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Let X denote either a vector space over the real numbers R or a module over the
integers Z . A symmetric positive definite bilinear form f on X is an inner product
if, for any linear form g on X, there exists a unique x ∈ X such that g(y) = f(x, y) for
all y ∈ X. This nondegeneracy condition is superfluous whenX is a finite-dimensional
vector space [1, 2]. The pair (X, f) is called an inner product space or an inner
product module, respectively. Two pairs (X, f) and (X 0, f 0) are isomorphic if
there is a bijective linear transformation h : X → X 0 satisfying

f 0(h(x), h(y)) = f(x, y)

for all x, y ∈ X. In the special case (X, f) = (X 0, f 0), the map h is called an auto-
morphism. The set of all such maps forms a group Aut(X, f) under composition,
known as the automorphism group. We will need the cardinality |Aut(X, f)| later
when defining the Minkowski-Siegel mass constants.
If X is an n-dimensional R -vector space, then (X, f) is isomorphic to (R n, ·), that

is, Euclidean n-space equipped with the standard dot product [1, 2]. If X is a free
Z -module of rank n, then for n ≤ 7, (X, f) is isomorphic to (Z n, ·). What happens
for n ≥ 8? A partial answer to this question will occupy us for the remainder of this
essay [3, 4, 5].
An inner product module (X, f) over Z is said to be even if f(x, x) ≡ 0 mod 2

for all x ∈ X. Otherwise it is said to be odd. The phrases Type II and Type I (for
even and odd, respectively) are also often used.
There is a more geometric approach to this subject. A lattice in R n is a subset

Λ ⊆ R n such that, for some basis {e1, e2, . . . , en} of R n, we have

Λ =

⎧⎨⎩
nX
j=1

ijej : ij ∈ Z , 1 ≤ j ≤ n
⎫⎬⎭ .

The volume of Λ is the Lebesgue measure of the fundamental parallelepiped⎧⎨⎩
nX
j=1

rjej : rj ∈ R , 0 ≤ rj ≤ 1, 1 ≤ j ≤ n
⎫⎬⎭
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or, equivalently, the absolute value of the determinant of the matrix whose rows are
the vectors e1, e2, . . ., en. The lattice Λ is unimodular or self-dual if the dot
product ek · el ∈ Z for all 1 ≤ k, l ≤ n and if the volume of Λ is 1. It can be proved
that the unimodular lattices in R n are “representations” of the free inner product
Z -modules of rank n. All properties of one language carry over to the other. For
example, a unimodular lattice Λ is even if v · v ≡ 0 mod 2 for all v ∈ Λ; otherwise it
is odd [3, 4, 5].
We merely mention that this subject is closely connected with the construction of

dense sphere packings in R n [6].

0.1. Classification of Inner Product Modules. Classifying pairs (X, f) up
to isomorphism, where X is a free Z -module of rank n and f is an inner product,
becomes interesting starting at n = 8. There is a unique odd module when n = 8,
namely (Z 8, ·). There is also a unique even module E 8 when n = 8; it is easiest to
describe E 8 as a certain unimodular lattice in R 8. Let {e1, e2, . . . , en} denote the
standard orthonormal basis of R 8 and define the following to be the basis for E 8:

2e1, e2 − e1, e3 − e2, e4 − e3,
e5 − e4, e6 − e5, e7 − e6, 1

2
(e1 + e2 + · · ·+ e8).

In words, E 8 consists of all points in R 8 whose coordinates are either all integers or
all halves of odd integers, and sum to an even integer. We emphasize that E 8 ≈ Z 8
as modules, but E 8 6≈ Z 8 as inner product modules [5, 7, 8].
Table 1. Number of free inner product Z -modules of rank n (Type I and Type II)

n an bn n an bn n an bn
8 1 1 14 4 20 28
9 2 15 5 21 40
10 2 16 6 2 22 68
11 2 17 9 23 117
12 3 18 13 24 273 24
13 3 19 16 25 665

Table 1 gives the number an of odd unimodular lattices and the number bn of
even unimodular lattices, where 8 ≤ n ≤ 25 [7, 9]. For 9 ≤ n ≤ 11, the only odd
unimodular lattices are Z n and E 8 ⊕ Z n−8. When n = 12, a third odd lattice D +12
appears. Even unimodular lattices exist if and only if n ≡ 0 mod 8. When n = 16,
the only even lattices are E 8⊕E 8 and another new case D +16. The famous Leech lattice
L corresponds to n = 24 and is the unique even case with the property that v · v ≥ 4
for every nonzero v ∈ L . It is known [10] that a26 ≥ 2307, a27 ≥ 14179, a28 ≥ 327972
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and b32 ≥ 1162109024 > 109; no one expects a complete classification of even lattices
for n = 32 to be achieved in the near future.
Against such difficult enumerations, it is surprising that exact formulas, valid for

all n, involving the reciprocal sum of automorphism group orders should exist. Let
B0 = 1, B1 = −1/2, B2 = 1/6, B3 = 0, B4 = −1/30, . . . denote the Bernoulli
numbers and E0 = 1, E1 = 0, E2 = −1, E3 = 0, E4 = 5, . . . denote the Euler
numbers. The following sum is taken over all nonisomorphic odd unimodular lattices
in R n [11, 12]:

Mn =
X
Λ

1

|Aut(Λ)|

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

2
if n = 1,

(1− 2−k)(1 + 21−k)
k! · 2 |Bk ·B2B4 · · ·B2k−2| if n = 2k ≡ 0 mod 8,

2k + 1

k! · 22k+1 |B2B4 · · ·B2k| if 1 < n = 2k + 1 ≡ ±1 mod 8,
1

(k − 1)! · 22k+1 |Ek−1 ·B2B4 · · ·B2k−2| if n = 2k ≡ ±2 mod 8,
2k − 1
k! · 22k+1 |B2B4 · · ·B2k| if n = 2k + 1 ≡ ±3 mod 8,
(1− 2−k)(1− 21−k)

k! · 2 |Bk ·B2B4 · · ·B2k−2| if n = 2k ≡ 4 mod 8.

