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For Im(z) > 0, define the Dedekind eta function
n(z) = ¢ [T (1 = ¢") = A(2)V*
n=1

where ¢ = €*™* and A(z) is the discriminant function studied earlier [1]. Euler’s
pentagonal-number theorem states that

n(24z2) = q [T (1 - ") = 3 (=1)Fg %
n=1 k=—00
we also have

(e o]

(1= ¢™)" = S (=1 (2k + 1)+
1 k=0

i3

1(82)° = ¢

n

via Jacobi’s triple-product identity. The absence of a corresponding formula for

n(122)° = ¢ ﬁ (1-g2)’
n=1

or for 1(82)n(162), 7(62)n(18z), n(4z)n(20z), n(32)n(212), n(22)n(222), n(z)n(232) is
remarkable! At a minimum, we should be able to say something about the density of

nonzero coefficients in the g-series expansion (on the right-hand side).
Given any eta product

n(b12)n(bez) - (bmz) = > arg®, 1 <by <by < ... <by,
k=0

define the counting function

My, by (@) = #{k < :ap #0}.
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The eta product is said to be lacunary if

lim Mbl,bg ..... bm (33)
r—00 :U

=0.

For example, it is clear that

1 1
May(r) ~ 5\/5, Mg gg(r) ~ 5\/5

as x — o00. Serre [2, 3, 4] proved that

CT

M12,12(5L’) ~ W

where

6 (2 1/4 1 1 1/2
<7r n( +\/§)> . 11 (1__2> — 0.2015440949. ..

2 37 1/4) p=1mod 12 p
= (2.4185291388...)/12

and Ng [5] proved that

where

2L n ()l

The set S is defined as the set of all primes p with the property that the cubic
polynomial y? —y — 1 has a single zero modulo p. This turns out to be the same as
requiring that the Legendre symbol (—23/p) be equal to —1. The set T is the set
of all primes p with the property that y> —y — 1 has no zeroes modulo p (that is,
it is irreducible over Z,). No equivalent condition involving the Legendre symbol is
known [6].

lacunary eta products; further, each is asymptotically C x/In(x)'/* for some constant
C. In particular, n(62)?* is related to the L-series for the elliptic curve 36 A1:

v =ud+1

and thus it would be good to better understand the corresponding C'
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By contrast, 7(22)2, n(2)** and 7(2)*n(112)? are not lacunary. It is conjectured
that

My o . ol@)~z, My . 1)~z
N————
12 times 24 times

and that

14 1
Mi1111(x) ~ (1—5 H (1 — m)) xr = (0.84652...)z.

ap=0
In particular, (z)%*n(112)? is related to the L-series for the elliptic curve 11A3:

v 4 v = —u?
and thus it would be good to compute the associated constant to higher precision.
We mention that the primes p satisfying a, = 0 (as above) are called supersin-
gular primes. This sequence of primes begins as 19, 29, 199, 569, 809, .... No
explicit formula for a,, as a function of p, or for the n'® supersingular prime, is known
7, 8,9, 10, 11].
Another related constant for 1143 is

for any integer j. If the Lang-Trotter conjecture were proved [7], then it would follow
that vy = 237/55 ~ 1.31375,

_l 112
1 923.32

C17-11-31

- A =~ 0.49919 o= ——>—A~0.98478
’y 1 Y fy 2 T 24 . 32 . 5

where

p(p*—p—1) ( 1 )
A = — 1 _
pig,ll (r—1)@*—-1) p;égs[,n (p—1@P*-1)

= 0.9331892646...

Some doubt exists, however, whether assumptions underlying Lang-Trotter are jus-
tified. We refer the interested reader to [12], which is a work-in-progress addressed
to both mathematicians and statisticians. See also [13] for a constant, similar to A,
which arises in the study of the reduced totient or Carmichael function.

A recent preprint [14] is concerned not with the density of nonzero coefficients a,
but instead with the asymptotic mean square of a; (which perhaps is less difficult).



DEDEKIND ETA PRODUCTS 4

REFERENCES
[1] S. R. Finch, Modular forms on SLs(Z), unpublished note (2005).

2] J.-P. Serge, Quelques applications du théoreme de densité de Chebotarev, Inst.
Hautes Etudes Sci. Publ. Math. n. 54 (1981) 323-401; MR0644559 (83k:12011);
available online at http://archive.numdam.org/ .

[3] J.-P. Serre, Sur la lacunarité des puissances de 1, Glasgow Math. J. 27 (1985)
203-221; MR0819840 (87e:11066).

[4] P. Sebah, An infinite product, unpublished note (2006).

[5) N. C. Ng, Limiting Distributions and Zeros of Artin L-functions,
Ph.D. thesis, Univ. of British Columbia, 2000; available online at
http://www.mathstat.uottawa.ca/ nng362/RESEARCH /research.html .

[6] N.J. A. Sloane, On-Line Encyclopedia of Integer Sequences, A033217, A086965,
A106867.

[7] S. Lang and H. Trotter, Frobenius Distributions in GLg-FExtensions: Distribution
of Frobenius Automorphisms in GLo-Extensions of the Rational Numbers, Lect.
Notes in Math. 504, Springer-Verlag, 1976; MR0568299 (58 #27900).

[8] G. Shimura, A reciprocity law in non-solvable extensions, J. Reine Angew. Math.
221 (1966) 209-220; MR0188198 (32 #5637).

9] N. D. Elkies, The existence of infinitely many supersingular primes for every
elliptic curve over Q, Invent. Math. 89 (1987) 561-567; MR0903384 (88i:11034).

[10] J. H. Silverman, A Friendly Introduction to Number Theory, 3" ed., 2006,
Prentice-Hall, pp. 403-404.

[11] N. J. A. Sloane, On-Line Encyclopedia of Integer Sequences, A002070, A006571,
A006962.

[12] K. James and V. Kumar Murty, Frobenius distributions and Galois representa-
tions: Numerical evidence, unpublished manuscript (2005), available online at
http://www.math.clemson.edu/ kevja/PAPERS/KumarConj.pdf .

[13] S. Finch, Cyclic group orders, unpublished note (2006).

[14] S. Finch, Powers of Euler’s ¢-series, math.NT/0701251.



