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@&J�L2L2G
K>UXB2KRP2FZKRL�N:K�Y:[I@�O6KRF
KRUVB�NWK

n
h�T&J�[^KML�N:@+UfL

m
J:P�U:KRLR{�OqD�@�O6J:U�K�NWK�OR@+Y�@�O6G^B2E

b = 1
{

FZ@&GIL�@+\�KMO�[I@ZO>T&UVB2P_@+GIUVB2K�U:T&UsO6[t@&L�L2GIH�J:K�NWK�NWERhfT�P�NWKRFZK>UVB��
N:P2T�G(B�K�N:KRL�J:P�U:KML>`

2 ÂfÆ_Ó�ÒmèMÒ�'{)0ÑÊÒqÔ h(x) ÈÊÉ>Î�Ò�Ó�)0Ó*£mÎoÒ x Ú�Ù�'{'�Ò�Ï0ÉdÉ0Ù�'�+0Ó´ÒºÒ�É¤+CÆ_ÇoÒwÜqâMÔ[)0Ï0ÈÊÇ�ÑÊÒ.Ó´× å Ï0È Î_'�Ù å Ï0ÑÊÙ m Ã
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V�U:K�O6T�UWk�r�J:P�@+B2GIT&U�N:K�D�@&OqDf@+r&K�KRLeB�N:T&U�O�NWE>B2K>P�FZG^U�E>K�Y�@+P�J�U:K�LeJ:G^B2K�Nzc E>[IK>FZKRUVB�L
NWK {1, . . . ,m} @CpV@+UVB�[IT&U:r�J:K>J�P n {>K>BR{RN�c @&Y:P2QMLz[t@�NWGtL2O>J�L2L2GIT&U�Y:P�ERO6EMNWK>UVB�K&{6[�c DWp�Y�T+B�D:QRL2KNzc EMH�J:G^Y�P2T�h�@+h:GI[IG(B�E�NWKML

mn L2J:G^B2KRL�KRLeBZh:G^KRU-��J�LeB2G^k�ERK&`wu�KXY�@&P�@&F
Q>B2P�K!|}T&UfN:@+FZK>UVB_@+[
Nzc J�U:K�O6T�UWk�r&J�P�@+B2GIT&UXKRLeB�[^K���NWERY:[I@�O6KRF
KRUVB�B2T+B_@+[��

Dm,n
NWE>k�U:G�O6T&FZFZK�[t@!LeT�F
FZK

¸´L2J:P
x
¹
NWKRL!N:GILeB�@&U�O6KMLX¸oO6GIP�O>J:[t@+GIP2KML�¹�K>UVB2P�K�[�c K>U�NWP�T&G^BZT	`

x
KML�B!Y:[t@&O>E�K>BZ[t@x\+@+[IK>J:P

NWK
h(x)

`�avK>BeB�K�H�J�@+UVB�G(B�E�KRLeB�N:T&U�O�J�U:K�\+@&P2Gt@+h:[IK�@+[IER@+B2T�G^P�K�H�J:G7NWEMO6P�G(B�Y:P�ERO6GtL2E>FZK>UVB
[^K!O6T�¹WB�O6J:F
J:[t@CB�G(|�NWK!O6T&UfL�B�P2J�O6B2GIT&U�NWK![I@�B_@+h:[IK&`_UW@X\+@&P2Gt@CB�G^T�UALeK!L2G(B�J:KZK>UVB�P2K

0
K6B

0 + 1 + · · ·+ (n− 1) =
(
n
2

) `
u$KiY:P2KRFZG^KRP
P�ERL2J:[^B�@+B!N:Ki~�UWJ:B2D�{ºT&h:B2K>UWJ
G^[�p
@xY�P2QML
N:KiH�J�@&P�@&UVB2KX@+U�LR{ºKRLeBZ[IK

O>@+[tO6J�[�NWK�[oc KRL2YfERP�@&U�O6K�NWJsNWERY:[t@&O6KRFZK>UVBbB2T+B_@+[$L2T&JfL�|}T�P2FZK�K6j:@�OqB2KZÁ
¸��M¹

E [Dm,n] = n+
n

2

(
n− 1

m
+

(n− 1)(n− 2)

m2
+ . . .

)
.

]dUANWGtL�B�G^U:r�J:K�O>[I@�L2L2GtH�J�K>FZK>UVB�[IK
OR@&L¡\yº§Y[Z�»X¸
n → +∞, n/m = α, 0 < α < 1

¹�K6B
[^K�OR@&L¤º�Z�§%»0¼%½�§�ºG¾^§>£¥¤ ¸

n → +∞, n = m − 1
¹6`ºavK>J:j�]mO6GvNWT&U:U�K>UVB�@+[IT&P_L�[IG^KRJ�@+JWj

@&L2p�FZYWB�T+B�GIH�J:KMLbL2J:GI\+@+UVB�KRLdÁ

¸o�&¹
E [Dm,n] ∼ n

2

(
1 +

1

1− α

)
, E [Dn+1,n] ∼ n

2

√
πn

2
.

�wUsLeJ:hfL�B_@+U�O>KZ¸´YfKRU�L2K>P��
Dm,n −Dm,n−1

¹6{�O6KMO6G�U�T&J�L�NWG^B�H�J�c G^[$L2JN¿ZB�KRU�FZT+p�K>U:U�K
NWK

O(1)
KRL�L2@&GIL�Y�T&J:P�B2P�T&J:\�K>P�J:U:K�O>@&L2KZ\VGINWKSB�@+UVB�H�J:K![IK!B�@&JWj�N:K!P2KRF
Y�[^GtL2L�@+r�K

αKRLeB�h�G^KRU�L2E>Y�@&P2EZNWKi�&{
α ≤ α0 < 1

{¨B�@+UfNWGIL�H�J:KZ[t@�L2G^B2J�@+B2GIT&U9LeK!NWERr&P_@&NWKZNWQRL�[IT&P_L
H�J�K

α
@+Y:Y�P2TWOqD:Ks��`.avK�{.@+J�Y�T&GIUVB�H�J:K&{ºY�T&J:P
J:U:K�B�@&h:[^KXY:[IK>GIU:K&{�[IKXO>T	¹WB�B2T+B_@+[�NWK

O6T&UfL�B�P2J�O6B2GIT&UXNWK>\VGIK>UVB�LeJ�P2[IG^U�ER@+GIP�K&{WNWK�[�c T�P�NWP�K�NWK
n
√
n
`

u�c @&U�@+[IpWLeKXNWKs~�UWJWB2D�YfT�J:Ps¸��M¹
O>T&FZFZK>U�O>K�Y�@&P�J�U ��[IK>FZFZKiO6pWO6[IGIH�J:K��nÁ.GI[�p
@

(m − n)mn−1 LeJ:G^B2KML�NWK!D�@�OqD�@+r�K�H�J:Gw[t@+GtL�LeKRUVBd[t@XN:K>P�U:G^QRP2K!OR@&L2K
\VGtNWKs¸}Y:P�K>J�\�KXÁr&P�T&J:Y�K>P�[IKRL�L2J:G^B2KML�Y�@&P�ERH�J:GI\+@+[IK>U�O>KZ\�GtL��s\VGtL�NWKML�P�T+B�@+B2GIT&U�L_¹q`�u$KSY:P�T&h:[IQ>FZKS@&G^U�L2G
[^GIU:ER@&P2GtL2Es|´@+G^B���T�J:K>PXJ:U P4À�[^KxY�@+P2B2GtO6J:[IGIK>Pi@+JWj ��|}T�U�OqB�G^T�U�LXNWKxYf@+P2��GIU:r��yNWE6kfU:G^KML
Y�@+P.[IK�|´@+G^BvH�J:K�[t@�NWK>P�U:GIQ>P�K�OR@&L2K&{

m
{&P�KRLeB2K�\VGIN:K&{&@&G^U�L2G�H�J�c @+JWjZ@+[I[^TWOR@CB2GIT&UfL��bY�P2KML2H�J:K

Y:[^KRG^U�KRLz�!¸¥|}T�U�OqB�G^T�U�L�NWK�Y�@&P4�VGIU:r�L�@CB�GILe|´@+GtL2@&UVB$NWK�Y�[^J�Lº�
n = m−1

¹q`R�w[^[IK�LeKvYfT�J:P�L2J:G^B
Y�@+P�J:U:K!P�ERO>J:P�P2KRU�O6K
LeJ:P

n
{zKRU9Y:P2KRU�@+UVB�K>U9O6T�FZYWB2KZ[IKSNWK>P�U:GIK>P�E>[IE>FZK>UVB�@C��T�JWB2E�`z½m[

KRLeB�O6J:P�G^KRJWj!H�J�K�[I@�L2GIF
Y�[^G^kfO>@+B2GIT&U!NWKML.|}T&P�F
J:[^KMLºNWT&U:Uf@+UVBw[�c KMLeY�E>P_@+U�O>K�¸��M¹.Y�@&L�LeK�Yf@+P
J:U:K�\�KRP�L2GIT&U�NWJXB�D:E>T�P2QRF
K�h:GIU:T�F
Gt@+[�N:J:K��x �h�K>[�{fL2T&G^BR{

(x + y)r =
∑

k

(
r

k

)
x(x − k)k−1(y + k)r−k.

