor d = o0, A<> denoteghecollectionof all finite words,
i.e., A< = A* = J, ., A’. Theassociategieneratindunctionsare

1— 24 A 1
Ad(z):1+z+z2+"'+zd71:ﬁ, Am(z):1+z+zz+:

1—2

We now weighteachoccurrencey the quantityr(w) = E[X[], sothatthegenerating
functionO(z) of O coincideswith the generatingunction of the expectationgE[(2,],

b+1 m _ o ds
0(2) = Y B[] 2" = (liz) x (priz> x ( 11 _zz ) 4)
i=1 icF

n>1

and,with 7(W) the probability of thepatternV, onefindsfrom (2) and(4):

E[2,] = [2"]0(z) = Z—f (H d,-) (W) (1 +0 (%)) .

i€F

Variance analysis. For varianceandhighermomentanalysisjt is essentiato work
with centredrandomvariablesdefinedas
Vi =X —E[X ] =X; —n(W), Z.(D):=2(D)—-E[2,(D)] = Z Yr.

IeP. (D)
The secondmomentof the centredvariable=,, (D) equalsthe varianceof (2,,(D) and
with the centredvariablesdefinedabore onehas
E[Z2(D)]= Y EMYi]
1,J€Pn(D)
Therearetwo kinds of pairs(I, J) accordingasthey intersector not. WhenI and.J
do not intersectthe correspondingandomvariablesY; andY; areindependentand
the correspondingcovariance E[Y7Y;] reducesto 0. It is thus sufficient to consider
intersectingsubsetd andJ. Supposehatthereexist two occurrence®sf pattern)V at
positions! andJ which intersectat £ distinct places the k-th intersectiorpoint being
ther,-thin thenaturalorderingof I andthe si-th in the naturalorderingof J. (Thisis
only possibléf, forall k,1 < k < £, onehasw,, = ws, .) Wethendenoteby Wyn s the
subpatterrof W thatoccursat positionI N J, andby 7#(Wrny) the probability of this
subpatternSincethe expectationE[ X X ;] equalsr (W)? /7 (Wins), the expectation
E[Y7Y;] = E[X[X ] — m(w)? involvesa correlationnumbere (1, J)
E[YY)] = 720W) e(I,J), with e(I,])= —— 1, (5)
W(WmJ)

In this case we take the pair of occurrenceselative to (I, J) asweightedby E[Y;Y;],
and considerthe collection O, of pairs of intersectingoccurrencesThe associated



generatingunction O,(z) coincideswith the generatingunction of the expectations
E[YIYJ], thatis,

02 (Z) = Z z" Z YIYJ] Z an

n>1 I,JEPn (D), n>1
INJ#0

We now needto estimateO»(z) asz — 1. First, definethe aggregate a(1, J) to
bethesystemof blocksobtainedby memging togetherall intersectingolocksof thetwo
aggrgatesx(I) anda(J). Thenumberof blockss(I, J) of (I, J) playsafundamen-
tal réle here,sinceit measureshe degreeof freedonof pairs.Sincel and.J intersect,
thereexistsatleastoneblock of «(I) thatintersectsablock of a(.J), sothat3(I, J) is
at mostequalto 2b — 1. Next, we groupthe setsI, J accordingto thevalueof 3(1, J)
andwrite Og”] for the collectionof intersectingpairs (1, J) of occurrencesor which
B(I, J) equalb — p. Sincethereis afundamentatranslationinvariancewe introduce
anotion of full pairs: apair (I, J) of P,(D) x Py(D) is full if the aggreyatea (!, J)
completelycoverstheinterval [1, g]. (Clearly, the possiblevaluesof g arefinite.) Then
the collectionO! is isomorphicto (A*) 27+ x B, whereBP! is the subsebf full

pairssuchthats(I, J) equals2b — p. Thegeneratindgunction of 03’1 is accordingly

(2 LR AR
OS5 (2) = (—) x B (2).

1—2

Here,Bg”] (2) is thegeneratindunction of thecollectionBé”] andfrom our earlierdis-
cussionjt is a polynomialof degreeatmost2d(m — 1) + 1, with d = max;c + d;. Now,
aneasydominantpole analysisentailsthat [z"]ng] = O(n?"~P). This provesthatthe
dominantcontributionto thevariances givenby [z ] o, whichis of orderO(n2-1).

