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Let X = {xn}
∞
n=1

be an infinite sequence of points in the interval [0, 1) and let
XN denote the finite subsequence {xn}

N

n=1. Define, for each N , the discrepancy

DN (X) = sup
0≤a<b<1

∣
∣
∣
∣
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|XN ∩ [a, b)|

N
− (b− a)

∣
∣
∣
∣
∣

and the star discrepancy

D∗
N
(X) = sup

0≤c<1

∣
∣
∣
∣
∣

|XN ∩ [0, c)|

N
− c

∣
∣
∣
∣
∣
.

It can be proved that 1/N ≤ DN ≤ 1 and 1/(2N) ≤ D∗
N
≤ DN ≤ 2D∗

N
. The

sequence X is uniformly distributed in [0, 1) if and only if limN→∞DN (X) = 0. We
are interested in low-discrepancy sequences, that is, sequences X for which DN (X) is
small for all N . The efficient construction of such X is essential in quasi-Monte Carlo
algorithms used, for example, to approximate a multivariate integral or to simulate
certain random processes [1, 2, 3].

On the one hand, Béjian [4, 5] showed that

S(X) = limsup
N→∞

N

ln(N)
DN(X) ≥ C

S∗(X) = limsup
N→∞

N

ln(N)
D∗N(X) ≥ C∗

for all sequences X, where

C = max
r≥2

r − 2

4(r − 1) ln(r)
= 0.120386..., C∗ =

1

24 ln(2)
= 0.060112....

This is a consequence of work by van Aardenne-Ehrenfest [6, 7], Roth [8] and Schmidt
[9] regarding the unavoidable irregularities that occur in any point distribution. Im-
provement is likely. On the other hand, there are special sequences X for which
[10, 11, 12]

S(X) ≤
23

35 ln(6)
= 0.366758..., S∗(X) ≤

1919

3454 ln(12)
= 0.223584...
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and we shall discuss such examples shortly. The gap between lower and upper bounds
is surprisingly wide: It would be good someday for these estimates to be tightened.

Students of statistics will recognize D∗
N
(X) as the Kolmogorov-Smirnov one-

sample statistic, under the hypothesis that the sequence XN is a random sample
drawn from a Uniform (0, 1) distribution. Call this hypothesis H0. We have the
following asymptotic result [13, 14]:

lim
N→∞

P
(√

ND∗
N
(X) ≤ z | H0 is true

)
= 1− 2

∞∑
n=1

(−1)n−1e−2n2z2 .

Call this expression θ(z). In an experimental data analysis setting, if
√
ND∗

N (X)
exceeds a sufficiently large threshold w (in the sense that the probability 1− θ(w) is
suitably small), then one must doubt the truth of H0.

0.1. Scrambled van der Corput Sequences. Given an integer n ≥ 1, write
the base b representation for n− 1 as

n− 1 =
∞∑
k=0

mk(n)bk, mk ∈ B

where B = {0, 1, . . . b − 1}. Then, for any permutation σ : B → B, the scrambled
van der Corput sequence Xσ

b has nth term given by

xn =
∞∑
j=0

σ(mj(n))b
−j−1.

For example, if b = 2 and σ is the identity permutation ε, then

Xε
2
= {0, 0.1, 0.01, 0.11, 0.001, 0.101, 0.011, ...},

that is, xn is simply the reflection of n−1 across the decimal point. Haber [15, 16, 17]
computed that S∗(Xε

2
) = 1/(3 ln(2)) = 0.480898.... Faure [10] proved the more general

result

S(Xε
b ) = S∗(Xε

b ) =




b− 1

4 ln(b)
if b is odd

b2

4(b+ 1) ln(b)
if b is even.

Introducing a non-identity permutation σ provides the smallest discrepancy currently
known [12]:

S(Xσ
36
) = 23/(35 ln(6)) = 0.366758...
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where σ has cycle structure

(0) (1 25 33 16 23 4 31 30 10 34 24 21 28 2 17) (3 7)

(5 11 22 14 29 19 32 6 20 8 27 26 12) (9 13 15) (18) (35).

It is useful to generalize Xσ
b to XΣ

b , where Σ is a sequence of permutations σ. If
Σ = {σj}∞j=0, then the nth term of XΣ

b is simply given by

xn =
∞∑
j=0

σj(mj(n))b
−j−1.

