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Fix a probability 0 < p < 1. For any 2-vector v = (v,w), write u;, = v and
ugr = w. A Galton-Watson tree is an ordered, strongly binary tree ' = 7(p), that
is defined recursively in terms of left and right subtrees of the root as follows:

T(p):<{7<p> if X <p, 7{T<p> ifXSP,)

0 otherwise 0 otherwise

Each variable X is a new, independent Uniform [0, 1] random number. For example,
T = () with probability 1 —p, T = (0, 0) with probability p(1—p)?, and T = ((0,0), )
with probability p?(1 — p)3.

The number of vertices N is equal to twice the number of left parentheses
(parents) in the expression for 7', plus one. Equivalently, N is twice the number of (s
(leaves), minus one. It can be shown that N is finite with probability 1 if p < 1/2 and
1/p—1if p > 1/2. We will focus on the subcritical case p < 1/2 for the remainder
of this essay.

Let N, denote the number of vertices at distance k from the root, that is, the
size of the k' generation. Clearly Ny = 1 and N < oo if and only if N, = 0 for all
sufficiently large k. Define

the height H of T' to be max k,
Ni>0

the width W of T to be max N

We wish to evaluate the joint distribution of (N, H,W) as a function of p. Some
partial results (mostly of a numerical nature) are all we can report now.

The sequence Ny, Ny, ..., Ny is called the profile of T. Dual to this is the
sequence of (N + 1)/2 leaf distances from the root, ordered from left to right, called
the contour of T'. It would be good someday to better understand joint profile and
contour distributions as well.
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Three sample hinary trees, grown via the Galton-Watson process.
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0.1. Number of Vertices. The probability that 7" has at least 3 vertices is p.
Let m > 1. From the conditional relation:

P(T has 2m + 1 vertices)
2m—1
= Y P(Ty has 2m — j vertices A Ty has j vertices | T has at least 3 vertices) - p,
j=1
we deduce that

2m—1
P(N=2m+1)=p Y P(N =2m—j)P(N =)
j=1
and hence

0 if n = 2m,

P(N=n)= 1 2m )
m(1 m+1 fn=2 1.
— 1\ m P™( p) if n m 4+

Well-known asymptotics for the Catalan numbers

1 2m 1 22m

m+1\m /T m3/2

give a sense of the rate at which P(N =n) — 0 as n — oo, n odd. More precisely
1, 2],

P(N =n) ~ (\/En?’/? +en 2+ dnT? 4. ) (2p)™(2(1 — p))™*t.

™

We also have moments [3, 4, 5]

1 _ 4p(1—p)
Var(N) = 12"

0.2. Height. Let a; denote the probability that N, = 0, equivalently, the proba-
bility that H < k. The conditional distribution of N, given N; = j, is the same as
the sum of j independent random copies of Ny_; [6]. Of course, j = 0 and j = 2 are
the only possible values for N;; thus we have

1-p p
P(Ny =0) =P(N, =0| N, =0)P(N; =0) + P(N, =0| Ny =2)P(N; = 2)

1 P(Ng—1=0)2
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and hence [7]

a=0, ar=1—-p) +pai_, fork>1, klijgoakzl.

Let us prove that the convergence rate of {ax} is exponential, that is,

0<limﬂ

k—oo (2p)*

First, note that 0 < aj, < 1 for all k£ by induction (ax > 1—p > 0 is obvious; supposing
0 < ax1 <1, we obtain ay < (1 —p) +p = 1). Now, writing by = 1 — a; , we have
b0:1,0<bk§1and

bk = P (1 — a%_l) = p(l — ak,1)<1 + ak,l)
= pbp_1(2 —bx_1)
< 2pbp1 < (2p)*br-2 < (20)°br—3

thus by < (2p)* for all k. Observe that

by
bk = 2])()]@,1 (1 — %)

—(20)es (1 — %) (1 - %)

hence

converges. This completes the proof. The expression for C' as an infinite product
turns out to be useful for high precision estimates of C, given p (see Table 1).
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The algorithm for {by}:

bo = 1, bk = pbk,1(2 - bkfl) for k Z 1, khm bk =0
is helpful from a numerical perspective. While formulas in a, are easily converted

into formulas in b, and vice versa:

P(H =k) = apy1 — agp = by — b1,

(e} [e.e]
E(e™) =Y e*(ar —ax) =Y ™ (bp — besa)
k=0 k=0
the difference ag,1 — ay is harder to calculate than by — bgy1. (Reason: the subtrac-
tion of nearly equal quantities, each approaching 1, leads to a loss of floating point
precision. )
Since the series for the moment generating function is telescoping:

E tH — b + Z t(k—1) b
we obtain - -
k=1 k=1

upon differentiation. No closed-form expressions for the quantities in Table 1 are
known.
Table 1 Height-Related Parameters

D C E(H) Var(H)

0.2 | 0.4238945378... | 0.3179675669... | 0.6053027749...
0.25 | 0.3929068527... | 0.4610125877... | 1.0724312517...
0.3 | 0.3539671772... | 0.6568327963... | 1.9336638291...
0.35 | 0.3039572818... | 0.9422336526... | 3.7158517879...
0.4 | 0.2376466589... | 1.4045313857... | 8.2383270278...

