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Let N denote the set of nonnegative integers. If A = {a1, a2, . . . , am} is a set of
positive integers satisfying gcd(a1, a2, . . . , am) = 1, then

ha1, a2, . . . , ami =
⎧⎨⎩

mX
j=1

xjaj : xj ∈ N for each 1 ≤ j ≤ m
⎫⎬⎭

is the subset of N generated by A. For example,

ha, a+ 1, a+ 2, a+ 3, . . . , 2a− 1i = {0} ∪ {a, a+ 1, a+ 2, a+ 3, . . .}

and
h2, bi = {0, 2, 4, . . . , b− 3} ∪ {b− 1, b, b+ 1, b+ 2, b+ 3, . . .}

when b ≥ 3 is odd.
A numerical monoid S is a subset of N that is closed under addition, contains 0,

and has finite complement in N . (Most authors use the phrase “numerical semigroup”,
but semigroups by definition need not contain 0, hence the usage is puzzling.) The
Frobenius number f of S is the maximum element in the set N −S, and the genus
g of S is the cardinality of N − S. Therefore

f (ha, a+ 1, a+ 2, a+ 3, . . . , 2a− 1i) = a− 1, f (h2, bi) = b− 2,

g (ha, a+ 1, a+ 2, a+ 3, . . . , 2a− 1i) = a− 1, g (h2, bi) = (b− 1)/2
and, more generally [1],

f (ha, bi) = (a− 1)(b− 1)− 1, g (ha, bi) = (a− 1)(b− 1)/2

when gcd(a, b) = 1. It is known that f + 1 ≤ 2g always [2, 3]. Table 1 gives all
monoids S with 1 ≤ f ≤ 4 or 1 ≤ g ≤ 4.
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Table 1. Numerical Monoids with Small Frobenius Number or Genus
f = 1 f = 2 f = 3 f = 4 g = 1 g = 2 g = 3 g = 4
h2, 3i h3, 4, 5i h4, 5, 6, 7i h5, 6, 7, 8, 9i h2, 3i h3, 4, 5i h4, 5, 6, 7i h5, 6, 7, 8, 9i

h2, 5i h3, 5, 7i h2, 5i h3, 5, 7i h4, 6, 7, 9i
h3, 4i h3, 7, 8i
h2, 7i h4, 5, 7i

h4, 5, 6i
h3, 5i
h2, 9i

Define sequences [4, 5, 6, 7]

{Fn}∞n=1 = {1, 1, 2, 2, 5, 4, 11, 10, . . .},

{Gn}∞n=1 = {1, 2, 4, 7, 12, 23, 39, 67, . . .}
by

Fn = (the number of monoids S with f(S) = n) ,

Gn = (the number of monoids S with g(S) = n)

then Backelin [8] showed that

0 < liminf
n→∞

2−n/2Fn < limsup
n→∞

2−n/2Fn <∞,

1
2
(2.47) < lim

n→∞
n≡0mod 2

2−n/2Fn <
1
2
(3.3), 1√

2
(2.5) < lim

n→∞
n≡1mod 2

2−n/2Fn <
1√
2
(3.32)

and Bras-Amorós [5, 9, 10] conjectured that

lim
n→∞

Gn+1
Gn

= ϕ

where ϕ = (1 +
√
5)/2 = 1.6180339887... is the Golden mean. Tighter bounds are

needed for Fn asymptotics; it has not even been proved that Gn is increasing.
A monoid is irreducible if it cannot be written as the intersection of two monoids

properly containing it [11]. A monoid S is irreducible if and only if S is maximal
(with respect to set inclusion) in the collection of all monoids with Frobenius number
f(S). Irreducible monoids with odd f are the same as symmetric monoids (for
which f = 2g− 1 always); irreducible monoids with even f are the same as pseudo-
symmetric monoids (for which f = 2(g − 1) always). As an example, h3, 4i and
h2, 7i are the two symmetric monoids with Frobenius number 5; h4, 5, 7i is the unique
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pseudo-symmetric monoid with Frobenius number 6. Another characterization of
symmetry and pseudo-symmetry will be given shortly. Define [4, 12]

{Hn}∞n=1 = {1, 1, 1, 1, 2, 1, 3, 2, 3, 3, 6, 2, 8, . . .}

by
Hn = (the number of irreducible monoids S with f(S) = n)

then Backelin [8] showed that

0 < liminf
n→∞

2−n/6Hn < limsup
n→∞

2−n/6Hn <∞,

1
2
(9.36) < lim

n→∞
n≡0mod 6

2−n/6Hn =
1√
2

lim
n→∞

n≡3mod 6
2−n/6Hn < c.

No finite value c (as an upper bound for Hn asymptotics) has been rigorously proved.

0.1. Sets without Closure. A numerical set S is a subset of N that contains
0 and has finite complement in N . The Frobenius number of S is, as before, the
maximum element in the set N − S. Nothing has been assumed about additivity so
far. Every numerical set S has an associated atom monoid A(S) defined by

A(S) = {n ∈ Z : n+ S ⊆ S} .

Clearly A(S) ⊆ S; also A(S) = S if and only if S is itself a numerical monoid. The
Frobenius number of A(S) is the same as the Frobenius number of S; thus there is
no possible ambiguity when speaking about f(S). Let

N n = hn+ 1, n+ 2, n+ 3, . . . , 2n+ 1i = {0} ∪ {n+ 1, n+ 2, n+ 3, . . .}

which we already know has Frobenius number n. Given n, which sets S have A(S) =
N n? Table 2 answers the question for 1 ≤ n ≤ 5. For brevity, we give only T , where
S = T ∪ N n is a disjoint union.

Table 2. Numerical Sets T ∪ N n with Atom Monoid N n
n = 1 n = 2 n = 3 n = 4 n = 5
∅∗ ∅ ∅ ∅ ∅

{1} {1}∗ {1} {1}
{1, 2} {2} {2}

{1, 2} {1, 2}∗
{1, 3} {1, 3}∗
{1, 2, 3} {1, 4}

{2, 3}
{1, 2, 3}
{1, 2, 4}
{1, 2, 3, 4}
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Define [13]
{Pn}∞n=1 = {1, 2, 3, 6, 10, 20, 37, 74, . . .}

by
Pn = (the number of sets S with A(S) = N n)

then Marzuola & Miller [14] showed that

lim
n→∞

Pn
2n−1

≈ 0.484451± 0.005.

Also, a numerical set S with Frobenius number n satisfying

x ∈ S if and only if n− x /∈ S

is symmetric if n is odd and pseudo-symmetric if n is even and n/2 /∈ S (we
agree to exclude x = n/2 from consideration). The symmetric cases in Table 2 are
marked by ∗. Define [13]

{Qk}∞k=1 = {1, 1, 2, 3, 6, 10, 20, 37, 73, . . .}

by
Qk = (the number of symmetric sets S with A(S) = N 2k−1)

then [14]

lim
k→∞

Qk
2k−1

≈ 0.230653± 0.006.

It is interesting theQk+2 is the number of additive 2-bases for {0, 1, 2, . . . , k}, meaning
sets Σ that satisfy

Σ ⊆ {0, 1, 2, . . . , k} ⊆ Σ+ Σ.

The asymptotics for the corresponding “anti-atom” problem for pseudo-symmetric
sets are identical to the preceding.
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