For example, if j ≥ 0 is an integer, let h be the smallest integer ≥ max{1,√j}. If
h(h− 1) + 1 ≤ j ≤ h2, define σj to be the permutation

(0) (1 5) (2 9) (3) (4 7) (6 10) (8) (11);

otherwise define σj to be the permutation

(0 11) (1 6) (2) (3 8) (4) (5 10) (7) (9).

The alternating character of Σ plays a role in reducing the star discrepancy to [10]

S∗(XΣ

12
) = 1919/(3454 ln(12)) = 0.223584...

Again, this is the smallest such value currently known.

0.2. {nα}-Sequences. Let α > 0 be irrational. Define a sequence Y α to have nth

term [18]
yn = {nα} = nα mod 1,

that is, the fractional part of nα. Let DN (α) = DN (Y
α) for convenience. It is known

that DN (α)→ 0 as N →∞, just as for van der Corput sequences. The corresponding
values of S(α) and S∗(α) are not as small as earlier, but are nevertheless interesting.

Dupain & Sós [19] proved that

inf
α
S∗(α) = S∗(

√
2) =

1

4 ln(1 +
√
2)

= 0.283648...

and Schoissengeier [20, 21, 22, 23] expressed S∗(α) in terms of the continued fraction
expansion of α. Baxa [24, 25] demonstrated that the image of the set of all irrational
α under the map α �→ S∗(α) is the ray [S∗(

√
2),∞], which contrasts sharply against

the Lagrange and Markov spectra [26].



Discrepancy and Uniformity 4

Ramshaw [27] proved that

S(ϕ) =
1

5 ln(ϕ)
= 0.415617...

where ϕ = (1 +
√
5)/2 is the Golden mean. A proof that

inf
α
S(α) = S(ϕ)

has never been published [28, 29]; a gap as such in the literature deserves to be filled.

0.3. Self-Similar Sequences. (At some later time, we will introduce the work
of Borel [30, 31] on a sequence defined via the recursive bit substitution 0 �→ 01 and
1 �→ 010.)

0.4. Erdös-Turán Inequality. Erdös & Turán [32] proved that there exist con-
stants c1, c2 such that

DN(X) ≤ c1
K + 1

+ c2
K∑
k=1

1

k

∣∣∣∣∣
1

N

N∑
n=1

e2πikxn
∣
∣
∣
∣
∣

for any positive integers N , K and any sequence X ⊆ [0, 1). There is considerable
flexibility in the choice of the two constants, as indicated here:

(c1, c2) = (6, 4
π
) (Kuipers & Niederreiter [1])

(c1, c2) = (1,3) (Baker [33] and Montgomery [34])
(c1, c2) = (1,1) (Mauduit, Rivat & Sárközy [35]).

Rivat & Tenenbaum [36], building on the work of Vaaler [37], recently determined
constants that are believed to be close to best for the Erdös-Turán inequality:

(c1, c2) =
(
1, 2

π
γ
)
= (1, 0.6527196578...)

(c1, c2) =
(
1 + ξ, 2

π

)
= (1.1434819845..., 0.6366197723...)

where

f(t) =
√
[πt(1− t) cot(πt) + t]2 + [πt(1 − t)]2, 0 ≤ t ≤ 1,

γ = max
0≤t≤1

f(t) = 1.0252896410...,

g(x, t) =
(
1− 3x2 + 3x2

∣∣∣cos
(
πt

3x

)∣∣∣
)
f(t), 0 ≤ x ≤

√
3

3
,

and ξ = 0.1434819845... is the smallest value of x for which max0≤t≤1 g(x, t) ≤ 1.
In fact, Rivat & Tenenbaum found a one-parameter family of admissible constants
(c1, c2), but we have indicated only the endpoints of this family.
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A similar set of formulas occur in the determination of close-to-best constants for
the Berry-Esseen inequality. (This is a somewhat different version of the inequality
than that discussed in [38].) Let F,G be two distribution functions with corresponding
characteristic functions ϕ,ψ. Assume that G is differentiable and that sup

x
|G′(x)| =

M <∞. Then there exist constants c1, c2 such that

sup
x

|F (x)−G(x)| ≤ c1
M

T
+ c2

T∫

−T

∣∣∣∣∣
ϕ(t)− ψ(t)

t

∣∣∣∣∣ dt

for all T > 0. Admissible values for these constants include

(c1, c2) = (24
π
, 1
π
) (Feller [39] and Loève [40])

(c1, c2) = (π, 1

2π
γ) (Vaaler [37] and Tenenbaum [41]),

where γ/(2π) = 0.1631799144... and γ is exactly as before. The new approach in [36]
can perhaps be applied here too.
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