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Let π(x) =
P
p≤x 1, the number of primes p not exceeding x. Gauss and Legendre

conjectured an asymptotic expression for π(x). Define the Möbius mu function

μ(n) =

⎧⎪⎨⎪⎩
1 if n = 1,
(−1)r if n is a product of r distinct primes,
0 if n is divisible by a square > 1;

the von Mangoldt function

Λ(n) =

(
ln(p) if n = pm for some prime p and integer m ≥ 1,
0 otherwise;

and the Chebyshev functions
θ(x) =

X
p≤x
ln(p),

ψ(x) =
X
pm≤x,
m≥1

ln(p) =
X
n≤x

Λ(n) = ln(lcm{1, 2, . . . , bxc}).

Hadamard and de la Vallée Poussin proved the Gauss-Legendre conjecture, namely,

π(x) ∼ x

ln(x)
, θ(x) ∼ x, ψ(x) ∼ x

as x→∞. These three formulas are equivalent to each other and also to
∞X
n=1

μ(n)

n
= 0.

The Riemann zeta function clearly plays a role here since, for Re(s) > 1,

∞X
n=1

1

ns
= ζ(s),

∞X
n=1

μ(n)

ns
=

1

ζ(s)
.
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Of many aspects of the Prime Number Theorem, we focus on the following error
estimates [1, 2, 3, 4]:

1 +

∞Z
1

θ(x)− x
x2

dx = lim
N→∞

⎛⎝X
p≤N

ln(p)

p
− ln(N)

⎞⎠
= −γ −

X
p

ln(p)

p(p− 1) = −1.3325822757...,

1 +

∞Z
1

ψ(x)− x
x2

dx = lim
N→∞

⎛⎝X
n≤N

Λ(n)

n
− ln(N)

⎞⎠ = −γ = −0.5772156649...
where γ is the Euler-Mascheroni constant [5, 6]. The latter implies that

∞X
n=1

Λ(n)− 1
n

= −2γ.

What can be said about analogous expressions connected with the Prime Number
Theorem for arithmetic progressions 3k + 1 and 4k + 1?
Nevanlinna [7, 8] gave a straightforward generalization:

X
n≡1mod 3

μ(n)

n
=
1

2

1

L−3(1)
=
3
√
3

2π
,

X
n≡1mod 4

μ(n)

n
=
1

2

1

L−4(1)
=
2

π
;

lim
N→∞

⎛⎜⎜⎝ X
n≡1mod 3,
n≤N

2Λ(n)

n
− ln(N)

⎞⎟⎟⎠ = −γ− ln(3)2 −L
0
−3(1)

L−3(1)
= −γ− ln(3)

2
−ln

Ã
2πeγ

Γ(2
3
)3

Γ(1
3
)3

!
,

lim
N→∞

⎛⎜⎜⎝ X
n≡1mod 4,
n≤N

2Λ(n)

n
− ln(N)

⎞⎟⎟⎠ = −γ−ln(2)−L0−4(1)L−4(1)
= −γ−ln(2)−ln

Ã
2πeγ

Γ(3
4
)2

Γ(1
4
)2

!

which imply that [5]

X
n≡1mod 3

2Λ(n)− 3
n

= −3γ + ln(3)
2

−
√
3π

6
− 4 ln(2π) + 6 ln(Γ(1/3)),

X
n≡1mod 4

2Λ(n)− 4
n

= −3γ − ln(2)− π

2
− 3 ln(2π) + 4 ln(Γ(1/4)).
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Here is a more complicated generalization. Define

Λ1,3(n) =

(
ln(p) if n = pm for some prime p ≡ 1mod 3 and integer m ≥ 1,
0 otherwise,

Λ1,4(n) =

(
ln(p) if n = pm for some prime p ≡ 1mod 4 and integer m ≥ 1,
0 otherwise;

θ1,3(x) =
X
p≤x,

p≡1mod3

ln(p), θ1,4(x) =
X
p≤x,

p≡1mod 4

ln(p);

ψ1,3(x) =
X
n≤x

Λ1,3(n), ψ1,4(x) =
X
n≤x

Λ1,4(n).