Á J�@+UVB�@+JXY:P�T&h:[IQ>FZK�@&L2pVF
Y:B2T+B�GIH�J:K�@�L2L2TWO6GIE&{V[I@�|}T�P2FZK�NWK�[�c KMLeY�E>P_@+U�O>K&{

E[Dn,n] =
n

2
(Q(n)− 1)

T	`
Q(n) := 1 +

n− 1

n
+

(n− 1)(n− 2)

n2
+ · · · ,

NWK>\+@&G(BdLRc @C\�ERP2KRP�@C\�T�G^P�J�U:K
N:G^r�U:K�D:GtLeB2T&GIP�K&`¨¿�K�|´@+G^BR{¨[t@�H�J�@+UVB�G(B�E
Q(n)

H�J:GºpXk�r&J:P�K
@+Y:Y�@&P�@CµIBSNWEe�e��NWKAFZ@&U:GIQ>P�K-NWE>r�J:GIL2E>K-N�@+U�L�[I@�Y�P2KRF
GIQ>P�Ks[IK6BeB�P2KxNWKA��@&FZ@&UWJC�e@+Un�
��@+P_NWpSKRUXN�@CB2K�N:J��M���e@&UW\VG^KRP��M�:�M�:{VLeT�J�Lb|}T&P�FZK�N:K�[oc @&L�LeKRPeB�G^T�U�L2J:GI\+@+UVB2K�Á
e 1

2
en = 1 + n

1
+ n2

2!
+ · · · + nn

n!
θ �	tun�k�z θ = 1

3
+ 4

135+k
�	tuz�i4j�i k �pnpi�wu�Ni2kyt(i�i2o 4

45
m5o��

2
21
�7�
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C�S�TER
KNM
¸}½m[�LRc @&r&G^B�NWT&U�OZKRU�LeJ:hfL�B_@+U�O>KSNzc KML�B�G^FZKRP�B2P�QRL�k�U�K>FZK>UVB�[t@XY:P2T�h�@+h�G^[IG(B�ESH�J�c J�U:K!\+@C]
P2Gt@+h:[IKSNWK�».T&GtL2L2T&U9NWKSr�P�@&U�N�Y�@+P_@+FZQ6B�P2K

n
L2T&G^B�GIUW|}E>P�G^KRJ:P�K��-L�@iF
T&p�KRU:U:K&`Ê¹�avK6B2B2K

��O>T&UC��KMOqB2J�P2K��iNWK
��@+F!@&UWJC�e@+U�{fH�Jf@+[IG(k�ERK�Y�@&P� bK>P�U�NVB�N:K���@+UsJ:[^B2GIF!@CB2KR[^pX|´@&F
T�J�L
Y:P2T�h:[IK>FÀ�z{�LeKRP�@�E6B�J�NWGIE>KZY�@+P���@+B�L2T&UAK>B�UV¾>KRr	ÃXK>U��R���
c7Ä¨�R���+�!@C\+@&UVB�NWK!LeT�F�h:P�K>P
N:@+U�L�[oc T&J:h�[^GbK6B�N�c �>B2P�K!k�U�@&[^KRF
KRUVB�P2ERr&[IE>K!KRU��R����¢�Y�@+P�[oc @&L2pVF
Y:B2T+B�GIH�J:K�O6T&FZY:[IK6jWK
E>[IE>FZK>UVB_@+GIP2K�`���K>J:P�K>J�L2K>FZKRUVBR{WJ:U:K�|}T�P2FZK�B2P�QRLb|´@&G^h�[^K�NWK�[�c @&L�LeKRPeB�G^T�U�NWK���@&F!@+UWJC�e@&U
LeJN¿ZB���E6B_@+h:[IGIP�¸o�&¹6{&NWK�L2T&P2B2K�H�J�c J�U:K�Y:P�K>J:\�KvNzc @+Uf@+[IpVL2K�P2ERK>[I[^KbB�P2QMLºE>[IE>FZK>UVB_@+GIP2KbYfKRJWB
�6B2P�K�NWT�U:U:ERK�Y�@+Pb~�UWJWB2D${�O6K�\�Gt@�[t@�FZE6B�D:TWNWKdN:K�u$@&Y:[I@�O6K�K>Bv[t@�|}T&P�F
J:[^K�L2T&FZF!@CB�T&GIP2K
Nzc ��J:[^KRPe]m?-@�O6[t@+J:P�G^U$`

Åwª ÆÇ¸^¶y°§²�È
µs°ªÈÊÉ�Ë*µ
È
Ì�ËÎÍ�ÏuÈ	ËÎ¸^²
 bGIK>USH�J:K�[t@�H�J:KML�B�G^T�U�{&ERFZ@&U�@+UVBwNWKd~�UWJWB2D�{�NWK�NWE>B2K>P�FZG^U�K>P�[t@�\+@&P2Gt@+U�O>K�NWK

Dm,n@+G^B�O6GIP�O>J:[^E�N:@&U�L�[t@!O6T�F
F
J:U�@&JWB2E�Nzc @+U�@&[^pWL2K�Nzc @&[^r�T&P�G(B�D:FZKRLR{W[^K�Y�P2T�h:[^QRFZK�U:K�P2K�Ð6T�G(B
H�J�KvY�K>JZNzc EROqD:TdYfKRU�N:@&UVB�NWKRJWj�NWEMO6K>U�U:G^KML>`0�wUX�R���	c�{R·�[I@+��T&[IK6BM{M».T�h:[IK6B2KbK6Bº¼�GIT&[t@Ña^�M�7d
NWT&U:U�K>P�T&UVB�J:U�KiL2T&[IJWB�G^T�U�K>U
|}T&J�P2U:GtL�L2@&UVB�K>U�|´@+G^BSNWKRL!OR@+P_@&OqB�E>P�GIL�@CB�G^T�U�L�O>T&FZY:[IQ6B�KRL
NWKS[t@i[^T�Gw[^GIFZG(B�K�NWK

Dm,n
u�KSP�ERL2J:[^B�@+B�@&L2p�FZYWB�T+B�GIH�J:K!KRU�KRLeB�[^K�LeJ:GI\+@+UVBZÁ Ò�YC¤ª»�¾^§

W�Y7»¡\lº§Y[Z�»�Ó ¾"YÔ¾ÖÕC£�Ò
½�Ò	\lºG¾"Y	Wq§0×Z§>¤ªØ�ØlÕ[ØlY[¾w§%»�Ø�Y7»�Ù[×ÚºGØlÕ[Ø�£�¼%½�§0×Z§>¤ªØ�¤GÕ[Z�×ÛY[¾I§EÜ�Ò	Y+¤A»x¾^§
W�Y7»­ÝÖºGZ�§%»0¼%½�§�ÞrºG¾^§>£¥¤AÓ¡¾ÖYß¾ÖÕC£Ñ¾ý£�×�£�Øm§­W�Õ[à¥¤�W6£�Ò�§LY[áC§�WÊ¾"Y-Ò+£I»�ØÎZq£�â0½NØo£�Õ+¤ãÒ�§b¾9ä YC£�Z_§O»0Õ
½Q»
¾9ä §4åQW0½NZ�»q£�ÕC¤Oâ%Z�Õ[æ.¤f£´§6¤f¤�§�ç:avK6BeB�KdL2KRO6B2GIT&USNWGtL2O>JWB2Kd[oc @+U�r&[IK���@+Uf@+[Ip�B�GIH�J:Kb�!LeT�J�Lw[IKRH�J:KR[
O6K�P2EMLeJ�[(B_@CB�@ZNzc @&hfT�P�N�E6B�E�T&hWB�K>UWJ�`
u$K�OR@&L�[IK�Y�[^J�L�G^UVB�E>P�KRL�L2@&UVB�FZ@+B2D:ERF!@CB2GtH�J:K>FZKRUVB�KRLeB�h:GIK>UAL4¹:P�O6K>[IJ:GºNzc J:U:K�B_@+h:[IK

Y:[^KRG^U�K 3 K>B7[IKRL$@&[^[ITWO>@+B2GIT&U�LzY�P2KML2H�J:K>]�Y:[IK>GIU:KMLw¸´L2K>J:[IKw[t@�O>@�LeKwk�U�@+[IKwKML�B$[IGIh:P2K�{ n = m−1
¹

��T&J:KRUVBvJ:U�P4À�[^K�|}T&U�N:@&FZK>UVB�@&[o`��wUXr&P�T�LR{&[t@�O>[I@�L2L2K�NWK�O6KMLb@&[^[ITWO>@+B2GIT&U�L�\�ERP2G^k�K�J:U�K�N:E6]
O6T&FZY�T�L2G(B�G^T�U�H�J�@�NWP_@CB2GtH�J:KiÁ$J:U�K�@+[I[^TWOR@CB2GIT&U9L2KSNWERO>T&FZYfT�LeK!@&[^T�P�L�L2K>[IT&U9[IKSNWK>P�U:GIK>P
E>[IK>FZK>UVB�GIU�L2E>P�E

n
K>UAJ:U:K�Yf@+GIP2K�N�c @&[^[ITWO>@CB�G^T�U�L�²�[^K�Y:P2KRFZG^KRP�E>[IE>FZKRUVBdNWK�O>K6B2B2K�Yf@+GIP2K

@
N:K�Y:[^JfL�J:U:K�OR@&L2K�NWGtLeB2GIU:r&J:ERK&{�O>K>[I[^K�T�`
n
@+J�P�@&G(B�\�T�J:[IJ�L2K�Y:[I@�O6KRPR`�¸=avK6BeB�K�NWERO>T&F
]

YfT�LeG^B2GIT&U!H�J�@&N:P�@+B2GtH�J�K�P2EMO6J:P_LeGI\�KvER\�TWH�J:K�J:U:K�L�B�P2J�O6B2J:P�K�Nzc @+P�h:P�K�h:G^Uf@+GIP2K�KRU:P2GtOqD:GIK�NWK
NWG^\�K>P_L2KRLvG^UW|}T�P2F!@+B2GIT&U�LR` ¹
±�T+B�T&U�L

Fn,k
[IKZ¤GÕ
×xâ0Z�§�Nzc @+[I[ITVOR@CB�G^T�U�L�NWK F N:K

n
E>[IE>FZK>UVB_L�@Cp�@&UVBwNWE>Y:[t@&O>K>FZK>UVB

B2T+B_@+[�ERr�@&[7�
k
²�T�UsG^UVB�P2TWNWJ�G(BM{�O6T�F
FZK�B�T&JC��T�J:P_L�K>U-@&U�@+[IpWLeK�O6T�F�h�G^U�@+B2T�G^P�KÑaI�5�[d�{�[^KML

LeERP2GIKRLbr&ERU:E>P_@CB�P2GtO6KML�¸´NWK�NWERU:T&F
h:P�K>FZK>UVBq¹wO>T&P�P2KMLeY�T&U�N�@+UVB2KML�Á

Fn(q) :=
∑

k

Fn,kq
k, F (z, q) :=

∑

n,k

Fn,kq
k z

n

n!
.

u$@ZNWERO>T&FZY�T�L2G(B�G^T�UXH�J�@�NWP�@+B2GtH�J:K�O>T&P�P2KMLeY�T&UfN�@+[IT&P_L��
J:U:K�P�ERO6J�P2P�K>U�O>KdU�T&UX[^GIU:ER@&G^P�K

¸´��¹
Fn(q) =

n−1∑

k=0

(
n− 1

k

)
Fk(q)(1 + q + · · ·+ qk)Fn−1−k(q).

