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We are interested in iterates of the continued fraction transformation T :
[0, 1]→ [0, 1] defined by [1]

T (x) =

⎧⎨⎩
½
1

x

¾
if 0 < x ≤ 1,

0 if x = 0

where {ξ} = ξ − bξc denotes the fractional part of ξ. For example,

π − 3 = 0.141592...,
j

1
π−3

k
= 7,

T (π − 3) = 0.062513...,
j

1
T (π−3)

k
= 15,

T 2(π − 3) = 0.996594...,
j

1
T 2(π−3)

k
= 1,

T 3(π − 3) = 0.003417...,
j

1
T 3(π−3)

k
= 292,

T 4(π − 3) = 0.634591...,
j

1
T 4(π−3)

k
= 1

and

π = 3 +
1|
|7 +

1|
|15 +

1|
|1 +

1|
|292 +

1|
|1 +

1|
|1 +

1|
|1 +

1|
|2 +

1|
|1 +

1|
|3 + · · ·

is the regular continued fraction expansion for π. In words, T discards the first “digit”
in any expansion, that is,

T

Ã
1|
|a1

+
1|
|a2

+
1|
|a3

+ · · ·
!
=
1|
|a2

+
1|
|a3

+
1|
|a4

+ · · · .

What can be said about the moments of T jX and of ln(T jX), where X is a ran-
dom variable in [0, 1]? There are two cases: the first when X follows the uniform
distribution, and the second when X follows the Gauss-Kuzmin distribution:

P(X ≤ x) = ln(x+ 1)

ln(2)
.

We will later study the partial convergents to x, for example,

p1
q1
=
3

1
,
p2
q2
=
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7
,
p3
q3
=
333

106
,
p4
q4
=
355

113
,
p5
q5
=
103993

33102
, ...
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when x = π. The asymptotic distribution of denominators Qn, corresponding to
uniformly distributed X as n → ∞, turns out to be related to our earlier work on
ln(T jX) statistics.

0.1. Uniform Distribution. Let γ denote the Euler-Mascheroni constant [2], ζ
denote the Riemann zeta function and Lik denote the k

th polylogarithm function [3].
If X is a random variable following the uniform distribution on [0, 1], then

E(X) =

1Z
0

x dx =
1

2
, E(X2) =

1Z
0

x2dx =
1

3
,

Var(X) = E(X2)− E(X)2 =
1

12

and, via the substitution y = 1/x,

E(TX) =

1Z
0

½
1

x

¾
dx =

∞Z
1

{y}
y2
dy =

∞X
n=1

n+1Z
n

y − n
y2

dy

=
∞X
n=1

µ
ln
µ
n+ 1

n

¶
− 1

n+ 1

¶
= 1− γ = 0.4227843351...

(which is related to de la Vallée Poussin’s theorem [2, 4]),

E((TX)
2) = ln(2π)− γ − 1,

Var(TX) = ln(2π)− γ2 + γ − 2 = 0.0819148075... = (0.2862076300...)2,

E(X · TX) = 1−
π2

12
,

Cov(X,TX) = E(X · TX)− E(X) E(TX) =
1

12

³
6− π2 + 6γ

´
,

ρ(X,TX) =
Cov(X,TX)q

Var(X)
q
Var(TX)

=
6− π2 + 6γ

√
12
q
ln(2π)− γ2 + γ − 2

= −0.4098133678...

where ρ denotes cross-correlation. Likewise,

E(ln(X)) = −1, E(ln(X)2) = 2, Var(ln(X)) = 1,

and, via the substitutions y = 1/x and z = y − n,

E(ln(TX)) =

1Z
0

ln
½
1

x

¾
dx =

∞Z
1

ln {y}
y2

dy =
∞X
n=1

n+1Z
n

ln(y − n)
y2

dy
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=
∞X
n=1

1Z
0

ln(z)

(z + n)2
dz = −

∞X
n=1

1

n
ln
µ
n+ 1

n

¶

= −
Ã
ln(2) +

∞X
k=2

(−1)k ζ(k)− 1
k − 1

!
= −1.2577468869...

(this constant appears elsewhere [5, 6]),

E(ln(TX)2) = −2
∞X
n=1

1

n
Li2

µ
−1
n

¶
= ζ(2)− 2

∞X
k=1

(−1)k ζ(k + 1)− 1
k2

,

Var(ln(TX)) = 1.2665694005... = (1.1254196552...)2,

E(ln(X) · ln(TX)) =
∞X
n=1

1

n

∙
ln
µ
n+ 1

n

¶
(1 + ln(n))− Li2

µ
1

n+ 1

¶¸

= −ζ(2) +
∞X
k=2

"Ã
ζ(2)−

k−1X
`=1

1

`2

!
(ζ(k)− 1)−

Ã
1 +

(−1)k
k − 1

!
ζ 0(k)

#
,

ρ(ln(X), ln(TX)) = −0.2275522084....
The cumulative distribution for TX can be expressed in terms of the digamma func-
tion:

F (x) = P(TX ≤ x) =
∞X
n=1

µ
1

n
− 1

n+ x

¶
= γ + ψ(x+ 1),

and its density in terms of the trigamma function:

f(x) =
∞X
n=1

1

(n+ x)2
= ψ0(x+ 1).