Just as [1]
∞X
n=1

Λ(n)

ns
= −ζ 0(s)

ζ(s)
∼ 1

s− 1 − γ ∼ ζ(s)− 2γ,

we have [9]

2
∞X
n=1

Λ1,3(n)

ns
= −ζ 0(s)

ζ(s)
− L

0
−3(s)

L−3(s)
− ln(3)

3s − 1 − 2
X

p≡2mod 3

ln(p)

p2s − 1

∼ ζ(s)− 2γ − L
0
−3(s)

L−3(s)
− ln(3)

3s − 1 − 2
X

p≡2mod 3

ln(p)

p2s − 1

as s→ 1. On the one hand,

∞X
n=1

2Λ1,3(n)− 1
n

= −2γ − L
0
−3(1)

L−3(1)
− ln(3)

2
− 2

X
p≡2mod 3

ln(p)

p2 − 1

but on the other hand,

X
n≤N

2Λ1,3(n)− 1
n

∼ 2
X
p≤N,

p≡1mod 3

ln(p)

p
+ 2

X
p≤N,
m≥2,

p≡1mod 3

ln(p)

pm
−
X
n≤N

1

n

∼ ln(N) + c1,3 + 2
X

p≡1mod 3

ln(p)

p(p− 1) − ln(N)− γ

∼ −γ + c1,3 + 2
X

p≡1mod3

ln(p)

p(p− 1)
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as N →∞. It follows that

1 +

∞Z
1

2θ1,3(x)− x
x2

dx = lim
N→∞

⎛⎜⎜⎝2 X
p≤N,

p≡1mod 3

ln(p)

p
− ln(N)

⎞⎟⎟⎠ = c1,3
= −γ − L

0
−3(1)

L−3(1)
− ln(3)

2
− 2

X
p≡2mod 3

ln(p)

p2 − 1 − 2
X

p≡1mod 3

ln(p)

p(p− 1)
= −2.3754945198....

Similarly,

1 +

∞Z
1

2θ1,4(x)− x
x2

dx = lim
N→∞

⎛⎜⎜⎝2 X
p≤N,

p≡1mod 4

ln(p)

p
− ln(N)

⎞⎟⎟⎠ = c1,4
= −γ − L

0
−4(1)

L−4(1)
− ln(2)− 2

X
p≡3mod 4

ln(p)

p2 − 1 − 2
X

p≡1mod 4

ln(p)

p(p− 1)
= −2.2248371388....

A simple series acceleration technique [10] arises from the identity

1

p(p− 1) −
1

p2 − 1 =
1

p(p2 − 1);

hence

X
p≡1mod 3

ln(p)

p(p− 1) =
X

p≡1mod 3

ln(p)

p(p2 − 1) +
X

p≡1mod3

ln(p)

p2 − 1

=
X

p≡1mod 3

ln(p)

p(p2 − 1) +
⎛⎝X

p

ln(p)

p2 − 1 −
X

p≡2mod 3

ln(p)

p2 − 1 −
ln(3)

8

⎞⎠ ;
hence

X
p≡2mod 3

ln(p)

p2 − 1 +
X

p≡1mod 3

ln(p)

p(p− 1) =
X

p≡1mod 3

ln(p)

p(p2 − 1) −
ζ 0(2)

ζ(2)
− ln(3)

8
;

hence

c1,3 = −2γ − 4 log (2π) +
9 log(3)

8
+ 6 log(Γ(1/3)) +

ζ 0(2)

ζ(2)
− 2

X
p≡1mod 3

ln(p)

p(p2 − 1) .
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Similarly,

c1,4 = −2γ − 3 log (2π) +
log(2)

3
+ 4 log(Γ(1/4)) +

ζ 0(2)

ζ(2)
− 2

X
p≡1mod 4

ln(p)

p(p2 − 1) .