H�J�G�LeK�B�P�@�NWJ:G^B�N:K�FZ@&U:GIQ>P�K�Y�[^J�L�L2pVUVB2D:E>B2GtH�J:K�LeJ:P�[t@ZLeERP2GIK�r&ERU:E>P_@CB�P2GtO6K�NWT&J:h�[^K�KRU

¸}³�¹ ∂

∂z
F (z, q) = (∆F (z, q)) · F (z, q),

T	`
∆h(z) :=

h(z)− qh(qz)

1− q .
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B�C�@AB�CGJ¥K§¦QC�¨§©ª¨§KAD7¦A@ªBGKA«�FIHED�¬­JE¨GC�>NBGKAD ó
avK6BeB�K-\�¼0½ªY[Ø�£�ÕC¤Êô%Õ+¤GW0Øo£�Õ+¤�¤�§0¾�¾^§x|}T�U�N:@+FZKRUVB�@+[IKiKRLeB�NWT�U�OiU:T&Un[IGIU:ER@&G^P�K&{wFZG^jVB2KA@&JWj
NWE>P�G^\�E>KML�Y�@&PeB�G^KR[^[IKRL�K6B!@+JWj�NWG^�¨E>P�K>U�O>KRL�k�U:GIKRLR`ºu$KRL
Y�T&[Ip�UªÀ&FZKRL

Fn(q)
U�K�Y�K>J:\�K>UVB

�6B2P�K�B2T&B�@+[IK>FZKRUVBbER[^ERF
KRUVB�@&G^P�KRLbY:J:GtL�H�J�K�[IK�NWKRr&P�E�NWK
Fn(q)

\+@&JWB
n(n− 1)/2

`
u�c @&PeB�GIO>[^Kõa^�M�7dºYfT�J:P�L2J:G^BdKRUANWE>\�K>[IT&Y�Y�@+UVB�J:UxYfK>B2G^B�OR@+[tO6J:[�T&Y�E>P_@CB�G^T�U:U:K>[7FZK6BeB_@+UVB

K>U���K>J�[I@�N:E>P�G^\�E>K�Y�@&PeB�G^KR[^[IK
∂z
{&[�c T�YfERP�@+B2K>J�PvNWK�N:G(�¨E>P�K>U�O>K&{

∆
{�@+GIU�L2GfH�J:K

∂q
K6Bv[�c T&Y�K6]

P�@+B2K>J�P
U
N:K�L2YfEMO6Gt@+[IGIL�@CB�G^T�U

q = 1
`�½m[�K>U
N:ERO6T�J:[IK�[t@-Y�T�L�LeGIh:GI[^G^B2EiNWKiO>@+[tO6J�[^KRP�Y�@&P

��Y�T&FZY�@&r&Kw��[^KML.FZT&FZK>UVB_L�L2J�ORO6KRL�L2G(|´L�\VGI@�[IKRL.L2E>P�G^KML.@&L�LeTWO>G^ERKRL�¸}\�T&GIPb¸o��¹�O6G^]mNWKRL�LeT�J�L_¹q`
�wUZY�@+P2B2GtO6J:[IGIK>PM{CT&U
T&hWB�G^KRUVBº[�c ERO>@&PeBºBepVY�K�LeT�J�L�|}T&P�FZKbK>j:@&OqB�K&{+O>K�H�J�G:[^GI\VP2K�KRU
Yf@&L�L2@&UVB
[oc @&L2pVF
Y:B2T+B�GIH�J:K

¸*¢&¹
σ(Dn+1,n) ∼

√
10− 3π

24
n3/2.

avT&FZFZK�O>K6BiERO>@&PeBXBepVY�KAKRLeB-NWJyFZ�RF
K9T�P�NWP�KxH�J:K�[t@�FZT+p�K>U:U�K&{w[t@
N:GILeB2P�G^h�JWB2GIT&U
NWGIL�O6P�Q6B�K�KML�B�E6B_@+[IK&`:��E>U:ERP�@&[^KRFZK>UVBvT�U!B2P�T&J�\�K�{&Y�@&P���[oc @+Uf@+[IpVL2KdN:K�L2G^U�r&J:[t@+P�G(B�Eb�Oa^�0�V{
�+�7dWNWKRL$|}T&UfOqB2GIT&UfL7r�E>U:ERP�@+B2P�GIO>KRL�@�L2L2TWO6GIE>KML�¸}\�T&GIP�¸o��¹�O>G(]mNWKML2L2T&J�L$YfT�J:P�[oc @&L2YfKMOqBºr&ERU:E>P_@+[
NWK-O6KMLZ|}T&U�O6B2GIT&U�L_¹
[IK-P2EMLeJ�[(B_@CB�L2J:G^\+@&UVBXÁ�ö7§O×xÕ
×Z§>¤ªØxÒ¥ä Õ
Z2Ò[Z_§

k
Ò
½�Ò�\yº�¾ÖY	Wq§0×!§6¤§Ø

ØyÕ
ØyY
¾¤Ò	Y+¤A»O¾^§%»OØlY	â0¾^§�»bÒ�§ø÷AY	W�÷AY5ù�§rºG¾^§>£¥¤�§%»�§%»�ØÛY7»�Ù[×ÚºGØlÕ[Ø�£�¼%½�§­ú
µk(n/2)3k/2 Ó¡Õ[û¾^§�»�W�ÕC¤ª»�ØyY+¤ªØm§�»�ô%ÕC¤GÒ�Y[×!§6¤§ØyY
¾^§%»

µk
»6§�Z�§0¾ý£´§>¤ªØ Y
½	åõW�Õ0§*üýW>£´§>¤ªØ*»¤Ò[½ÊÒ�\%áC§%¾"Õ2º	ºf§0×Z§>¤ªØ{ú

¾9ä £¥¤R¦�¤�£�Ò&§�¾ÖYrÒ	\0Zq£�á7\q§�¾ÖÕ�ù�Y[Zq£�Ø/÷Q×
£�¼%½�§¡Ò&§�¾ÖY�ô%ÕC¤GW0Ø�£�ÕC¤�Ò_ä þ�£�Z�Ù�ÿ

¸´��¹
µk :=

−Γ(−1/2)

Γ((3r − 1)/2))
Ωk

Ωk :
Ai′(z)

Ai(z)
∼

z→+∞

∞∑

r=0

(−1)r

2r · r! Ωrz
−(3r−1)/2

Ai(z) :=
1

π

∫ ∞

0

cos

(
1

3
t3 + zt

)
dt.

avKRO6GºLRc T�hWB2GIK>UVB���Y�@+P2B2GIPdNWK�[I@�NWERO>T&FZY�T�L2G(B�G^T�UAH�J�@&NWP_@CB�GIH�J:K!Á¨[IKRL
µk

\�E>P�G(k�KRUVB�K>JWjV]
F
�RFZK�J:U:K�P2EMO6J:P�P�K>U�O>K�H�Jf@&NWP_@CB�GIH�J:K�{�GIFZ@&r&K
LeGIFZY:[^G^k�ERK�NWK�[I@�NWERO>T&FZYfT�LeG^B2GIT&U-O>T&F
]
h:G^Uf@CB2T�G^P�KZ¸}³�¹z²:J:UiU:T&J�\�KM@+J�OR@+[tO6J:[�NWK�L2E>P�GIK�r�E>U:ERP�@+B2P�GIO>K�[IG^\VP�K�@+[IT&P_L�¸o��¹6`
]dUZY�K>JWB�N:QRL.[IT&P_LºK6�¨KRO6B2J:KRPw[I@v��T�U�OqB�G^T�UZ@+\�KMO.[oc @+GIP�K�L2T&JfLº[oc K6j:O6J�P�L2G^T�U
 bP�T+��U:GIK>U:U�K

U:T&P�F!@+[IGIL2E>K�Y:J:GtL2H�J:K�[IKRL�F
T�FZK>UVB�LbKRUXT�UVB�E6B2E�OR@+[tO6J:[IERL�Yf@+P�u�T�J�OqD�@&P�NSK>U9�R��c+³ra �+³[d
K6BwNWE��e��P�K>[IGIERL�Y�@+P.[IJ:G:��[t@�|}T�U�OqB�G^T�U
N�c  �G^P�p�`C»w@&P�O>T&UW\�K>P�r&KRU�O6KwNWKMLºFZT&FZK>UVB_L�N:K�[I@�[IT&G
NWGIL�O6P�Q6B�K&{VT&UXKRLeB�@+GIU�L2GzK>UXF
KMLeJ�P2K�NWK�O6T�U�O6[IJ:P�K�Á_¾ÖYÛ¾ÖÕ+£�Ò&§�¾ÖYÛá[Y[Zq£�Y�â%¾I§

n−3/2Dn+1,nW�ÕC¤ªáC§0ZÎù�§�á0§0Z�»�¾ÖYÛ¾"ÕC£�Ò�§�¾9ä Y+£�Z�§�»0Õ[½Q»�¾9ä §2å�W0½NZ�»q£�ÕC¤��{Z�Õ[æ.¤�£´§>¤�¤¨§5ç
u7@iNWK>U�L2G^B2E!NWJ9NWE>Y:[t@&O>K>FZK>UVBdB2T&B�@+[.KML�B�P�K>Y:P�ERL2K>UVB�E>K��X[t@Skfr&J:P�K���`�u�K!O>@&[IO>J:[.NWK

O6K6B2B2KsNWKRU�LeG^B2E
ω(x)

KRLeB!N�c @&G^[I[^KRJ:P_L�Y�K>P�FZGIL
Y�@&PZJ:UgOR@+[tO6J:[�N:Ki¢º@	���&O>L�a ��¢�d�¸}P�K>[t@CB�G(|
��[�c @&G^P�KZNWKZ[oc K6j:O6J�P�L2G^T�UAK>B�Y�J:h:[IG^E!KRU
�M�&�:�0¹�H�J:G.Y:P�TWO6QMNWK�Yf@+P�NWT&J�h:[^KZGIUW\�KRP�L2GIT&UsNWK
u$@+Y�[I@�O6K���Yf@+P2B2GIP�NWKS¸´��¹�K>B�|}T&J:P�U:G^B�Á

ω(x) =
2
√

6

x2

∞∑

k=1

e−vkv3/2
k U

(
−5

6
,

4

3
; vk

)
, vk =

2α3
k

27x2
,

U(a, b; z) :=
1

Γ(a)

∫ ∞

0

e−ztta−1(1 + t)b−a−1 dt.

