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The d-dimensional Poisson process of intensity λ is a random scattering
of points (called particles) in R d that meets the following two requirements. Let
S ⊆ R d denote a measurable set of finite volume μ and N(S) denote the number of
particles falling in S. We have [1, 2]

• P {N(S) = n} = e−λμ(λμ)n/n! for any S, for any n = 0, 1, 2, ..., and

• if S1, . . . , Sk are disjoint measurable sets, then N(S1), . . . , N(Sk) are indepen-
dent random variables.

In particular, the location of S in R d is immaterial (stationarity) and E(N(S)) =
λμ =Var(N(S)) (equality of mean and variance). An alternative characterization of
the Poisson process involves the limit of the uniform distribution on expanding cubes
C ⊆ R d. Let ν denote the volume of C. Given m independent uniformly distributed
particles in C and a measurable set S ⊆ C of volume μ, the probability that exactly
n particles fall in S is

m!

n!(m− n)!

µ
μ

ν

¶n µ
1− μ

ν

¶m−n
→ e−λμ

(λμ)n

n!
,

which occurs in the limit as ν →∞ in such a way that m/ν → λ. The interpretation
of λ as a rate or intensity is thus clear, as is the phrase binomial process to denote a
Uniform (C) distribution.
Here is a sample problem involving the Poisson process; assume for simplicity

henceforth that λ = 1. Let ξ be an arbitrary point in R d and R denote the distance
from ξ to its nearest neighboring particle. What can be said about R? If ωd =
πd/2Γ(d/2 + 1)−1 is the volume of the unit d-ball, then [3, 4, 5]

P {R > r} = P {d-ball of radius r contains no particles} = e−ωdr
d
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which implies that

E(R) = ω
−1/d
d Γ

µ
1

d
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¶
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2
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3
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Γ
µ
4

3

¶
if d = 3

=

(
0.5 if d = 1 or 2,
0.5539602783... if d = 3.

Likewise,

E(R
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and thus

Var(R) = E(R
2)− E(R)2 =

⎧⎪⎨⎪⎩
0.25 if d = 1,
0.0683098861... if d = 2,
0.0405357524... if d = 3.

We will consider a vastly more difficult version of this problem shortly. Of all unit-
intensity scattering methods, the Poisson process is the “most random”; hence the
forthcoming constants deserve to be better understood!

0.1. Cellular Parameters. Given any set of distinct particles {pi}∞i=1 in R d, the
corresponding Voronoi tessellation is the subdivision of R d into convex polyhedral
cells {Πi}∞i=1 with the property that Πi contains all points in R d closer to pi than
to any other pj, j 6= i. If d = 1, the cells are subintervals of the line characterized
simply by length. If d ≥ 2, the geometry is more elaborate. Our interest is in the
scenario when the particles are realizations of a Poisson process of intensity 1; hence
the cellular parameters are random variables. Applications of this material include
any field involving pattern analysis: astronomy, geography, metallurgy, biology and
socio-economic planning, to mention only a few [6, 7].
If d = 1 and M denotes the length of a typical cell, then E(M) = 1 and

Var(M) = 1/2 [8]. If d = 2 or 3, the associated mean values are known exactly
[8], but the derivation of second moment integrals is notoriously difficult. A closed-
form expression has not been found for any of these integrals.
For the following, define expressions [9, 10]

fV (x, y) = 4((π/2 + x)(1 + 2 sin(x)2) + 3 sin(x) cos(x)) sec(x)5 ×
((π/2 + y)(1 + 2 sin(y)2) + 3 sin(y) cos(y)) sec(y)5,
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fL(x, y) = ((π/2 + x) tan(x) + 1) sec(x)
2((π/2 + y) tan(y) + 1) sec(y)2,

fP (x, y) = (1 + sin(x)) sec(x)
4(1 + sin(y)) sec(y)4,

fM(x, y) = sec(x)
3 sec(y)3,

g(x, y) = (π/2 + x+ sin(x) cos(x)) sec(x)2 + (π/2 + y + sin(y) cos(y)) sec(y)2,

h(ρ, θ) = ρ2 (π − θ + sin(2θ)/2) + (1 + ρ2 − 2ρ cos(θ)) (π − κ(ρ, θ) + sin(2κ(ρ, θ)/2)

where

κ(ρ, θ) = arccos

⎛⎝ 1− ρ cos(θ)q
1 + ρ2 − 2ρ cos(θ)