More complex acceleration techniques yield [9]

X
p≡2mod 3

ln(p)

p2 − 1 = 0.3516478132...,
X

p≡3mod 4

ln(p)

p2 − 1 = 0.2287363531...

which permit numerical evaluations such as

1 +

∞Z
1

2ψ1,3(x)− x
x2

dx = lim
N→∞

⎛⎝X
n≤N

2Λ1,3(n)

n
− ln(N)

⎞⎠
= −γ − L

0
−3(1)

L−3(1)
− ln(3)

2
− 2

X
p≡2mod 3

ln(p)

p2 − 1
= −2(1.0990495258...),

1 +

∞Z
1

2ψ1,4(x)− x
x2

dx = lim
N→∞

⎛⎝X
n≤N

2Λ1,4(n)

n
− ln(N)

⎞⎠
= −γ − L

0
−4(1)

L−4(1)
− ln(2)− 2

X
p≡3mod 4

ln(p)

p2 − 1
= −2(0.9867225683...)

and

X
p≡1mod 3

ln(p)

p(p− 1) = 0.0886977340...,
X

p≡1mod 4

ln(p)

p(p− 1) = 0.1256960010....

The estimates −2.375... and −2.224... for the theta function integrals are also found
in [11, 12]. A parallel analysis of integrals involving

θ2,3(x) =
X
p≤x,

p≡2mod 3

ln(p), θ3,4(x) =
X
p≤x,

p≡3mod4

ln(p)

could be done as well.
Another type of error estimate was provided by McCurley [13]. The maximum

value of θ2,3(x)/x occurs at x = 1619 and, further, θ2,3(x) < 0.50933118x for all x.
This result is essentially best possible. By contrast, the maximum value of θ1,3(x)/x
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is not known! (For x ≤ 108, it occurs at x = 52553329.) It can be shown that
θ1,3(x) < 0.5040354x for all x, but improvement is likely. Sharp analyses of θ3,4(x)
and θ1,4(x) as such seem still to be open.
The maximum value of ψ(x)/x occurs at x = 113 and ψ(x) < 1.03882058x always

[2]. Montgomery [14] conjectured that

liminf
x→∞

ψ(x)− x√
x ln(ln(ln(x)))2

= − 1

2π
, limsup

x→∞

ψ(x)− x√
x ln(ln(ln(x)))2

=
1

2π
.

Let M(x) =
P
n≤x μ(x); Odlyzko & te Riele [15] proved that

liminf
x→∞

M(x)√
x
< −1.009, limsup

x→∞

M(x)√
x
> 1.06.

The precise growth rate of M(x) has been the subject of speculation [16, 17, 18].
Most recently, Gonek and Ng [19, 20] independently conjectured that

liminf
x→∞

M(x)√
x ln(ln(ln(x)))5/4

= −C, limsup
x→∞

M(x)√
x ln(ln(ln(x)))5/4

= C

for some positive constant C. A proof of this or of Montgomery’s conjecture would
be sensational!

0.1. Addendum. The second-order Landau-Ramanujan constant for counting in-
tegers of the form a2 + 3b2 is [21]

1

2

⎛⎝1− γ

2
− 1
2

L0−3(1)

L−3(1)
+
ln(3)

4
+

X
p≡2mod 3

ln(p)

p2 − 1

⎞⎠ = 0.5767761224...
and the (classical) second-order Landau-Ramanujan constant for counting integers of
the form a2 + b2 is

1

2

⎛⎝1− γ

2
− 1
2

L0−4(1)

L−4(1)
+
ln(2)

2
+

X
p≡3mod 4

ln(p)

p2 − 1

⎞⎠ = 0.5819486593....
The fact that 0.576... < 0.581... resolves a question raised by Shanks & Schmid
[22, 23]. Further, the second-order LR constant corresponding to a2 + 2b2 is [24]

1

2

⎛⎝1− γ

2
− 1
2

L0−8(1)

L−8(1)
+
ln(2)

2
+

X
p≡5,7mod 8

ln(p)

p2 − 1

⎞⎠ = 0.6093010224...
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and the second-order LR constant corresponding to a2 − 2b2 is

1

2

⎛⎝1− γ

2
− 1
2

L08(1)

L8(1)
+
ln(2)

2
+

X
p≡3,5mod 8

ln(p)

p2 − 1

⎞⎠ = 0.5045371359....
The fact that 0.609... > 0.581... > 0.504... verifies an assertion in [22]; we used the
Selberg-Delange method and formulas in [25] to deduce the preceding expressions for
a2 ± 2b2. See also [26].
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