¿d@&U�L�O6KML�ERH�J�@+B2GIT&U�LR{ −αk Y�@+P_O6T�J:PeB�[�c KRU�L2K>F
h:[^KSN:KRL�¾RE>P�T�L�NWKS[t@X|}T&UfOqB2GIT&U�Nzc  �GIP�p
Ai(z)

{�B_@+U�N:GILdH�J�K
U(z)

KML�BdJ:U:K�|}T�U�OqB�G^T�U-DWpVYfKRP2r�E>T�F
E>B2P�GIH�J:K�O>T&U���J�K>UVB2KÛaI�%d�²f\�T&GIP
@+J�L�LeG�aI�&�0d�YfT�J:P�NWGI\�KRP�L�NWER\�KR[^T�Y:YfKRFZK>UVB�Lb@+Uf@+[Ip�B�GIH�J:KMLb[^GIERL��ZO>KRLb|}T&P�F
J:[^KML>`



� >�?A@AB�CED0D0CGFIHEJLKNMO>�?QP�R
C�S�TER
KNM
 �\�KROdJ:U-L2p�UfOqD:P�T&U:GtLeFZK�E6B�T&U:U�@&UVBR{:~�UWJWB�DsH�J�G$@C\+@+G^B�NWE��e�SN:ERO6T�J:\�K>P2B�¸´³�¹�Y�@&P�NWK

B2T&J:B2KRL�@+JWB�P2KML.\�T�G^KML�K>UZB2GIP�K���NWG^P�KRO6B2KRF
KRUVB7�¨{+\VGt@�J:USO>@&[IO>J:[�L2G^FZY:[IK�F!@+GtLw@&LeB2JfO6GIK>JWjz{
[I@ZL2T&[IJWB2GIT&UXK6jWY:[IGIO>G(B�K

¸��+¹
F (z, 1 + q) = q

∂

∂z
log

(
1 +

∞∑

n=1

(1 + q)n(n−1)/2 z
nq−n

n!

)
,

Y:J:h:[IG^ERK�N:@&U�L{aI�R�7d=`�¢�T&J:B�LeY�ERO>GI@&[^GtL�B�K�Nzc @+U�@&[^pWL2K�O>T&F
h:GIU�@CB�T&GIP2KbP2KMO6T�U:U�@0µtB�@+[IT&P_L.��\VJ:K
H�J�K

F (z, 1 + q)
KRLeBdJ:U:K
LeERP2GIK�r�E>U:ERP�@+B2P�GIO>K�NWT&J:h�[^K
NWKRL�ù
Z�Y2ºª÷:§%»¡W�ÕC¤f¤�§2å�§%»�L2K>[IT&Us[IK

U:T&F
h:P�K�NWK�LeT�FZF
K>B�LºK>B.L2K>[IT&U�[oc K6j:O>QRLºNWJ
U:T&F
h:P�KvNzc @+P��6B�KRLº@+J�U:T&F
h:P�KvNWK�L2T&FZFZK6B�LR`
]dPd��`z?�`z�9P�G^r�DVB�a ���7dw@C\+@+G^BdNWQML
�R�	�
�ZNWE>B2K>P�FZG^U�E�[t@!|}T�P2FZKZNWKRL�L2E>P�G^KMLdO>T&P�P2KMLeY�T&UW]
N:@+UVB��xJ:U
K6j:O6QML
N:T&U:U:E�`º½m[�N:ERO6T�J:[IK�@+GIU�L2G�NWK�[t@�O6T&U�U:KRO6B2GIT&U�~�UWJWB�DQÄ��9P�G^r�DVB�J:U:K
O>@+P_@&O6B2ERP2GtL2@+B2GIT&U�NWKML�L2E>P�G^KML�r�E>U:ERP�@+B2GtO6KML�NWKML�FZT�F
KRUVB�L�|´@&OqB�T&P�G^KR[IL
NWJgNWE>Y:[t@&O>K>FZK>UVB
B2T+B_@+[�`AV�UiP2À&[IK�O>K>UVB�P�@&[fp�KRLeB���T�J:E�Y�@&P�[I@s��|}T&U�O6B2GIT&UsNWK�ab@CpV[^KRp��¨{
¸�c�¹

T (z) :=
∑

n≥1

nn−1 z
n

n!

\�E>P�G(kf@&UVB
T (z) = zeT (z),

[I@�H�J�K>[I[^K�E>UWJ�F
QRP2K�[IKRLw@&P2h�P2KML7E>B2GtH�J:K6B�ERLwKRU:P_@&O6GIU:EML.�
n
L2T&FZFZK6B_L�¸�ab@CpV[IK>p�{���c	c���¹q`�]dU

@&O>O>QRNWK�@+GIU�L2G$@+J:j�FZT&FZK>UVB_LbN:JiN:E>Y:[t@&O>K>FZK>UVBbB2T&B�@+[zYf@+P�[IKRL�P�K>[t@CB2GIT&UfL�a^�M�W{��R�[d
¸´��¹ z

k!

(
∂k

∂qk
F (z, q)

)

q=1

=
A3k(T (z))

(1− T (z))3k−1
,

YfT�J:PwJ:U:KdO6K>P2B�@&G^U�K�|´@+FZG^[I[IK�NWK�Y�T&[IpVUAÀ&FZKRL {A3k}
|}T�PeBwh:GIK>U!E>B2J�N:G^EMLwY�@&P�@+GI[^[IK>J�P�L.Yf@+P

~�UWJWB2D
§0Ø¤Y
¾Öç7N:@+U�L!��[�c @&PeB�GIO>[^K
r&EM@+UVB�LeJ:P�[t@�O>T&FZY�T�L�@+UVB2K�r&EM@+UVB2K��xO6T&UfO6K>P�U�@&UVBd[IKRL
r&P_@+Y:D:KML�@+[IER@CB�T&GIP2KMLxa^���5d=`v¸´u$KRL�\+@&[^KRJ:P_L

A3k(1)
L2T&UVB�E>B2P�T&G^B2K>FZKRUVB�[IGIE>KRL�@+JWj

µk,ΩkNWK�¸o��¹q`Ê¹duwc KRLeB2GIFZ@+B2GIT&U�¸Î¢&¹�K>UxP2EMLeJ:[^B2K�K6BM{�h�G^KRUAH�J:K
~�UWJ:B2DsU:K
YfT�J�L�LeK�Y�@&Ld[oc T&hfLeKRPe]
\+@CB2GIT&U�N:@+U�L�O>K6BeB�K�NWG^P�KRO6B2GIT&U�{V[t@
[^T�G�[IGIF
G^B2K�NWK�BepVY�K¤ �G^P�p!Y�T&J:P�[IK�N:E>Y:[t@&O>K>FZK>UVB�LeT�PeB
K>U�O>T&P�K�|´@�O6GI[^KRF
KRUVB�NWK�LeKML�O>@+[tO6J�[ILR`
��U�O6T&UfO6[IJ�LeGIT&U${��nO6K�LeB�@&N:K�NWK�[I@�NWGtL�O6J�L�LeGIT&U${�NWK>J:j @+Y�Y:P2TWOqD�KRLX@+U�@&[^p�B2GtH�J:KRLR{

LeT�F
FZK�B2T�JWB2K
\�T�GIL2GIU:KRLR{fLRc @&Y:Y:[IGIH�J:KRUVBR`¨uwc J:U:Ki¸´~�UWJWB�Df¹�KRLeB�K>jW@�OqB�K�K>B�P�E>\�Q>[IK�Y�@&Pd[IK
O>@+[tO6J�[�K6jWY:[IGtO6G^B2K�[�c K6jWGILeB2KRU�O6K�Nzc J:U:K�Z_§%¾"Y[Ø�£�ÕC¤-§4åQY�W%Øm§dK>UVB2P�K�D�@�OqD�@&r&K�K6B�O6T&U�U:K6jWG^B2EdN:KRL
r&P_@+Y:D:KML�²W[�c @&JWB2P�KS¸´·�[t@C��T�[^K>Be]=».T&h:[IK6B�K6]=¼�GIT&[t@�¹�KRLeBd@&L2pVF
Y:B2T+B�GIH�J:K�K>B�P2ER\�QR[^K�@&JXU�G^\�KR@&J
NWKRL�[IT&GtL�N:KbY�P2T�h�@+h:GI[IG(B�ERL7J:U:K�Z�§0¾ÖY[Ø�£�ÕC¤�¾ý£�×�£�Øm§�KRUVB2P�K�D�@�OqD�@&r&K.K6Bw@&G^P�KbL2T&JfL7[�c K6j:O6J:P_L2G^T�U
 vP�T+��U:GIK>U�U:K&`W�wUAP2EMLeJ:FZE!Á
��YC£�Z_§�»%Õ
½Q»�¾^§%»�§4åQW0½NZ�»_£�Õ+¤A»�Ó�W�Õ+¤�¤¨§4å�£�Øl\ÑÒ�§�»�ù	Z2Y�ºA÷:§%»�Ó�§0Ø
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YC¤GY
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]dUX\�K>P�P�@�N:@+U�L�[t@
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B2GIT&U�Lv@+J:P_@+G^B�Y:J�N�c @&G^[I[^KRJ:P_L�O6T�U�LeB2G^B2J:KRP�J:U:K�B2P�T&GtLeGIQ>FZK�\�T&GIK�Nzc @CBeB_@&H�J:K���[oc @+Uf@+[IpVL2K�NWJ
D�@&OqDf@+r&K�`��wU�B2T&J:BZE>B�@+BZNWKiO>@&J�L2K&{�[^KML�B�P�@C\+@&JWj�O>T&F
h:GIU�@CB�T&GIP2KML�LeT�UVB�Y:P�ERO>G^KRJWjz`7½m[tL
YfKRP2FZK6B2B2KRUVB�Nzc @
¿!U:K>PwU�T+B2P�K�O6T�U:U�@+GtL�L2@&U�O6K�NWJ!D�@�OqD�@&r&K�K>BvL2T&UVBR{+O>T&FZFZK�U:T&JfLw@+[I[^T�U�L
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!uËy²v¯_µ
 �Y:P�QRL�[�c K6j:@+FZK>U-N:K�O6K�H�J:K
NWT&U�U:K>UVB�[IKRL�\�T�G^KML�¸}\�T&G^j{�0¹bU�@+B2J:P�K>[I[^KML�NWK�[�c @+U�@&[^pWL2K&{