For example, the median of TX is F−1(1/2) = 0.3846747346.... The cumulative
distribution for T 2X is

G(x) = P(T 2X ≤ x) =
∞X
n=1

µ
F
µ
1

n

¶
− F

µ
1

n+ x

¶¶

=
∞X
n=1

µ
ψ
µ
1

n
+ 1

¶
− ψ

µ
1

n+ x
+ 1

¶¶
,

its density is

g(x) =
∞X
n=1

ψ0
µ

1

n+ x
+ 1

¶
1

(n+ x)2
,

and its median is G−1(1/2) = 0.42278.... It is certainly inconvenient that F 6= G !
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0.2. Gauss-Kuzmin Distribution. If X is a random variable following the
Gauss-Kuzmin distribution on [0, 1], then

E(X) =
1

ln(2)
− 1 = 0.4426950408... = E(TX),

E(X2) = 1− 1

2 ln(2)
= E((TX)2),

Var(X) =
(3/2) ln(2)− 1

ln(2)2
= 0.0826735803... = (0.2875301381...)2 = Var(TX)

by invariance under T , and

E(X · TX) = 1−
γ

ln(2)
, Cov(X,TX) =

(2− γ) ln(2)− 1
ln(2)2

,

ρ(X,TX) =
(2− γ) ln(2)− 1
(3/2) ln(2)− 1 = −0.3474517057....

Likewise,

E(ln(X)) = −
π2

12 ln(2)
= −1.1865691104... = E(ln(TX)),

E(ln(X)
2) =

3ζ(3)

2 ln(2)
= E(ln(TX)

2),

Var(ln(X)) =
216 ln(2)ζ(3)− π4

144 ln(2)2
= 1.1933560457...

= (1.0924083695...)2 = Var(ln(TX)),

E(ln(X) · ln(TX)) =
1

ln(2)

∞X
n=1

"
1

2
ln
µ
n+ 1

n

¶2
ln((n+ 1)n) + ln(n) Li2

µ
−1
n

¶

− ln(n+ 1)Li2
µ
− 1

n+ 1

¶
+ ln(n+ 1)Li2

Ã
1

(n+ 1)2

!

+2Li3

µ
−1
n

¶
− 2Li3

µ
− 1

n+ 1

¶
+ Li3

Ã
1

(n+ 1)2

!#

=
1

ln(2)

"
−3ζ(3)

2
+

∞X
k=1

Ã
ζ(2k)− 1

k3
− ζ 0(2k)

k2
+

ζ 00(2k)

2k

!#
,

ρ(ln(X), ln(TX)) = −0.1858801270... = r1.
The median of T jX is

√
2− 1 = 0.4142135623... for every j. We wish to understand

the decay rate of ρ(X,T jX) and ρ(ln(X), ln(T jX)) as j increases, but this appears
to be a difficult problem.
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0.3. Variance of Sample Mean. Let us consider the sample mean

μ̂n(X) = −
1

n

X
0≤j<n

ln(T jX),

that is, the average of the time series ln(X), ln(TX), . . ., ln(Tn−1X) built from iterates
of T evaluated at X. (The negative sign will simplify subsequent formulation.) It
can be proved that

lim
n→∞E (μ̂n(X)) =

π2

12 ln(2)
= 1.1865691104... = μ,

lim
n→∞

nVar (μ̂n(X)) = lim
n→∞

1

n

X
0≤j<n,
0≤k<n

Cov(ln(T jX), ln(T kX)) = σ2

≈ 216 ln(2)ζ(3)− π4

144 ln(2)2

µ
1 +

2r1
1− r1

¶
≈ 0.8

for a wide variety of initial distributions for X on [0, 1]. The latter is a poor numerical
estimate (since it presumes that the lag-` correlation r` is approximately r

`
1, which

is not true). It is inspired, in part, by Salamin [7]. A more precise estimate will be
given shortly.

0.4. Partial Convergents. The denominator Qn(X) of the n
th partial conver-

gent to X is connected to our exposition via the formula

ln(Qn(X))| {z }
An

=−
X
0≤j<n

ln(T jX)

| {z }
Bn

+εn

where |εn| < c for all n, for some constant c. It is clear that

lim
n→∞

E(An)

n
= lim

n→∞
E(Bn)

n
= μ

and further known [8] that

0 < lim
n→∞

Var(An)

n
<∞.

