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Let A, B be disjoint, complementary subsets of the set {1,23,...,2n} with car-
dinality |A] = |B| = n. Let M) denote the number of solutions of the equation
a; — b; = k, where k is an integer between —2n and 2n. Define

M(n) =

inmax Mj.
AB k

We wish to estimate M(n) as n grows large [1, 2, 3]. The work of Erdds, Scherk and
others [4, 5, 6] implies that

M
i, = liminf ()~ J1— V15 > 0.35639

T

and specific examples provide that [7]

M
pr = limsup (n)

n—oo T

2
< - =04
)

Haugland [6] recently demonstrated that p;, = pr (meaning that the limit exists)
and, using a theorem of Swinnerton-Dyer, obtained the improvement

M
035630 < 1 = lim 21U _ ¢ 38901,
n—oo n

No one has conjectured an exact value for this limiting ratio.

Observe that M _j is the cardinality of the set A; N B, where A is the translated
set {a+k:a € A}. Mycielski and Swierczkowski [4] considered a continuous analog
of Erdos’ problem. Let X, Y be disjoint, complementary measurable subsets of the
interval |0, 1] with Lebesgue measure |X| = |Y| = 1/2. It is not surprising that

- B
ppep ey =5

where X, is the translated set {x +¢ : z € X}. Hence the bounds 0.17819 < p/2 <
0.19101 carry over from before.
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Moser and Murdeshwar [8, 9, 10] studied the following generalization. Let f, g be
Lebesgue integrable functions on R satisfying

0<f(z)<1 for0<z<1,  f(x)=0  otherwise;

0<g(z) <1l for0<z<1, g(z)=0  otherwise;

/lf(a:)da::%:/lg(a:)da:

(This scenario reduces to the preceding case by taking f to be the characteristic
function of X and g to be the characteristic function of Y; clearly f(z) + g(x) =1
for all 0 < z < 1.) Define

1
= inf sup/f(a: + 1) g(x) de.
fo ¢ 5

It is known [10] that 0.136 < X < 0.166, but it is not presently known whether
Swinnerton-Dyer’s theorem [6] can be applied here (in some extended form) to im-
prove these bounds.

Here is a related problem due to Czipszer [3, 11|. Let a1 < @y < a3 < -+ < @y,
be arbitrary integers and define A4, = {a; + k : 1 < j < n} for each integer k. Let
Mk denote the cardinality ]Ak — 1210], that is, the number of elements of Ak not in 1210.
Define

M(n) = min max M,

A —n<k<n

and [ir, flg as earlier. It is known that 1/2 < M(n)/n < 2/3 and, further, that
M(n)/n > 3/5 for all n > 26 [12]. It is conjectured that iy = fir = 2/3. We give
the corresponding functional version. Let f be a Lebesgue integrable function on R
satisfying

<f@<1 [ flayde=

f{l—llgtf /faﬁ—l-t }

It is known that 0.5892 < X < 2/3 [11]. As a corollary, if X is a measurable subset
of R with Lebesgue measure |X| = 1, then

Define

yz

0.5892 <inf sup ‘Xt

X —1<i<1
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The discrete and continuous analogs do not appear to be as closely linked as before.

Again, we wonder whether recent techniques [6] can be invoked to sharpen these

bounds.
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