U:T&J�L�U:T�J�L�Y�P2T�YfT�LeT�U�L�NWKXP�K>\�K>U:GIP��A[I@g��B2P�T&GtLeGIQ>FZK�\�T�G^K��¨{.O>K>[I[^KXNWK�[t@�O6T&F
h:GIU�@C]
B2T&GIP�K�ER[^ERF
KRUVB�@&G^P�K&`�u$@�NWE>F!@+P_OqD:KXO6T�F�h:GIU�@+B2T&GIP�KSERO>[I@&G^P�K�NWKX|´@&G(B![t@AP�K>[t@CB�G^T�U�K>UVB�P2K
[^KMLdP�ERO>K>UVB�KRL�O6T�U�L�B�P2JfOqB2GIT&UfLd@&Y:Y�@+P�K>FZFZK>UVBdB2P�QRL�NWG^�¨K>P�K>UVB2KML�NWJ�O>T�@&[^KML2O>K>UVB�@�N:NWG^B2G^|�{
Y�@+Px �[tNWT&JfL�K>B
»�G(B�FZ@&UgN�c J:U�KXYf@+P2BR{�Y�@+PZ bK>P2B2T&GIU
N�c @&JWB2P�K�Y�@&PeBM`.u�KRLZ@&PeB�GIO>[^KML�L2J:P
[^KSL2JC��K6B�O>T&U�LeB2G^B2Jf@+UVB�J:U9Y:J:¾>¾R[^KSO>T&FZY:[IK6jWKs¸´NWKML�Y:P�T&h:[IQ>FZKML�\�T�GIL2G^UfL�L2T&UVB�@CB2B�@�H�J�ERL
Y�@+PSY�[^J�L2GIK>J:P_LSO6T�FZF�J:Uf@+JWB�ERLR{.Y:P2T�h�@+h�G^[IGILeB2K�{�O6T�F�h�G^U�@+B2T�G^P�K&{ºT&J�GIUW|}T&P�F!@CB�GIO>G^KRU:U:KM¹6{
T&U�NWT�G(B!@+hf@+U�NWT�U:U:KRP�[�c GtNWERKXNzc J:U:KXY�K>P_LeY�KRO6B2GI\�KSD�GILeB2T�P2GtH�J:K�L2pWL�B�E>F!@CB�GIH�J:K�`.avKiH�J:G
LeJ:G^B�KML�B�N:T&U�O!KML2L2K>UVB�G^KR[^[IK>FZKRUVB�J:U�K�P�E>T&P�r�@&U:GtL2@+B2GIT&UANzc GtNWE>KML�NWK�Y:[^JfLeGIK>J:P_L�@&JWB2KRJ:P�LR{
U:T+B_@+FZFZK>UVB�~�P2KR�bKRP�@�L>{V��KRL�LeKR[o{ªUWYfKRU�O6KRPR`
��U �R��c	�:{![IK LeB�@+B2GtL�B�GIO>G^KRUW]=O>T&F
h:GIU�@CB�T&P�GIO>G^KRU ~�P2KR��K>P_@&L�@C\+@+G^BnNWE��e� N:ERO6T�J:\�K>P2B

H�J�K>[tH�J�KRL!Y:P�T&Y�P2GIE6B�ERLSL2J:P�Y:P2KRU�@+UVB�KRLZNWJ�Y�T&[IpVUAÀ&FZK
Fn(q)

B2K>[�H�J:KANWE>k�U:G�Y�@+PA¸o��¹6`
»w@+P2B�@+UVBZNWK-[t@9P2KR[I@+B2GIT&U�NWK-P�ERO>J:P2P�K>UfO6K&{w~�P�K>��KRP�@�L�P�K>F!@+P_H�J:KsN:@+U�L aÊ�&�7ddH�J:K-[IKRL
YfT�[^pVU:T�F
KML

Fn
¸oH�J�G�LeT�UVB�J:U:G^B�@&G^P�KRL�K6B!NWKiNWK>r�P2E (n

2

) ¹
L2@+B2GtL�|}T�UVB�@+J:j9P�K>[t@CB�G^T�U�L�K6B
O6T&U�U:K6jWGIT&U�L�O6T�F�h�G^U�@+B2T�G^P�KRLbLeJ�G^\+@&UVB2KRLdÁ
¸��5��¹

Fn(−1) = n![zn](tan z + sec z)
Y�K>P�F�JWB_@CB�G^T�U�L�@+[^B2K>P�U�@&UVB2KRLbNWK

[1, n]

Fn(0) = n!
Y�K>P�F
JWB�@+B2GIT&U�L�NWK

[1, n]

Fn(1) = (n+ 1)n−1 @+P�h:P2KMLbE6B2GtH�J:K6B�ERL��
n+ 1

L2T&FZFZK6B�L

Fn(2) = n![zn] log

(
1 +

∞∑

k=1

2(k2) z
k

k!

)
r&P_@+Y:D:KML�O6T&U�U:K6jWKRL��

n+ 1
L2T&FZFZK6B�LR`

¸�V�U�K�Y�K>P�F�JWB_@CB�G^T�UZ@&[(B�K>P�U�@+UVB�K
σ = σ1, . . . , σn

KML�BvB2K>[I[IKdH�J:K
σ1 < σ2 > σ3 < · · ·

`Ê¹
uwc @+P2B2GtO6[IK�N:K�~�P2KR�bKRP�@�L�@&G^U�L2G�H�J�c J:Us@+P2B2GtO6[IK�O6T&UVB�K>FZY�T&P_@+GIU�NWK���KRL�L2K>[�K>B��9@&U:rra^�M�7d
K6jWY:[IT&P�K>UVBw[t@�U�@+B2J:P�KdNWK�O6KMLvO>T&P�P2KMLeY�T&UfN:@+U�O>KRL.@&P2h:P�KRL�Ä�r�P�@&Y:D:KMLºK6B�F
�RFZK�[t@�P�K>[t@CB2GIT&U
��N:KRLºT&h:��K6B�L.H�J:GfLeT�UVB�¸´G^FZY:[IGIO>G(B�K>FZK>UVBq¹ºNWKRL�|}T�U�OqB�G^T�U�L.NWK�Y�@&P4�VGIU:r�`[V�U
P2À&[IK�KRL�LeKRUVB2GIK>[
KRLeB���T�J:ExYf@+Pi[I@
U:T&B2GIT&U N:K�Yf@+P_O6T&J�P�L�NWK9r&P_@+Y:D:K�{vU�T+B2GIT&U H�J:G�|´@+G^BiL2J:P2|´@&O>K�N:@&U�L
Y:[^JfLeGIK>J:P_LbB2P_@C\+@&JWj
J�[(B�E>P�G^KRJ:P�L�N:T&UVB�O6K>J:j�NWK�UVY�K>U�O>K>PM`
"$#&%�'�(*)+%
,.-0/�1�%�#
243�/�5
avT�U�L2GINWERP2T�U�L¨J:U�r�P�@&Y:D:KºE6B�GIH�J:K>B2Ew�

n+1
LeT�FZF
K>B�LzUWJ�F
ERP2T&B2EMLfYf@+P {0, 1, 2, . . . , n} `u�K�L2T&FZFZK6B���KML�Bv\�JSO>T&FZFZK�J:U:K�L2T&J�P�O>K�Nzc K>jWY:[^T�P�@+B2GIT&UZNWJSr�P�@&Y:D:K&`
V�U�@+[Ir&T�P2G^B2D�F
K

NWK�Y�@+P_O6T�J:P�L�NWK�r�P�@&Y:D:K�KRLeB�@+[IT&P_LvT�hWB2KRUWJXO>T&FZFZK�LeJ:G^BR`
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b.

�������47���V�Uir&P_@+Y�D:K
γ
¸o@�¹6{:[^KML�E6B_@CB�L

(Ft)0≤t≤9

NWK�[I@�k�[IKS¸}h�¹
K6B�[�c @+P�h:P2K�O6T�J:\VP�@&UVB�¸oOR¹�@&L�L2TVO>G^EML�@+JiY�@+P_O6T�J:P_L�KRUX[t@+P�r&KRJ:P�NWK

γ
`

8$9 �;:;<��>=�?A@CBED+FHGJI+<�K0:;FA<ALM��]dU�Y�@&PeB!NWJ
L2T&FZFZK6BÛ�:`ON B2T�JWB!G^UfL�B_@+UVBR{�J:U
LeT�F
FZK>B�Y�K>JWB!�6B�P2KiN:@&U�L�N:K>JWj�E>B�@CB_LXÁ�[�c E6B�@+Bs��G^U�O>T&U:UWJS��T&J�[�c E6B�@+Bs��K6jWY:[IT&P�E��¨`
½mU:G(B�GI@&[^KRFZK>UVBR{�B2T�JWB�LeT�FZF
K>B�¸oL2@&JW|$[t@�L2T&J�P�O>KM¹.KML�B���GIU�O>T&U:UWJ��z`Vu�c @&[^r�T&P�G(B�D:FZK�T�YfQRP2K
@C\�KMO�J:U:K�k�[IK�Nzc @+BeB�K>UVB2K�H�J:G��
OqD�@&H�J:KdG^UfL�B_@+UVB�O6T&UVB�G^KRUVB�J:U:K�[IGILeB2K�NWK�L2T&FZFZK6B_LbN:E��e�
\�GtL2G(B�ERLR`QUVT�G(B Ft [oc E6B_@CB�NWK�[t@�k�[^K���[�c GIU�LeB�@&UVB t `V½mU:G^B2Gt@+[IK>FZK>UVB t = 0

K6B F0 := {0} `�u7@�wh�T&J�O>[^K.��Y:P2GIU�O>G^Y�@&[^KbNWKb[oc @+[Ir&T�P2G^B2D:FZKbO6T&UfLeGtL�B�Kv@&[^T�P�L7��P�E>Y�E6B�K>P���J�L�H�J$c ��E>Y:J:GtL2K>FZK>UVB
[oc T&Y�K>P_@CB�G^T�U�L2J:G^\+@&UVB2K�Á

 �J-B�K>FZY�L
t
¸
t = 1, 2, . . .