⎞⎠ .
A geometric interpretation of h(ρ, θ) is as the area of the union of two overlapping
planar disks with unit distance between their centers, one with radius ρ and the other

with radius
q
1 + ρ2 − 2ρ cos(θ). When d = 2, we have [10, 11, 12, 13]

E(V ) = 6,

E(V 2) = 12π

π/2Z
−π/2

π/2Z
−x

fV (x, y)g(x, y)
−4 sin(x+ y) dy dx+ 18,

Var(V ) = 1.7808116990... = 37.7808116990...− E(V )2

where V is the number of vertices of the cell; [10, 11]

E(L) = 5π
3/2

π/2Z
−π/2

π/2Z
−x

fL(x, y)g(x, y)
−7/2 (tan(x) + tan(y)) dy dx =

2

3
,

E(L
2) = 16π

π/2Z
−π/2

π/2Z
−x

fL(x, y)g(x, y)
−4 (tan(x) + tan(y))2 dy dx,

Var(L) = 0.1856273347... = 0.6300717791...− E(L)2

where L is the length of an arbitrary edge;

E(P ) = 4,

E(P 2) = 64π

π/2Z
−π/2

π/2Z
−x

fP (x, y)g(x, y)
−3 sin(x+ y) dy dx+ 6E(L2),

Var(P ) = 0.9454930107... = 16.9454930107...− E(P )2
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where P =
P
L is the total perimeter; and [9, 10, 11, 14, 15, 16]

E(M) = 1,

E(M
2) = 2π

π/2Z
−π/2

π/2Z
−x

fM(x, y)g(x, y)
−2 sin(x+ y) dy dx

= 2π

∞Z
0

πZ
0

ρh(ρ, θ)−2 dθ dρ,

Var(M) = 0.2801760409... = 1.2801760409...− E(M)2

where M is the area of the cell. It is also known that E(M3) = 1.999... [15].
For the following, define expressions [9, 17]

fL(x, y) = sec(x)
2(sec(x) + tan(x))2 sec(y)2(sec(y) + tan(y))2,

g(x, y) = sec(x)3(2/3 + sin(x)− sin(x)3/3) + sec(y)3(2/3 + sin(y)− sin(y)3/3),

h(ρ, θ) = πρ3 (2/3 + 3 cos(θ)/4− cos(3θ)/12) + π(1 + ρ2 − 2ρ cos(θ))3/2 ×
(2/3 + 3 cos(κ(ρ, θ))/4− cos(3κ(ρ, θ))/12)

and κ(ρ, θ) is as before. A geometric interpretation of h(ρ, θ) as the volume of the
union of two spatial balls again holds. When d = 3, we have [17]

E(W ) =
144π2

24π2 + 35
= 5.2275734378...,

Var(W ) = 2.4846406759... = 29.8121647244− E(W )2

where W is the number of vertices of an arbitrary face of the cell; [12, 13, 17]

E(V ) =
96π2

35
= 27.0709149287...,

Var(V ) = 44.4983886849... = 777.3328237620− E(V )2

where V =
P
W is the total number of vertices; [17]

E(E) =
144π2

35
= 40.6063723930...,

Var(E) = 100.1213745412... = 1748.9988534645...− E(E)2
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where E = 3V/2 is the number of edges;

E(F ) =
48π2

35
+ 2 = 15.5354574643...,

Var(F ) = 11.1245971712... = 252.4750357979...− E(F )2

where F = V/2 + 2 is the number of faces;

E(L) =
35

36π1/3
Γ
µ
13

3

¶ π/2Z
−π/2

π/2Z
−x

fL(x, y) g(x, y)
−13/3 (tan(x) + tan(y)) dy dx

=
7

9

µ
3

4π

¶1/3
Γ
µ
4

3

¶
= 0.4308579942...,

E(L
2) =

35

36π2/3
Γ
µ
14

3

¶ π/2Z
−π/2

π/2Z
−x

fL(x, y) g(x, y)
−14/3 (tan(x) + tan(y))2 dy dx,

Var(L) = 0.1052391356... = 0.2908777468...− E(L)2

where L is the length of an arbitrary edge;

