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For integers k ≥ 1 and 1 ≤ j ≤ 2k−1, define the Haar functions χjk : [0, 1)→ R
by

χjk(t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
2(k−1)/2 if

j − 1
2k−1

≤ t < j − 1/2
2k−1

,

−2(k−1)/2 j − 1/2
2k−1

≤ t < j

2k−1
,

0 otherwise.

In words, for each dyadic subinterval I of [0, 1) of length 2−(k−1), we have a function
equal to 2(k−1)/2 on the left half of I and −2(k−1)/2 on the right half of I.
Let X and Y be real Banach spaces. A dyadic martingale is a set {fn}∞n=1

where each fn : [0, 1)→ X is a linear combination of Haar functions:

fn(t) =
nX
k=1

2k−1X
j=1

χjk(t)x
j
k

and each xjk ∈ X is independent of n. Let f0 = 0 and denote by dk = fk − fk−1
the martingale differences. Given an operator T : X → Y , the nth dyadic UMD
constant μn(T ) is the least quantity c ≥ 0 such that°°°°°

nX
k=1

εkT dk

°°°°°
2

≤ c
°°°°°
nX
k=1

dk

°°°°°
2

for all martingale differences d1, . . . , dn and all sequences ε1, . . . , εn of signs. The
norm on the right-hand side is the L2-norm on measurable X-valued functions, the
norm on the left-hand side is the L2-norm on measurable Y -valued functions, and the
acronym UMD stands for “unconditional martingale differences”.
We are interested in the case when X = `m1 and Y = `m∞, sequence spaces of m

dimensions, and T is the finite summation operator

Tm(ξ1, . . . , ξm) =

Ã
ξ1, ξ1 + ξ2, ξ1 + ξ2 + ξ3 . . . ,

mX
i=1

ξi

!
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where m = 2n for notational convenience. It is known that there exist constants
a > 0, b > 0 such that

√
n ≤ aμn(Tm), bμn(Tm) ≤ n

independent of n. What, however, is the true asymptotic behavior of μn(Tm)?
Wenzel [1, 2] proved that the growth rate of μn(Tm) is the same as the growth

rate of

θn = sup
π

1

2n

2n−1X
i=0

sup
0≤k<2n

¯̄̄̄
¯̄ X
j:π(j)≤k

(−2)−κ(i⊕j)
¯̄̄̄
¯̄

where the outer summation is taken over all permutations π of the set {0, . . . , 2n−1},
i⊕ j denotes the bitwise XOR sum of i and j (addition modulo two without carries
[3]), and κ(n) = 1 + bln(n)/ ln(2)c if n > 0, κ(0) = 2. He computed that

θ3 ≈ 0.5937, θ4 ≈ 0.6718, θ5 ≈ 0.7509, θ6 ≈ 0.8203

and therefore conjectured that
√
n is the correct growth rate. In fact, his calculations

suggest that θn ∼ (0.3...)
√
n as n→∞, and we wonder if the corresponding constant

for μn(Tm)/
√
n will ever be known [4].
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