¹q{¨OqD:T&GtL2G^P�J�UxL2T&FZFZK6B
st ∈ Ft−1

²¨[oc K>U�[^KR\�KRP�NWK
Ft−1

`_UVT�G(B
At

[oc K>U�L2K>F
h:[IK
N:KRL�\�T�GIL2GIU�LdN:K
st
¸oLeKR[^T�UA[�c @�N0�e@&O>K>U�O>K
NWJ�r&P_@+Y�D:KM¹

H�J:GvLeT�UVB�KRU�O6T�P2K-��GIU�O6T�U:UWJ�Lw��²�T�U9P2KRF
Y�[I@�O6K!@+[IT&P_L�N:@+UfL Ft−1
[�c ER[^ERFZK>UVB

stYf@+P�[IKRL�E>[IE>FZKRUVB�L�NWK
At
{:N:K�LeT�PeB�K�H�J:K

Ft = (Ft−1 \ {st}) ∪ At.
 �J�FZT&FZKRUVB�T�`�[^KML�U:T&J:\�KR@&JWj�LeT�F
FZK>B�LºLeT�UVB$GIU�LeERP2EML7N�@+U�L Ft {0[^KRJ:PºE6B�@+B�Yf@&L�LeKN:JiLeB�@+B2JWB���GIU�O6T�U:UWJ
��@+JsLeB�@CB�JWB���K6jWY:[IT&P�E��¨`

av[I@&G^P�K>FZK>UVBM{�O6K�L�OqD:ERF!@
Y�K>P�FZK6BxN:K�Y�@+P_O6T�J:P�G^PXB2T�J�L-[IKRLxLeT�FZF
K>B�L-N�c J:U r&P_@+Y:D:K
O6T&U�U:K6jWKXK>U�[^KRJ:PZP2KRU�N:@&UVB
\VGtLeG^B2KiJ:U:Ki|}T�GILZK>B!J:U:K-L2K>J:[IK&`w¿dKX|´@+G^BR{�O>KiL�OqD:ERF!@A@&Le]
LeTWO6GIK���J:USr&P_@+Y�D:K�O6T�U:U:K>jVK

γ
J:U�Y[Z0â0Z�§�W�Õ[½Ná�Z2Y+¤ªØ

τ
{�[�c @+P�h:P2KdNWT&UVB�[IKRLb@+P��6B�KRL�P2KR[^GIK>UVB

st
@+JWjXE>[IK>FZK>UVB_LbN:K

At
{:[IKRL�@+P��6B�KRL�NWK

st
\�K>P_Lv[^KML�@+JWB�P2KMLb\�T�GIL2G^UfLvE>B�@&UVBbGIUWJWB2GI[IGIL2E>KML>`

u�c @&[^r�T&P�G(B�D:FZK�KRLeBdO6T�FZY:[^Q>B2KRF
KRUVB�LeY�ERO>G(kfE�NWQRLdH�J�c J�U:K�Y�T&[IG(B�GIH�J:K
Π
k�jVK�[^K�Y�P2GIUW]

O6GIYfK
NWK�L2K>[IKRO6B2GIT&U-NWK
st
@&G^U�L2G7H�J:K�[oc T&P_NWP�K�Nzc G^UfLeKRPeB�G^T�U-NWK�L2KRLdLeJ�ORO6KML2L2K>J:P_L

s′ ∈ At
`

u�KRL�Y:P2GIU�O>G^Y�KRL���u$½�·�]��9¸yö^Y[»�ØQPSR6¤&PQT�£�Z�»�ØQPVU�½NØ�ÁfT&UsOqD:T�GIL2G(B�[IK
s ∈ F [^K�Y�[^J�L�P2EMO6KRUVBR{

O6K!H�J:GwLeKZr�Q>P�K�Y�@&P�J:U:KZY:GI[^K0¹�T&Jn��·7½�·(]��
¸�T�£�Z�»�Ø�PSRq¤&PQT�£�Z�»�Ø�PVU ½NØbÁ�T�UxL2K>P2B�[IKZY:[IJ�L
@+U�O>G^KRU
N:@&U�Lº[t@�k�[^K0¹ºLeT�UVB�Yf@+P.K6jWKRF
Y�[^K�NWKML.YfT�[^G^B2GtH�J:KRL�O6T&P�P�KRL2YfT�U�N:@+UVB�@+JWj�Yf@+P_O6T&J�P�L
@+Y:Y�K>[IERLS�dK>U9Y:P�T+|}T�U�NWKRJ:P�Nzc @&hfT�P�NZ�xK6B���K>U�[t@+P�r&K>J�P�Nzc @+h�T&P_N!�¨`$u$K
Y�P2GIU�O6GIY�K
Yf@+P
��Y:P�GIT&P�G(B�E��9¸oOqD:T�G(jiNWJsY:[IJ�L�Y�K6B�G(B�T&JsY:[IJ�L�r�P�@&U�NXUWJ:FZE>P�T!Nzc @&hfT�P�Nf¹�KRLeB�J:U:K�@+JWB�P2K
YfT�[^G^B2GtH�J:K�Y�@+P2B2GtO6J:[IGIQ>P�K>FZK>UVB�G^UVB�E>P�KRL�L2@&UVB2K�N:JXY�T&GIUVB�NWK�\VJ:K�O6T�F�h:GIU�@+B2T&GIP�K&`
W %�#
243�/
,�XY/	Z
2+#*%M[]\_^+105
±�T&J�L @&[^[IT&UfL F!@&G^UVB�K>U�@&UVByB2GIP�K>P H�J:K>[tH�J:KRL O>T&U�L2ERH�J:KRU�O6KML O>T&F
h:GIU�@CB�T&GIP2KMLyNWJ

L2OqD�E>F!@dN:K�Y�@+P_O6T�J:P�LR`�avK�H�J:G�L2J:G^B�KRLeBw[I@&P2r�K>FZK>UVB�B2GIP�E�Nzc J�U:K�O6T�J:P2B2K�F!@+GtL.G^UfLeY:GIP_@+UVB2K
U:T+B�K�N:K�UVYfKRU�O6KRPR`
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Cn,k
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Cn,k
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Z�¾ÖYÛZ_§%¾ÖY
Øo£�Õ+¤

Cn,k
Cn,0

= E

[(
Dn,n−1

k

)]
,

Õ[ûÔ¾9ä ÕC¤­Y¤º§Y
Z�Y+£�¾�¾^§0½NZ�»Ñ¼%½�§
Cn,0 = nn−2 ç

���
�������}���]������������� m | j�i2���[i�wli{�Iq5oQ�	iÚwl�	j �pi���m0npk��[��i{~5j9m | z�i�w�i4k | m0j�}
npo�~�w�g�q�o�����n�wli2o	k� �	i�w^wyk9m%k�npwyk�n��[��i�w�wl�	j(��i2�
�Úkyv | i�w_��i | m0jlk�n�k�npq�o�w�q0j9��q�o�o	��i2w��[�pi�w��[��i��p�pi�w�w}� m%���2j�i�o
k��M�l���A�����npwlq5��q5j | z�i�w �
(i) � �� 
¡£¢_¤�¥
¦	�� §¤©¨JªY¥
¤£¢¬«­�>«­��®£�
 }¯ � i��M�2j�q�����i2��i�o	k���i��­� m5�p~5q5j�n�k�z���i��	i | m%j�g�q��	j�wÚ�&� ��o~0j9m | z�i γ � n + 1 wlq�����i2k�w {0, 1, 2, . . . , n} i�wyk��
�2g2j�n�k | m%j�wlq�obm0j���j�i¡g�q����
j9m0o	k τ �¥q5�i2o�g�q0j�i | m%j���m | m%jlk�npk�npq5o�q5j9�	q�o�o	��i (Ak(τ ))1≤k≤n

��ix�­� i�o�wli2�����pi {1, 2, . . . , n} �^n�o�����npk�i
| m0j(�pi | m0j�g�q5��j�wui�o���m0j�~�i2��j �	° q5��j(��o�i�k�i��p��i | m0jlk�n�k�npq�oª��o�q5k�q5o�w xk(τ ) �pi�g�m0j9��npo�m5�§��� k ±S²�³��q0j�g�i�m0�§�	i2k | q�wlq5o�w

yk(τ ) = x1(τ ) + x2(τ ) + · · · + xk(τ )− k + 1 ;
´ ���Vµ
yk(τ ) j�i | j���wli2o	k�iu�	q�o�g(��m{�pq�o�~���i2��j���i(��m �Q�pi��&� m0klk�i2o	k�i�m | j��2w��pi k ±S²�³ | m0w��	i(�­� m0�p~�q5j�n�k�z���i�	i | m0j�g2q���j�w��Q��i�~5j9m | z�iÚ�	i k −→ yk(τ ) m |�| m%j9m5npwlw�m5o
k | m0j i¶�	i�� | �pi�m5� ´ �]µ��	iÚ��m¸·�np~���jli¹ ��º o�~5j9m | z�iÊg2q�o�o�i¶�	iO�&� m0j��	j�ibg2q����[j9m0o	k τ m | q5��jrm0j��2k�i�w�k�q��	k�i�wõ�pi�wrm0j��2k�i2wÔ��i τ �
| �p��w��»�2�[i�o	k���i��p�pi���i�o
k���g�i2jlk9m5npo�i�w�m%j��2k�i�w | j�npwli�w���m0o�wß�­� i2o�wli������pi�� � (y1(τ ) − 1) +
(y2(τ ) − 1) + · · · + (yn(τ ) − 1) ���¼����i�o
k�w�����i�wXm%j��2k�i�w½�[��n¿¾yq5n�~5o�i�o
kX��o·wlq�����i2k
i2o k�À2k�i ��i �Öm �Q�pi ��� m0klk�i�o
k�i i4k���o m5�	klj�i wlq�����i4k��	i ��m ����i �&� m0klk�i2o	k�i � f�npo�wln��wl�	jý�­� i¶�	i�� | ��ih�	i ��mH·�np~���j�i ¹ ��q5o	k τ | q5��jým0j���j�ihg�q5���[j9m5o
kß��i2wý~5j9m | z�i�w�g�q5o	k�i2so�m5o
k τ i2k­�	q�o
kO�pi�w­m0j��4k�i�w�i�oãi���g¶��w�wlq5o	k | j�npwli�w���m0o�w��­� i�o�wli������pi � � ¹ ���¼����i2o	k�w
{(6, 8), (8, 2), (8, 3), (2, 3), (3, 7), (7, 1), (7, 4), (1, 4), (1, 5), (4, 5), (4, 9), (5, 9)} � g�q5jlj�i�wys
| q5oQ��m5o
k��Nwl��j{��m$·�n�~5��j�i ¹ ´ ��µ4�ªm5�M�ø� ¹ g�m5wli�wÚ�	i�w���i��M���2k9m0~�i�w�wl� | �4j�n�i2��j�w ��Á n | m%j{g�q5o	klj�iq5oÑj9mV¾yq5��k�i{�­� m0j��2k�i (6, 5)