E(Q) =
21

24π2 + 35

µ
4π

3

¶5/3
Γ
µ
1

3

¶
= 2.2523418064...,

Var(Q) = 1.4699757822... = 6.5430193952...− E(Q)2

where Q is the perimeter of an arbitrary face;

E(P ) =
3

5

µ
4π

3

¶5/3
Γ
µ
1

3

¶
= 17.4955801644...,

Var(P ) = 13.6179400522... = 319.7132653418...− E(P )2

where P =
P
L =

P
Q/2 is the total perimeter;

E(B) =
35

24π2 + 35

µ
256π

81

¶1/3
Γ
µ
2

3

¶
= 0.3746830505...,

Var(B) = 0.1423896695... = 0.2827770579− E(B)2

where B is the surface area of an arbitrary face;

E(A) =
µ
256π

3

¶1/3
Γ
µ
5

3

¶
= 5.8208725950...,
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Var(A) = 2.1914834552... = 36.0740412231− E(A)2

where A =
P
B is the total surface area; and [9, 14, 16, 17]

E(M) = 1,

E(M
2) =

8π2

3

∞Z
0

πZ
0

ρ2 sin(θ)h(ρ, θ)−2 dθ dρ,

Var(M) = 0.1790324378... = 1.1790324378...− E(M)2

where M is the volume of the cell.

0.2. Vertex Counts. Thus far we have discussed only moments of distributions
associated with Poisson-Voronoi cells. The computation of actual probabilities seems
to be hard. If d = 2, for example, what is the probability that an arbitrary cell is
a triangle? The solution can be expressed as a complicated quadruple integral and
turns out numerically to be [18, 19, 20]

P(V = 3) = 0.01124001....

Simulation can be used to verify this result and the preceding moment estimates
as well [21, 22, 23, 24, 25, 26, 27, 28, 29, 30]; for example, it appears that P(V =
4) = 0.1608... and P(V = 5) = 0.2594... [31]. Integral formulas for these latter
probabilities [31, 32] evidently require further simplification to be numerically feasible.
The function P(V = n) is apparently maximized when n = 6 and falls off for n ≥ 7;
it is known that asymptotically [33, 34]

P(V = n) =
C

4π2
(8π2)n

(2n)!

³
1 +O(n−1)

´
as n→∞, where

C =
∞Y
j=1

Ã
1− 1

j2
+
4

j4

!−1
= 0.3443473089...

= 4 ·
¯̄̄
Γ
³√

5
2
+ i

√
3
2

´¯̄̄2
·
¯̄̄
Γ
³
−
√
5
2
− i

√
3
2

´¯̄̄2
= 4π2

³
cosh(π

√
3)− cos(π

√
5)
´−1

.

Other questions can be conditional in nature. If a cell is known to be a triangle,
what is its expected area and its expected perimeter? Brakke [10] computed that
these quantities are 0.343089... and 2.740297..., respectively, and subsequent study
[15] confirmed these estimates to four decimal places. (The work in [10, 11, 17] has
unfortunately remained quite obscure.) See also [35] for more about the distribution
of edge lengths L in R d and [36] for inradius/circumradius-type analysis of cells in
the plane.
The Goudsmit-Miles tessellation of the plane, which is based on the Poisson line

process (as opposed to a point process), is discussed in [37].
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0.3. Stienen Spheres. Around each particle pi ∈ R d, construct a sphere with
diameter equal to the distance to the nearest neighbor pj of pi, i 6= j. The union of
all such spheres and their interiors is called the Stienen model. Each sphere is a
subset of a Voronoi cell; each cell is a superset of a Stienen sphere. For arbitrary d,
if M 0 denotes the volume of a typical sphere, then E(M 0) = 2−d and Var(M 0) = 2−2d.
If d = 1, the cross-correlation ρ between M andM 0 is simply 1/

√
2. For d = 2 and 3,

Olsbo [38] computed ρ = 0.705143... and ρ = 0.677790... via complicated numerical
integration. It is not obvious that these correlations are necessarily positive because
two neighboring particles lying close together often yield small spheres and large cells.

0.4. Appeal for Help. Any assistance in recovering Brakke’s original integrals
for E(W 2), E(V 2), E(Q2), E(P 2), E(B2), E(A2) and E(M2) when d = 3 would be
deeply appreciated!
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