Then,the varianceE[=Z2] involvesthe constantB ( ) thatis the total weight of the
Collectiontl]; thepolynomlaIBE]( ) isitself thegeneratindunctionof thecollection

BE], conceptuallyan extensionof GuibasandOdlyzko’s autocorrelatiorpolynomial.

Sincethestandardleviationis of anorder, O(n®~1/2), thatis smallerthanthemean,
O(n?), concentratiomf distribution holds,via awell-known argumentasedn Cheby-
she/'sinequalitiesIn summary:

Theorem 1. Considera generl constaint D and the numberof occurrences(?,, =
2,(D). Themeanandvarianceof (2, satisfy

B[] = w(;/!\/) ( 11 dj) nt (1 + 0(1)) ,

JjEF

Var[(2,] = o>(W)n21 <1+0( ))

wheee F is the setof j such thatd; < oo, and the “variance coeficient” o2(W)
involvestheautocorelationx (W)

7 W) 2 - 2 __ 1

(1,7)eB!

a?(W) =
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Thesethl] is the collectionof all pairs of occurrences(!, J) that satisfythree con-
ditions: (7) they are full; (i) they are intersecting; (ii¢) there is a single pair (r, s)
with 1 < r,s < b for which therth block B! of a(T) andthe sth block C#! of a(.J)
intersect.

Computation of the variance. The computationof the autocorrelations(W) re-
ducesto b? computationsof correlationss(W,., W), relative to pairs (W,, W;) of
blocks.Notethateachcorrelationof theform x(W,., W;) involvesatotally constrained
problemandcanbe evaluatedby dynamicprogrammingPreciselyonehas

1 r+s—2\/2b—r—s
2 :D2
K2 (W) K;@D@( .1 )( . )H(Wr,ws), (7)

wherex(W,, W;) is thesumof thee(I, J) takenoverall full intersectingpairs(1, .J)
formedwith anoccurrencd of W, subjecto constraintD,. andanoccurrence/ of W,
subjectto constraintD;. Let usexplaintheformula(7) in words:for apair (I, J) of the
setBl!, thereis asinglepair (r, s) of indiceswith 1 < r, s < b for which therth block
Bl"l of o(I) andthesth block C#] of (.J) intersectThen,thereexist » + s — 2 blocks
beforetheblocka( BI"], Cl¥]) and2b—r — s blocksafterit. We thenhave threedifferent
degreesof freedom:(i) therelative orderof blocks Bl (i < r) andblocksCU!(j < s),
andsimilarly the relative orderof blocks Bl(i > r) andblocksCl1(j > s); (ii) the
lengthsof the blocks(thereare D; possiblelengthsfor the jth block); (ii4) finally the
relative positionsof theblocks BI"] andCls].

In the unconstrainegroblem,the parameten equalsm, and eachblock W, is
reducedo the symbolw,.. Thenthe“ correlationcoeficient” x?(WW) simplifiesto

e £ (2 o) e

wherethe“autocorrelatiormatrix” I" of pattern/V is definedby I'(r, s) := [w, = ws].

4 Central Limit Laws

Our goal is to prove that (2,, appropriatelynormalizedtendsto the standardnormal
distribution. We considetthe following normalizedrandomvariable
~ En 02, - E[,)]

—_
=} .
—

T opb-1/2 T nb—1/2

whereb is the numberof blocks of the constraintD. We shall showv that §n behaes
asymptoticallyas a normal variablewith mean0 and standarddeviation o. By the
classicaimomentcorvergencetheoem (Theorem30.2 of [4]) this is establishednce
all momentsof =,, areknown to corvergeto the appropriatemomentsof the standard
normaldistribution. We remindthereaderthatif G is a standarchormalvariable(i.e.,
a Gaussiardistributed variablewith mean0 and standarddeviation 1), thenfor ary
integrals > 0

EG¥]=1-3---(2s—-1), E[G*T']=0. 9)
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We shall accordinglydistinguishtwo casesasedon the parity of r, r = 2s andr =
2s + 1, andprovethat

E[57213+1] — 0(7,L(23—',-1)(I)—1/2))7 E[Eis] ~ 023 (1 .3... (28 _ 1)) n2sb—s7 (10)
which implies Gaussiartorvergenceof =,,.