�
γ �	q�o¡q5��k�npi�o
k(��o�~5j9m | z�i γ′ �	q�o
k(�­� m0j���j�i{g2q����[j9m0o	k�o*� i�wyk | �p��w

τ �
° m%j���nN�pi�w�~0j9m | z�i�wug�q5o�o�i���i2wu�&� i¶�	g}��w k ��np�ªv�i�oxm���q5o�g
(
y1(τ ) + y2(τ ) + · · ·+ yn(τ )− n

k

)

�	q�o
k(�­� m0j���j�i{g2q����[j9m0o	k(i2wyk τ � f�npo�wln

Cn+1,k =
∑

τ

(
y1(τ ) + y2(τ ) + · · · + yn(τ )− n

k

)
,

´ � ¹ µ

q£Â τ | m0j�g2q���jlk��­� i�o�wli2�����pi��	i�w�m0j��	j�i�w � n + 1 wlq5����i2k�w �
(ii) � �� ÄÃ}®£�]Å¶«­��®£�
 �Æ��Y¥
¤£¢�Ç©�l��¡ ¤£¨Èª�¥
¤£¢¬«­�>«­��®£�
 ¶¯

º o�iÑ�Iq�o�g2k�npq�o | m0j�}
npo�~ f �	i n �[q�n�sk��	j�i�w�wl�	j n+ 1 | ��m0g�i�w(i�wyk���~�m5�pi���i�o
k��
��g2j�n�k�i | m0j(��o�i | m%jlk�npk�npq5o¡q5j9�	q�o�o	��i ��i���� i�o�wli�������i
{1, 2, . . . , n} i�o n ��q5j�g2i�m5�M�ª�	o�q5k���i (Bk(f))1≤k≤n

��m0�[i�g
Bk(f) = f−1(k) ;
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Bk(f) i�wyk¡��� i�o�wli�������i��	i�wÑ�[q5n�k���j�i�w�����i�g�m0j9�	npoQm5�{o�q5k�� xk(f) �u��q5o	k���m | ��m5g�i k i�wyk¡�Öm
| j�i���n¼�2j�i k�i�o
k9m0k�np�[i �JÊ �2�Qo�npwlwlq�o�w yk(f) ��i ��m5o�n¼�2j�i�m5oQm0�pq�~���i � ´ ���Vµ�Ë
´ �}ÌJµ yk(f) = x1(f) + x2(f) + · · · + xk(f)− k + 1;

yk(f) j�i | j���wli�o
k�ixm0��q0j�w¡�piÛo�q5����j�iÑ��iÛ�[q5n�k���j�i�w�m�v	m5o
k�k�i2o	k����^m%�[i�g�q��Lw�m0o�w�wl��g�g}�2w����	iwli�~7m%j�i2j�wl��j{��m k ±S²�³{| ��m5g�i � � i��M� | ��m5g2i���i�o
k�k�q0k9m5�¥g�qÈÍ/o�g�n���m5o
k{m%�[i�g��pi�o�q5����j�i{k�q0k9m5�¥��ik�i2o	k9m%k�n��[i2w�npo��Öj���g2k���i���wli�w���q�oxm
y1(f) + y2(f) + · · ·+ yn(f)− n = Dn,n+1(f),

i4k���o�m0k���j�i2���pi���i2o	k��
�pi{��q���i2o	k_��m0g2k�q5j�npi��E�	�x�M� | ��m5g2i���i�o
k�k�q5k9m0�Gw}� i¶� | j�np��i | m0j

E

[(
Dn,n+1

k

)]
=

1

(n+ 1)n−1

∑

f

(
y1(f) + y2(f) + · · ·+ yn(f)− n

k

)
,

´ �¶Î�µ

q£Â f | m%j�g�q��	jlk{�­� i2o�wli������pi¤�	i�w �Iq5o�g2k�npq5o�w{�	i | m%j�}
n�o�~ � ´­Ï m |�| i��rËAq�oõm��	� � ��m�wli�g4k�n�q5o ¹�[��i (n+ 1)n−1 �
�2o�q��¤��j�i���i2w��"q�o�g4k�n�q5o�w���i | m0j�}
npo�~ � µ
(iii) Ð
Ñ Ò¬Ó ¨��>Ô©¤£ÕÖ����Å��V¯ � i | q5npo	k(g2�Ö�{i2wyk��
��i��pi�wui�o�wli2�����pi�w(�	i | m%jlk�n�k�n�q5o�wC×2m5����npwlwlnp���pi�wx×%���� ��o�i | m%jlk^�­� i�o�wli������pi���i�w | m0jlk�n�k�npq�o�w (Ak)1≤k≤n

npwlwl��i�w_��� | m0j�g2q���j�w_��� ��o�m%j���j�i ´ q5� | �p��w~£��o	�4j9m5�pi���i�o
k(�	� | m0j�g�q5��j�wu��� ��o�~5j9m | z�i�g2q�o�o�i¶�	ixµ_i4k��&� m5�	klj�i | m%jlk(�­� i�o�wli��¤���pi �	i�w | m0jlk�n�sk�npq5o�w (Bk)1≤k≤n
npwlwl��i2w��&� ��o�i{�Iq5o�g2k�npq�o | m0j�}
npo�~��Qwlq�o
k�g2q�o��"q�o�����w �]Ê i{��m5n�k��A��m�g�q�o���n�k�npq�o

| q5��j��[�*� ��o�i | m0jlk�n�k�npq�oxwlq5npk�m5����npwlwlnp���pi���m0o�wu�­� ��o¡q5�x�­� m0��klj�i��	i�wuwli�o�w�����k�i2j���i��	i�wykØ�[��i
´ �VÙÈµ yk ≥ 1, 1 ≤ k ≤ n.
Ú oxi¶ÛAi4k�� | q��	j���o | m%j�g�q��	j�w���� m%j���j�i�q����	i{~5j9m | z�i5� yk j�i | j���wli�o
k�i{��m���q5o�~5��i��	j��	iÚ��m¤����i��� m0klk�i�o
k�iÚm | j��2w �pi k ±Q²�³ | m5w��Ai4k��­� n�o
��~7m0�pnpk�� ´ �VÙÈµ(klj9m�����n�k���m�g2q�o
klj9m5npo	k�i��	i�g2q�o�o�i¶�	n�k���wl�	j�piÚ~5j9m | z�iÚq����­� m0j��	j�i;Ü | q5��j���o�i{�Iq5o�g2k�npq5o | m0j�}
npo�~��Q��� npo	�2~7m5�pn�k�� ´ �xÙ£µuklj9m5����n�k��
��i��Öm�wli�����i
| ��m5g�i{�
n���i�i2wyk���m | ��m5g�i n+ 1

´ q5� 0 �QnpoQ�	n¼Û��4j�i�����i�o
k�µ �f�npo�wln_g2z�m5g���or�	i�w{klj�q�npw | m0j�g2q���j�w�g�n�k���w | �p��w{zQm5�	k ´ �pi | m0j�g2q���j�w�i�or�Öm%j�~�i��	jÚi�o | m0jlk�n�sg2���pnpi2j�µ�n�o�����npk���o�i{��n ¾Îi�g2k�npq�o�m%j���j�i�w ↔ | m%j�}
n�o�~���i�oÛm0wlwlq[g�n�m5o
k � �­� m0j��	j�i τ �Öm¤�"q�o�g2k�npq�o���i
| m0j�}
npo�~ fτ �M�2�Qo�n�i | m0j

Bk(fτ ) = Ak(τ ).
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a.

�����Ø�ÞÝ��du�K Y�@+P2�VG^U�r GIU�NWJ:G^B Y�@&P [I@ Y�@&PeB�G(B�G^T�U T�P�NWT�U:U:ERK
({6, 8}, {2, 3},∅, {7}, {1, 4}, {5}, {9},∅,∅)

{w@&Y:Y�@+P_@+GtL�L2@&UVB�NWE��e@
·�GIr&J:P�K���Y�T&J�P$[�c @&P2h:P�K

γ
¸o@�¹6{RK>B7[IKRL�Y�G^[IKRL�NWKRL$\�T�G(B�J:P�KRLz@CpV@+UVBfKML2L�@Cp�E

N:K�L2K�r�@&P2KRP�L2J:Pw[IKRLºY�[I@�O6KRL���{&�W{+K>B�O�`I`^{+N�@+U�L.[�c T&P_NWP2K�OqD:P�T&U�T&[IT&r&GtH�J:K
¸´hf¹q`



B�C�@AB�CGJ¥K§¦QC�¨§©ª¨§KAD7¦A@ªBGKA«�FIHED�¬­JE¨GC�>NBGKAD <2<
� i�w(j�i���m0k�npq�o�w ´ � ¹ µ�i2k ´ �¶Î�µ�npoQ����npwli�o	k(m5�pq5j�w��­� n��	i�o	k�n�k��

Cn+1,k = Cn+1,0E

[(
Dn,n+1

k

)]
,

��m£�
��i��p�pi{i¶� | j�np��i | j���g�npw_����i�o
k(�pi | j�npo�g2n | i���� �V�[��np�7m0��i2o�g�i�~5j9m | z�i�wys | m0j�}
npo�~ � �
avK>BeB�K�K>jVY�[^GtO>@+B2GIT&Ush:G ��KRO6B2GI\�K�KRLeB�NWJ:K
�õUVY�K>UfO6K>P¡a �&�7d={�H�J:T�GIH�J�c GI[7U:KZL2T&G^B�Y�@&L�|´@+G^B

F
KRUVB2GIT&U9K6jWY:[IGtO6G^B2K�N:J�Y�@+P2�VG^U�r-N:@+U�L�LeT�U�@+P2B2GtO6[IK&`�¿�KML�h:G ��KRO6B2GIT&U�L
@+P�h:P�KRLe]�Yf@+P2��GIU:rf{
\�T�GIL2G^U�KRL�L2T&UVBdO>T&U:UWJ�KRL�K>B�E>B2J�N:G^ERKRL�NWK>Y:J�GIL�NWKML�B�P�@+\+@+JWj�N:K�».T�[^[t@&O��¨{ªUWO6D�ßWB2¾RK>UWh�K>P2]
r&K>PM{�·fT�@+B�@
K6Bd��G^T�P�N:@&U�{�·fP�@&UªÐ6T�UsN:@+U�L�[^KML�@+U�U:E>KML��R�]�[�:`GUVG$[�c T�UsY�@+P2B�NWGIP2KMOqB�K>FZK>UVB
NWK�[t@SNWE6kfU:G(B�G^T�U-NWK

Fn(q)
O6T&FZFZK�Y�T&[IpVUAÀ&FZK�ERUWJ:FZE>P_@CB2KRJ:P�NWJANWERY:[t@&O6KRFZK>UVB�N:@&U�L

[^KML�|}T&U�O6B2GIT&U�L�NWKZY�@&P4�VGIU:riNWKZB�@&G^[I[^K
n
{z[t@iLeERP2GIKZr&E>U�E>P_@CB2P�GtO6K�N:K
Y�P2T�h�@+h:GI[IG(B�EZN:J9N:E6]

Y:[I@�O6KRF
KRUVBb\+@&JWB
Fn(q)/Fn(1)

K6B�L2T&UXFZT&FZK>UVB�h:GIU:T&FZGt@+[z\+@&JWB

E

[(
Dn,n+1

k

)]
=

1

k!