In particular, Mn = 1/(n! 2n) for 1 ≤ n ≤ 8. Milnor & Husemoller [3] provided a
corresponding asymptotic formula:

Mn ∼ C ·
Ã

n

2πe
√
e

!n2/4 µ
8πe

n

¶n/4 µ1
n

¶1/24
= C · F (n)

as n → ∞, where C ≈ 0.705, but no precise expression for C was given. We will
return to this issue momentarily. For nonisomorphic even unimodular lattices in R n,
the analogous sum is [4, 11, 12]

Nn =
X
Λ

1

|Aut(Λ)| =
|Bk|
2k

k−1Y
l=1

|B2l|
4l

if n = 2k ≡ 0 mod 8, with asymptotics

Nn ∼ D ·
Ã

n

2πe
√
e

!n2/4 µ
πe

2n

¶n/4 µ1
n

¶1/24
.

Such mass formulas are useful in verifying that a candidate listing of isomorphism
classes of unimodular lattices, for a prescribed genus, is correct. See Tables 2 and 3.
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Table 2. Type I Minkowski-Siegel mass constants Mn

n Exact Decimal
8 1

10321920
9.688...× 10−8

9 17
2786918400

6.099...× 10−9
10 1

2229534720
4.485...× 10−10

...
16 505121

12340763622899712000
4.093...× 10−14

17 642332179
18881368343036559360000

3.401...× 10−14
18 692319119

15105094674429247488000
4.583...× 10−14

...
24 701876707956280018815862361

21079028626784998219069784064000000
3.329...× 10−8

25 84715059480304651623612272842147
30465396080006318014267329085440000000

2.780...× 10−6
26 14616335635894388876188472684851927

31871491283698917307233513504768000000
4.586...× 10−4

27 1894352751772146867430486995462923265007
12429881600642577749821070266859520000000

1.524...× 10−1
28 10345060377427694043037889482223023950203227

99439052805140621998568562134876160000000
1.040...× 102

29 4285009823959590682115628739356169586687220752159
28837325313490780379584883019114086400000000

1.485...× 105

Table 3. Type II Minkowski-Siegel mass constants Nn

n Exact Decimal
8 1

696729600
1.435...× 10−9

16 691
277667181515243520000

2.488...× 10−18
24 1027637932586061520960267

129477933340026851560636148613120000000
7.936...× 10−15

32 4890529010450384254108570593011950899382291953107314413193123
121325280941552041649762780685623131486814208000000000

4.030...× 107

Although Mn and Nn are initially very small and are decreasing, they eventually
reverse direction and increase dramatically. The asymptotics for Mn are similar to
the asymptotics for the product of even-subscripted Bernoulli numbers:

nY
j=1

|B2j| ∼ C · n! · 2n+1 · F (2n+ 1).

It turns out that the constants C and D can be written as [13]

C = 2−5/4e1/24A−1/2Z = 0.7048648734...,

D = 4C = 2.8194594938... = 21/24 · 2.7391949550...
where A = exp( 1

12
− ζ 0(−1)) = 1.2824271291... is the Glaisher-Kinkelin constant [14]

and

Z =
∞Y
i=1

ζ(2i) = 1.8210174514...

bears resemblance to certain constants arising when enumerating abelian groups [15].
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0.2. Products and Sums of Factorials. While determining C and D, Kellner
[13] examined the product of factorials

nY
ν=1

(k ν)! ∼Wk

Ã
k n

e
√
e

! k n2

2
Ã
k n

e

! k n
2
Ã
2πk n

e

!n
2

n
1
4
+ k
12
+ 1
12k

and computed the constants Fk = (2π)
−1/4A−kWk to be

Fk = k
5
12k (2π)

k
4
− 1
2
+ 1
2k e

1
12kA−k−

1
k

k−1Y
m=2

Γ(m
k
)−

m−1
k

for each positive integer k. In particular, we have

F1 = (2π)
1/4e1/12A−2 = 1.0463350667...,

F2 = 2
5/24(2π)1/4e1/24A−5/2 = 1.0239374116...,

F3 = 3
5/36(2π)5/12e1/36A−10/3Γ(2/3)−1/3 = 1.0160405370...,

F4 = 2
1/3(2π)1/2e1/48A−17/4Γ(3/4)−1/2 = 1.0120458980....

The case k = 1 corresponds to the asymptotics of the well-known Barnes G-function
[14]. As k grows without bound, we also have

lim
k→∞

Fk = 1, lim
k→∞

F kk = e
γ/12

where γ is the Euler-Mascheroni constant, and

lim
l→∞

l−γ/12
lY

k=1

Fk = 1.0246068826....

An exact evaluation of the final limit remains open. By way of contrast, the sum of
factorials

nX
ν=1

(k ν)! ∼ (k n)! ∼ (2πk n)1/2
Ã
k n

e

!k n
does not involve any new constants.
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