We mention an interesting result for the critical case p = 1/2. The recurrence

ap =0, ar=

satisfies [8, 9, 10]

1—CLkN

It is clear, therefore, that E(H) =
seems not to have been noticed before.

3 (1 + ai,l) for k > 1,

2

hm ap =1

k + In(k) + 1.76799378...

oo. The relevance of [8, 9] to Galton-Watson trees
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0.3. Height via Markov. The sequence Ny, Ny, Ns,... is a time-homogeneous
Markov chain with transition probability matrix (), where

( ¢ >pi/2(1 —p)I2if 2 < j < 2iis even,

J/2

¢i; =P(N1=j|No=1) =
0 otherwise

is the (7, 7)™ element of Q and 7 > 1, j > 1. Observe that
P(H =0|Ny=1i) = (1—p)
and
qi,j

P(H=k|No=1)=> P(H=Fk|N;=j)P(N1=j|Ny=1)
T2 p(H=h-1] No=)

for k > 1. We will use these formulas to derive an alternative matrix expression for
E(H), as outlined in [11]. Let p; = E(H | Ny =) and v; = 1 — (1 — p)’. From

w o= S kP(H =k|No=1)

k>0

= > kY ¢ P(H=k—1|Ny=j)

k>1  j>1

= > qi; > kP(H=Fk—1|Ny=j)

=1 k>1

= D i (1+ZkP(H:k|N°:j))

j>1 k>0

j>1

it follows that (I — Q)u = v and thus u = (I — Q) *v. Only the first component of p
is desired since E(H) = E(H | Ny = 1). Of course, we must restrict i < ¢, j < ¢ when
evaluating p;, where ¢ is large. As ¢ — oo, indeed p; — E(H) numerically as found
in the previous section.

0.4. Width. Clearly P(W =0)=0since Ny =1 and P(W =1) =P(N, =0) =
1 — p. An elementary expression f(p) for P(W = 2) arises from

flp) = p(L—p)+20*(L —p)* +4p*(1 —p)* +8p* (1 = p)° + - --

= p(1—p)*(1+2p(1—p) (1 +2p(1 —p) (1 +2p(1 —p)--)))
= p(1—p)? (1 +2f(p)/(1—p));
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hence

(1—=2p(1—p)) f(p) = p(1 —p)%
pd-p)? _ p(1-p)°

1—2p(1—p) 2p2—2p+1
An analogous argument leading to P(W = 4) does not seem to work. We turn
therefore to the alternative approach.

hence

P(W=2)=

0.5. Width via Markov. Define the matrix () exactly as before with ¢+ > 1,
j > 1. Observe that [12, 13]

P(W < 0| Ny =i) =0

and
qi,j

P(W <m|No=1)=(1—-p)'+> P(W <m|Ny =j)P(N, =j| Ny =1)

J=1

P(W<m | No=j)
for m > 1. Let a;(m) = P(W > m| Ny =), Bo =1, B, = a1(m) and

gi; ifm41< 2,
%(m) = j_%;_l ’

0 otherwise.

It follows that

a;(m) = 1—(1—p iq” 1—04] m))

21
= D i~ Z Gij + Z gi i (m
j=1 j=1 j=1

= yi(m) + Y gija;(m)

=1

and thus a(m) = (I — Q)'v(m). Only the first component of a(m) is desired since
P(W >m) =P(W >m| Ny =1). A theorem in [14, 15] leads to a conjecture that

1 m 1 m—1
D = lim m(——l) Bmzlimm<——l> Om
p m—0o0 p

m-—00
m even m odd
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exists and is nonzero. We have

P(W = m) = ﬁmfl - 6m7

E(etW) _ Z etm(ﬁmfl . Bm) _ etﬁo + Z (et(m+l) _ etm)ﬁm
m=1 m=1
and hence
3(1—p)2p*—2p—1
P(W =4) = p(1—p)(2p° —2p—1) |
(2p2 — 2p + 1)(8p® — 24p® + 30p* — 20p3 + 4p? + 2p — 1)
EW) =3 Bn  EW?) =) (2m+1)8,.
m=0 m=0

No closed-form expressions for the quantities in Table 2 are known.
Table 2 Width-Related Parameters

p__| D) | EW) Var(W)

0.2 | 0.8... | 1.2243696655... | 0.2507547512...
0.25 | 1.2... | 1.3038399841... | 0.3903119417...
0.3 | 1.7... | 1.4072057242... | 0.6311389283...
0.35 | 2.6... | 1.5526227137... | 1.1020414724...
0.4 | 4.3... | 1.7823528114... | 2.2389987484...

For the critical case, it can be proved [16, 17] that E(W) = oo and, in fact, E(maxo<g<s Ni) ~
In(¢) as £ — co.

0.6. Cross-Correlation. Lacking any better methods to study association, we
generated 10% Galton-Watson trees for each probability p = 0.2, ..., 0.4. The cross-
correlation coefficients between N, H and W are each large, but we observe that
roughly

0.95~ p(N,H) > p(N,W) > p(H,W) ~ 0.85.

No clear pattern in these, as functions of p, are yet evident. Clearly this is an area
for further research [18].

0.7. Acknowledgements. I am grateful to Robert Israel and Anthony Quas for
the simple proof that C(p) exists, and to Frank Purcell for his algorithm that plots
a binary tree (given as a nested list).
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