Theorem 2. Therandomvariable {2,, asymptoticallyfollowsa Central Limit Law:

_ 2, — E[2,] 1 /E P
lim Pr{ =2 Ul <8 —  — e 2 qt 11
n—ro0 { Var[(2,] ~— } V21 J s (1)

Proof. Theproofbelow is combinatorialjt basicallyreducego groupingandenumer
atingadequatelythe variouscombinationsf indicesin the sumthatexpresseE[=T].
Oncemore, P, (D) is formedof all the positionsof [1,n] subjectto the constraintD
andP(D) = |J,, Pn(D). Thentotally distributing thetermsin =7, (D) yields

E[Z]] = > E--vl. (12)
(I1,...,I)EPL(D)

An r-tuple of sets(I4,...,I,) in P"(D) is saidto befriendly if eachl}, intersectsat
leastoneotherIy, with £ # k andwe let Q") (D) bethesetof all friendly collectionsin
Pr(D). For P, Q("), andtheir derivativesbelow, we addthe subscript: eachtime the
situationis particularizedo texts of lengthn. If (Iy,. .., I,) doesnotlie in Q") (D),
thenE[Y], --- Yy, ] = 0, sinceatleastoneof theY;’sis independentf theotherfactors
in theproductandtheY;’shavebeencentredE[Y;] = 0. Onecanthusrestrictattention
to friendly familiesandgetthe basicformula

Be- X BTl @
I1,..,1,)€Q) (D)

wherethe expressionnvolvesfewer termsthanin (12). Fromthere,we proceedn two
stagesFirst, restrictattentionto friendly familiesthat give rise to the dominantcontri-
bution andintroducea suitablesubamily Q,(f) c 9; in sodoing, momentsof odd
orderappeato benggligible. Next, for evenorderr, thefamily Qi”) involvesasymme-
try andit sufiicesto consideranothersmallersubfamily Q&Q C Q,(f) thatcorresponds
to a“standard”"form of occurrencentersectionthis lastreductionpreciselygivesrise
to the evenGaussiaimoments.

Odd moments. Given(Ty, . .., I,) € ("), onedefinesheaggrayaten(Iy, I, . . ., I,,)
asthe aggreyation (in the senseof the variancecalculationabove) of a(f;) U --- U
a(I.). Next, the numberof bloks of (I3, ..., I,) is the numberof blocks of the ag-
gregatea(ly,. .., I,.); if pis thetotal numberof intersectingblocks of the aggreyate
a(l,...,I,), theaggr@atea(ls, I, ... I.) hasrb — p blocks.Like previously, we
saythatthe family (Iy,...,I,) of fo) is full if the aggr@atea(ly, I, ... I,) com-
pletely coversthe interval [1, ¢]. In this case,the length of the aggrejateis at most
rd(m — 1) + 1, andthe generatingunction of full familiesis a polynomial P, (z) of
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degreeat mostrd(m — 1) + 1 with d = max;c+ d;. Then,the generatingunction of
familiesof Q(") whoseblock numberequals is of theform

( ! )Hl x Py(2),

1-—2

sothatthe numberof familiesof Q' whoseblock numberequalsk is O(n*). This

obsenation provesthatthe dominantcontribution to (13) arisesfrom friendly families
with a maximal block number It is clear that the minimum numberof intersecting
blocksof ary elementof Q") equalsequals[r/2], sinceit coincidesexactly with the
minimumnumberof edgesf agraphwith r» verticeswhich containsnoisolatedvertex.

Thenthe maximumblock numberof a friendly family equalsrb — [r/2]. In view of

this factandtheremarksabove regardingcardinalitieswe immediatelyhave

E [5§s+1] -0 (n(2s+1)b—s—1) -0 (n(23+1)(b—1/2))

which establisheghelimit form of oddmomentsn (10).