We wish to prove that

lim
n→∞

Var(An)

n
= lim

n→∞
Var(Bn)

n
.
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From Bn = An − εn, deduce that

Var(Bn) = Var(An)− 2Cov(An, εn) + Var(εn);

hence

|Var(An)−Var(Bn)| ≤ 2 |Cov(An, εn)|+Var(εn)
≤ 2

q
Var(An)Var(εn) + Var(εn)

≤ 2
q
Var(An) E(ε2n) + E(ε

2
n)

≤ 2c
q
Var(An) + c

2;

hence ¯̄̄̄
¯Var(An)n

− Var(Bn)
n

¯̄̄̄
¯ ≤ 2c

s
Var(An)

n2
+
c2

n
→ 0

as n→∞. In particular,
Var(ln(Qn(X))) ∼ σ2n

and the importance of computing σ2 (as attempted using iterates of T ) becomes
evident.
In fact, the existence of σ2 (in connection with the denominators Qn) has been

known for a long time. Ibragimov [9], Philipp [10, 11, 12] and others [13, 14, 15, 16,
17, 18, 19] proved the following Central Limit Theorem:

lim
n→∞P

⎛⎜⎜⎝
1

n
ln(Qn(X))− μ

σ√
n

≤ t

⎞⎟⎟⎠ = 1√
2π

tZ
−∞

exp

Ã
−u

2

2

!
du.

No numerical estimate of σ2 appeared until Flajolet & Vallée [8, 20, 21] computed
that

σ2 = λ001(2)− λ01(2)
2 = 0.8621470373... = (0.9285187329...)2

=
1

4
(9.0803731646...)− μ2 = (0.5160624088...) · μ3,

where λ1(s) is the dominant eigenvalue of a family of linear operators (indexed by
s) on a certain infinite-dimensional function space. Lhote [22, 23] proved that σ2 is
polynomial-time computable and obtained higher accuracy. An elementary expres-
sion for σ2 seems to be impossible. The quantities 4λ001(2) or σ

2/μ3 are often called
Hensley’s constant.
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We close with Loch’s theorem [1, 24, 25]:

lim
n→∞

m(n, x)

n
=
6 ln(2) ln(10)

π2
= 0.9702701143... = (1.0306408341...)−1 = α

for almost all real x, where m(n, x) is the number of partial denominators of x cor-
rectly predicted by the first n decimal digits of x. A corresponding Central Limit
Theorem was proved by Faivre [26, 27]:

lim
n→∞P

⎛⎜⎜⎜⎝
m(n,X)

n
− α

θ√
n

≤ t

⎞⎟⎟⎟⎠ = 1√
2π

tZ
−∞

exp

Ã
−u

2

2

!
du

where

θ2 =
ασ2

μ2
=
864 ln(2)3 ln(10)

π6
σ2

= 0.5941388048... = (0.7708039990...)2.

For example, the first 10000 decimal digits of π give 9757 partial denominators,
consistent with the value of α. A similar empirical confirmation of the value of θ
would be good to see.

0.5. Acknowledgements. I thank Eugene Salamin, William Gosper, Philippe
Flajolet and Brigitte Vallée for helpful discussions in 1999.
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Annalen 181 (1969) 152—156; MR0244186 (39 #5503).

[12] W. Philipp, Some metrical theorems in number theory. II, Duke Math. J. 37
(1970) 447—458; errata 37 (1970) 788; MR0272739 (42 #7620) and MR0274412
(43 #177).

[13] M. I. Gordin and M. H. Reznik, The law of the iterated logarithm for the de-
nominators of continued fractions (in Russian), Vestnik Leningrad. Univ. v. 25
(1970) n. 13, 28—33; MR0276191 (43 #1939).

[14] M. I. Gordin, The behavior of the dispersion of sums of random variables that
generate a stationary process (in Russian), Teor. Verojatnost. i Primenen. 16
(1971) 484—494; Engl. transl. in Theor. Probability Appl. 10 (1971) 474—484;
MR0287606 (44 #4809).

[15] G. A. Misjavicus, Evaluation of remainders in limit theorems for functions of
elements of continued fractions (in Russian), Litovsk. Mat. Sb. 10 (1970) 293—
308; MR0296041 (45 #5102).

[16] G. A. Misjavicus, Evaluation of remainders in limit theorems for denominators
of continued fractions (in Russian), Litovsk. Mat. Sb. 21 (1981) 63—74; Engl.
transl. in Lithuanian Math. J. 21 (1981) 245—253; MR0637846 (83d:10063).



Continued Fraction Transformation 9

[17] T. Morita, Local limit theorem and distribution of periodic orbits of Lasota-Yorke
transformations with infinite Markov partition, J. Math. Soc. Japan 46 (1994)
309—343; correction 47 (1995) 191—192; MR1264944 (95h:58079) and MR1304197
(95k:58095).
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