F
(k)
n (1)

Fn(1)

u�K�NWE>\�K>[IT&Y�YfKRF
KRUVBbNWK�¢º@CpV[IT&P

Fn(1 + q) =
∑

k≥0

1

k!
F (k)(1)qk

YfKRP2FZK6B�@+[IT&P_L�N:K�B�P�@&U�L2O>P2GIP�K�[I@�P2KR[I@+B2GIT&UA¸e�M��¹�O>T&FZFZKdL2J:G(B�Áªö�§�º§Õ[¾pÙC¤0à[×!§�\6¤§½N×x\0Z2Y�P
Ø=§0½NZ�Ò&§%»¤Ò	\lºG¾ÖY�Wq§%×!§>¤ªØ*»�Ò�§uºªY
Z��C£¥¤Qù[Ó

Fn
Óº§�»�Ø�Ø=§0¾§¼0½�§

Fn(1+q)
\6¤§½N×»~0Z�§�¾^§�»�ù	Z2Y�ºA÷�§�»

W�ÕC¤�¤¨§4åV§%»�Ò&§�ØlYC£�¾�¾I§
n+1

»>§0¾ÖÕC¤x¾9ä §2åQWV~�»0ç
]dU�P�K6B�P2T�J:\�K.NWKv[I@�LeT�PeB�KwY�@+P7[I@�O6T&F
h:GIU�@CB�T&GIP2K
[^KdP2EMLeJ:[^B�@+BvNWK�~�UWJWB2D-¸á�+¹wK6Bv[�c T&U�@�@+JSY�@�L2L�@+r�K�[I@&P2r�K>FZK>UVB.r�E>U:ERP�@&[^GtLeE�[oc T&h�L2K>P�\+@CB�G^T�U
NWK�~�P2KR�bKRP�@�L�¸e�5��¹bO>T&U�O>K>P�U�@+UVB

Fn(1)
K6B
Fn(2)

`

â %]ãM%�/M,ä/	ZÄ2+#*%M[]\_^+1�5
u$KRL�@+P�h:P�KRL$L2T&UVB7FZ@&U:G^|}KRLeB2K>FZKRUVB7Y:P�ERL2K>UVB_L$N:@&U�L�B�T&JWB�KbO>K6B2B2K�NWGIL�O6JfL2L2G^T�U�`0¿�c @+h�T&P_Nz{

[^K!U:T�F�h�P2KZNzc @+P�h:P2KML�E6B�GIH�J:K>B2ERL�NWKZB�@&G^[I[^K
n
{$\+@+[t@+UVB

nn−2 {�KRLeB�Y:P�ERL2K>UVB�N:@+UfL�[^K�N:E6]U:T&F
h:P�K>FZK>UVB�NWKMLd@&[^[ITWO>@+B2GIT&U�LdY:P�KRL�H�J�K6]=Y:[^KRG^U�KRL�¸
(n + 1)n−1 ¹�K6B�N:@+UfLd[�c @+U�@&[^pWL2K�K>UF
T&p�KRU:U:K.NWKv~�UWJ:B2D���[t@�L2KRO6B2GIT&U��:`R�wUfLeJ:G^B2K�{0[I@�L2E>P�GIK�r&ERU:E>P_@CB�P2GtO6KwN:KvO6KML$U�T&F
h:P2KML>{>[I@

|}T&U�O6B2GIT&U
T (z)

NWKdab@CpV[^KRp�NWK�¸�c�¹ºKRLeB���[I@�h�@�LeK�NWK�[�c @+U�@&[^pWL2K�N:K�\+@+P�GI@&U�O6K�{MK>B�NWKRLwF
T&]
F
KRUVB�L.Nzc T&P_NWP�K�LeJ�YfERP2GIK>J:PM{&NWJ�NWE>Y:[t@&O>K>FZK>UVBºB�T+B�@&[7¸oLeKMOqB2GIT&UZ³�K>B�ERH�J�@+B2GIT&U�L�¸�c�¹6{f¸o��¹e¹6`
�wUWk�U�{�[IK�P2E>]�K>j:@+FZK>U!O6T�F�h�G^U�@+B2T�G^P�KbN:J!Y:P2T�h:[IQ>FZK�NWK�Yf@+P2��GIU:r�|´@&G(B���T�J:K>PM{�O>T&FZFZK�T&U
\�GIK>UVB�NWK�[IK�\�T�G^PM{VJ:UiP4À�[^K�Y:P�G^\VGI[^ERr&GIE�@&JWj�@&P2h:P�KRL�O>T&J:\VP_@+UVB�LR`
½m[zKML�B�N:@&U�L�O6KRL�O>T&U�NWG^B2GIT&UfL�U�@+B2J:P�K>[zNzc @CB2B2KRU�NWP�Kd[�c K>jWGILeB2KRU�O6K�NWKRLb|}T�P2F
J:[t@CB�G^T�U�L�@&Pe]

hfT�P2KML2O>K>UVB2KML�ERH�J:GI\+@+[IK>UVB2KML�@+J�Y:P�T&h�[^QRF
KSN:K�Y�@&P4�VGIU:r�`$¿dK!|´@&G(BM{7T�U�YfKRJWB
LRc @&Y:Y:J:p�K>P
LeJ:P�J:US@+P2B2GtO6[IK�NWKd��KML2L2K>[fK6B���@+U�r¡aI�R�
dfY�T&J:PvNWERNWGIP�K�J:U:K�P�K>[t@CB�G^T�U!NWG^P�KRO6B2K�KRUVB2P�K�NWGILe]
B2P�G^h:J:B2GIT&U�N:KRLbG^UW\�K>P_L2G^T�U�L.N:@+UfLv[IKRL�@&P2h:P�KRLvNWK�ab@CpV[^KRp�K>B�N:E>Y:[t@&O>K>FZK>UVBvB2T+B_@+[zN:@&U�L�[IK
Y�@+P2�VG^U:rf`�¸´¼�Gt@�NWKRL7B2P_@C\+@&JWjdY:[IJ�L.@&U�O6GIK>U�LºNWK�?-@&[^[IT+��L�K>Bw��G^T�P�N�@+U�aÊ�	¢7d�{0[IKRL.H�J�@+UVB�G(B�ERL
K>U���KRJ!LeKbP2KR[^GIK>UVB�J:[^B2GIF
KRFZK>UVBw@+JWj�FZT�F
KRUVB�L�NWK�[I@�[IT&GV[IT&r+]=U:T�P2F!@+[IKw¡Ê¹^]dU�P2K>B2P�T&J:\�K>P_@
K>U�O>T&P�K
[IKRL�@&P2h�P2KML���[t@sL2KROqB�G^T�U��XO>T&U�L�@&O>P2ERK
�i[�c @+U�@&[^pWL2K�kfU:KSNWKRL�Y:D:E>U�T&FZQ>U:KML�NWK
O6T�@&[^KML2O>K>U�O>K&`
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¼�K>P_Lw[IK�FZG^[IG^KRJ�NWJ�LeGIQRO>[^K�N:K>P�U:G^KRPR{�J:USr�P�@&U�NZU:T&F
h:P�K�NWKdOqD�K>P_OqD:K>J�P�L�GtL2L2J�L�N�c D:T�P2G^]
¾>T&UfL�B2P�QRL�N:G^\�K>P_L�¸}[IT&r&GtH�J:K&{fO6T&F
h:GIU�@CB�T&GIP2K�{VB2D:ERT&P�G^K�N:KRL�Y:P�T&hf@+h:GI[^G^B2EML>{�G^UW|}T�P2F!@+B2GtH�J�K&{
[^GIU:r&J�GILeB2GtH�J:Kw|}T�P2FZK>[I[IK&{>K>B�OM¹�NWEMO6T&J�\�P�K>UVB$N:G(�¨E>P�K>UVB_L$@&L2Y�KROqB_L7N:KRL�P�GtOqD:KRL�P2KR[I@+B2GIT&U�L$K6jWGILe]
B�@+UVBSKRUVB2P�Ki[^KML�@+P�h:P�KRL!K>B�[IKRL�O6D:K>FZGIU�LSN:@&U�LS[IK-Y:[t@+UVlnY:[IJ�LSY�P2EMO6GtLeERF
KRUVBR{w[IKRL�K6jV]
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B2GIP2ERK�@&J�Df@&L�@+P_N!Y�@+P�FZGz[^KMLb|}T&P��6B_L��

m− n @&P2h:P�KRLbK>B m U���J�N:L�¸´T&J�|}K>J:GI[^[IKRL_¹q{�YfT�J:P
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(m,n)
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F
KRUVBd[IKRLdP2EMLeJ�[(B_@CB�L�NWK
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Pr (Y1(β) ≤ x)
Á

1+β3eβ
2/2
∑

k≥1

(−1)k

k!

∫

D(β,x,k)

β2k exp{−β4/2(β2 − x1 − · · · − xk)}dx1 . . . dxk
(2π)k/2(x1 . . . xk(β2 − x1 − · · · − xk))3/2

,

T	`

D(β, x, k) =
{

(xi)1≤i≤k : xi ≥ β2x, 1 ≤ i ≤ k, @&U�N ∑xi ≤ β2
}
.
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