Even moments. We arethusleft with estimatingthe evenmomentsThe dominant
termis relative to friendly familiesof Q(2%) with anintersectinglock numberequalto
s, whosesetwe denoteby 0 In suchafamily, eachsubsetl;, intersect®neandonly
oneothersubsefl,. Furthermoreif theblocksof a(1;,) aredenotedy B,[zu], 1<u<b,
thereexists only oneblock B,[c”’“] of a(I}) andonly oneblock BE“‘] that containsthe
pointsof I}, N I,. This definesaninvolution 7 suchthatr (k) = ¢ andr(¢) = k for all
pairsof indices (¢, k) for which I}, and I, intersect.Furthermoregiventhe symmetry
relationE[Y7, - -- Yy, ] = E[Y,,, --- Y1, ] it sufficesto restrictattentionto friendly
familiesof Q{**) for whichtheinvolutionr is thestandardnewith cycles(1,2), (3,4),
etc; for such“standard"familieswhosesetis denotedby Qﬁs), the pairsthatintersect

arethus(Iy, Iy), ..., (I2s—1, I2s). Sincethe setX,; of involutionsof 2s elementshas
cardinalityK»s =1-3-5---(2s — 1), theequality
Z E[YI1 o 'YI2s] = Ko, Z E[YII e 'YIZS]a (14)
o2 o)

entailsthatwe canwork now solelywith standardamilies.
Theclassof occurrenceselative to standardamiliesis A* x (A*)25=s=1 x BESS] X
A*, andinvolvesthe collectiontss] of all full friendly 2s-tuplesof occurrencesvith

a numberof blocks equalto s. SinceBLss] is exactly a shufle of s copiesof BQ] (as
introducedn the studyof thevariance)the associategieneratingunctionis

1 2sb—s+1 Bgl] (2) s
<l—z> (251’_3)!<(2b—1)!> ’

whereBE] (z) is thealreadyintroducedautocorrelatiorpolynomial.Upontaking coef-
ficients,we obtainthe estimate
> E[Y -V, ]~ heg?, (15)
9(25)

*xkT
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In view of theformulae(12), (13), (14),and(15) above, this yieldsthe estimateof even

momentsandleadsto thesecondelationof (10). (NotethattheevenGaussiamoments
eventuallycomeout of the numberof involutions,which correspondso a fundamental
symmetrypresenin the problem.)This completeshe proof of Theorem?2.

5 Conclusion

As atestcasewe took the full text of Hamlet whereall nonalphabeticharactersre
suppressedrhis givesus a (ratherunpoeticalooking) text thathasonelong line with

30,316wordsandn = 120,057 alphabeticatharacters? who s therenay answenme
standandunfold yourselflong live the king bernardche you comemostcarefullyupon
your hour[...]". Thepatternis “Thelaw is Gaussiafi [w = thelawisgaussian] and
its mirror imagew, correspondingo m = 16. Basedon the empirical distribution of

letter frequenciesn the text, we anticipatethe patternto appearl.330 108 timesas
a subsequencayhile the obsened countsare 1.365 10*® and 1.388 10*8, a deviation
of lessthan4% from whatis expected.Similarly, if we boundthe separatiordistance
betweenary two lettersby d, analysispredictsthat the patternmight startoccurring
neard = 10, while its presencés unlikely for smallervalues,d < 10. In fact,w starts
occurringatd = 14 while w startsatd = 13—adeviation of some30—-40%from what
themodelpredicts.Hereis atableof obsenedversuspredictedvalueswhend varies:

w = thelawisgaussian w = naissuagsiwaleht
d Expected E) Occurred(£2) N/E Occurred(£2) NR/E
13 9.195E+01 0 0.00 18 0.19
14  2.794E+02 693 2.47 371 1.32
20 5.886E+04 124,499 2.11 41,066 0.69
50 5.482E+10 76,146,232,395 1.38 48,386,404,680 0.88
0 1.330E+48 1.36554E+48  1.03 1.38807E+48 1.04

This (togetherwith mary otherexperiments)shows a fair fit betweenthe theoretical
modelandthe obseneddataeventhoughthetext choseris far from being“random”.

Extensions. For the constrainedcasewhereall the distancesare finite, basedon

finite statemodelsandthede Bruijn graphiit is possibleto obtainlocal limit laws (i.e.,
adirectestimationof probability densities)a characterizatiorf the speedof corver-
genceto theasymptotidimit (it is n—1/2), aswell aslarge deviation estimategthatare
exponentiallysmall); seethe full paper For the unconstraineaase the corresponding
problemsappearo be relatedto productsof randommatricesandto the difficult case
of randomwalks on nilpotentLie groups;seeGuivarc’h’s paper[11] for context and
referenceskinally, preliminaryinvestigationsndicatethatthe methodsdevelopedhere
applyto Markoviansourceandmoregenerallyto all dynamicalsourcesn thesenseof
Vallée[6, 22].
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