WW Whittaker W

WW.1 Introduction

Let = be a complex variable of C\ {0, 00} and let i, v denote a set of parameters
(independent of x).The function Whittaker W (noted WW,, ,,) is defined by the
following second order differential equation

2
(WW.1.1) —2% — 4px — 1+ 42y(x) + 42? 381/(230) =0.
x
Although 0 is a singularity of WW.1.1, the initial conditions can be given by
v+ 1
[m( +2>] WW,., (z) = 7T 7
sin(m(2v + 1))T(2v + )T (§ v - )

(WW.1.2
™

sin(m(2v + 1))(1 — 21/)F(% +v— ,u) .

x (ﬂ&%) 1 WW,,.(z) =

The formulae of this document are valid for 2v ¢ Z.
Related function: [Whittaker M

WW.2 Series and asymptotic expansions

WW.2.1 Asymptotic expansion at cc.
WW.2.1.1 First terms.

where
2 s 1
yo(z) =1+ v +p—p” =7 o=

—(4u2 +12p — 4p® — 9) (41/2 +4p — 4p® — 1)562
32 +
(402 + 20p — 4p® — 25) (4% + 120 — 4p® = 9)

(402 + 4p — 42 = 1)a® 3844 2.

WW.2.1.2 General form.
WW.2.1.2.1 Auxiliary function yo(z). The coefficients u(n) of yo(z) satisfy the
following recurrence

4du(n)n+
u(n —1)(—=4v* —dp+4p* =3 +4n —8(n — p+4(n —1)*) =0
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whose initial conditions are given by

This recurrence has the closed form solution

(—2)”F(n+ 1 —V—u)Z"F(n—F i +z/—u)

u(n) =

47T (n + 1)F<% —v f,u>F(% Jrl/—u)

WW.2.2 Asymptotic expansion at 0.



WW.2 SERIES AND ASYMPTOTIC EXPANSIONS

WW.2.2.1 First terms.
WWy,(2) = x(VJF%) < il _
sin(m(2v +1))0(2v + I)F(% —v— u)
pxm
(2v + 1)sin(7(2v + 1)) (2w + 1)F<% —v— u)
(2v 4+ 1+ 4p?)a?n
16(2v + 1) (v + 1) sin(m(2v + 1))T(2v + 1)1“(% - u)

(u(Gl/ +5+ 4,u2)m377)/ (48(2V +1)(v+1)(2v+3)
sin( (20 + 1)) D20 + 1>r(§ v M)>+

((121/2 +24u + 9 + 4820 + 5642 + 16u4)z47r) / (1536

(2v+ 1) (v +1)(2v 4+ 3)(v + 2) sin(7(2v + 1)) T (2v + 1)

p@_w))_

(,LL(GOI/Q + 1600 + 89 + 8042w + 1204 + 16u4)x5w) / (7680
(2v+ 1)(v+1)(2v + 3)(v + 2)(2v + 5) sin (7 (2v + 1))
I'(2v+1)T (; —v— u)) + ((1201/3 + 5400”4 6900 + 225+
7200 % + 2400p%y + 1756 + 480p v + 880u* + 64°)

:c%)/ <368640(21/ F)W+ 120 +3) v +2)(20 +5) (v +3)

sin(m(2v + 1)) (2v + I)F(; —v— u)) - (u(840y3 + 462002+

7518v + 3429 + 168021 + 67201% v + 60762 + 672 v+

1456p* + 64u6)x77r) / (2580480(2V +1)(v+1)(2v+3)(v +2)

(2v 4+ 5)(v + 3)(2v 4+ 7)sin (7 (2v + 1))T'(2v + 1)F<; —v— u>> + ((

16800 + 1344002 + 3612002 + 36960y + 11025 + 1344043+
87360u?v? + 1722562y + 9976047 + 13440p* 1>+

62720u v + 674244* + 35841°v + 8960u° + 256u8)x87r) / (

165150720(2v + 1)(v + 1)(2v 4+ 3) (v 4+ 2)(2v + 5) (v + 3)

(2v 4+ 7)(v + 4) sin(m(2v + 1)) T (2v + 1)F<; —v— u)) . ) + (

(WW.2.2.1.1)
™
+

sin (20 + 1))T(1 — zu)r(é v u)
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WW.2.2.2 General form. The general form of is not easy to state and requires
to exhibit the basis of formal solutions of 77 (coming soon).
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